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GUIDE W1TH ANSWERS ANL DUSCUSSIONS
QF SELECTED EXERCISES

The text can serve as an aid in courses varying from the gentle to
the demanding. The emphasis i5 at the discretion of the instructor.
The manual indicates some of the optlons the instructor has in treat-
ing each chapter. These options arc cxpressed in terms of threc types
of students whow the text may serve: the general student, the educa-
tion student, and the math student.

THREE MAIN TYPES OF STUDENTS

The general student: a student who wighes fo or must broaden his
or her math background; typically a liberal arts student with at lcast
a ycar of algebra and a year of geometry 1n hagh schoel.

The education student: a prespective clementary or secondary
teacher, possibly with a negative attitude toward mathematics. He or
she should already have had a course that covers the clementary cur-
riculum and basic arithmetical skills. Also teachers returning tor
enrichment.

For such a student a course based on this text should focus on
open-ended questions rather than proofs and answers. The student
should be encouraged to develop f(and test) classreom projccts derived
from or related to the material. Proofs should be omitted almost en-
tirely. Cuisenaire rods, geoboards, beans, etc. should be introducced
to help convey the techniques that will help bring excitement to the
tcacher’s own classroom.

The math student: & math or science-oriented freshman. Such a
student would obtain a view of mathematics, both pure and applicd,
that would broaden and balance that obtained from calculus. Moreover,
the course would intreduce the style of thinking more often found in
upper division wath courses. .

Czl\al?{:tr 1 \Oeg by ng
This chapter 1s easily covered 1n one¢ or two meetings.
1 usually just posce a specific problem or two and let the class de-
velop the conjecture. Almeost everyone eventually comes up with "the
preatest common divisor" though it 1s net mentioncd in the chapter.
Fo avoid one student's short circuiting the discussions, you may bhreak
the class into small groups of 2 to 4, to work on some cases,

GENERAL STUDENT. Already, by using a variety of the later ex-
ercises, one can make the point that many different problems may
readily be just versions of one mathematical problem. Some will feel
the conjecture is "ebvicusly true" on the basis of experimental evi-
dence. However, Polya's problem in Chapter 19 provides an cqually
"obvious'" assertion that holds up through 900,000,000 but 1s false.
It could be presented here.




EDUCATION STUDENT. Bring Cuisenaire rods to c¢lass and approach
the chapter as 1n Exercise 42. Also cmphasize the number linc as in
Exercisc 41, Exercises 26, 28, 29, and 30 alsec provide resources for
enriching and teaching ar:thmetic, {Omit the proof gwven later in
Chapter 3.)

MATH STUPENT. This chapter introduces principal i1deal rings. Ask
them to try to "prove'" their conjectures. Alsoc ask them to consider
the following problem, which generalizes LCxercise 41: Let a, b, c, d
be four positive integers. A rabbit jumps about on the points (x, y)
where x and y are 1integers. When he 1s at one point he may either go
a to the right and b upward or ¢ to the right and d upward. O he may
g0 & to the left and b downward or ¢ to the left and d downward
Starting at (0,0), what peints can he reach? What must be truc about
a, b, ¢, d 1f he can reach all {x, y) by repeated jumps? Answer:
ad-be = 21,

The case of three measures A, B and C may also be considered.

Chapter 2: Primes

The emphasis here depends on what will be done with
Chapter 3. If the Fundamental Theorem of Arithmctic will be assumed,
then all that 1s nccessary from Chapter 2 are the notions, "prime",
“divides", and "factor". If the Fundamental Theorem will be proved,
then the Lagado system at the ond of the chapter should be covered.
Tt persuades some, but not all, students that unique factorization
into primes is not obvious. Some criticize 1t "because lots of inte-
gers are omitted." A more sophisticated example is the ring of numbers
of the forma + b JTE; where a and b arc i1ntegers. In thas ring, 2,
3, -2 + /10 and 2 + V10 arc primes, yet

2.3=6=(2+YI0) (-2 + Y10}

GENERAL STUDENT. Fhe proot that the set of primes 1s infinite
15 a4 jewel of mathematical thinking. It prowvides an opporiunity to
distainguish between "experimental evidence” and “mathematical truth'.
The debates over the Lagado system and proposed "proofs” of unique
factorization in the usual ring of integers may take two class meetangs
before the students are sufficiently frustrated to appreciate Chapter
3 They will naturally comg upon the importance of the fact that if
a prime divides a product, 1t divades at least one ol the factors.

EDUCATTON STUDENT. Introduce the primes by "rectanpular flaps'.
Also, relate them to the natural numbers that do not appear in the
multiplication table except in the 1- row and 1- column. Cuiscnaire
rods may azlso be used: determine whether a given number can be 'meas-
ured' by copies of any smaller number other than 1. The Lemma and
Theorem 1 are easily discussed in terms of Cuisenaire rod diagrams.

A B

{e.g. Ddividesa+B: | | [ | V[ T J L. D
n oo h D B D DD
S _—

——
A+ B

Proofs may be omitted. All that is needed is the definition of
"prime’’, "divides", and "factor',
Students may bring beans to class to experiment “concretely" with



such open cnded questions as Goldhach's conyecture.  (Take an cven
number of beans. Can you break them into two prime piles?] The usce
of such models in open-cnded questions may help attawn three goals:

{a) diminish fear and thcrease confidence

{b) clarify the questions

(c) provide resources for the prospective teacher.
Other examples: Exercise 4; Remove 1 bean from a square array ol
beans. 1ls the nunber of beans left ever prame? The explsnation,
N2-1 = (N + 1) (N - 1) can be shown with beans:

5.1

+

52 1 (5-1}(5+1)

The assertion that every positive integer is the sum of at most
four squares can also be translated apto beans; Can a pile of beans
always he broken into at most Tour sguare piles? (Note. 1 1s a
square, )

MATII STUDENT. The later exercises and references offer addi-
tional topics for veading, discussion, or reports,

Chapter 3 Fuvidamental theorem

There are various Jevels at which this chapter can be
treated.

1. Simply assume the Fundamental Theorem of Arithmetic and
assign a fow exercilses or common divisors.

2. Assume the weighing lemma and show that 1t implics the
Fundamental Theorem of Arithmetic,

3 Prove the weighing lemma, but do not get involved with
computations of M and N. This van be done as follows.
The Euclidean algorithm for (945,21%) yields, after a
slight change.

69 = 945 - 4 - 219
12 = 219 - 3 68
9= -5 12
5= 12-9
The last equation tells us "3 can be weighed with 4's and
127s." The next-to-the-last equation tells us "9 can be
welphed with 69's and t2's.," Together, they show "3 can
be werghed with 12's and 69's." By {ollowing this cxamplce

cquation by equation (without doang any arithmetic) the
student eventually finds that "3 can be weighed with 945's
and 2i8's."
4, Cover cverything except "the concealed theoren' which can be
read by the interested student.
In any case, 1t is not necessary to refor to “special numbers'.
GENERAL STUDENT. Chapter 3 covered almost completely provides a
companicn to Chapter 1. Lssential to the success of this chapter 1s
the conviction 1n the student that therc really is something to prove.
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Other more topical and traditional beliefs might also be questioned.
The contrast of mathematical proof with persuasion by experience may
he discussed. Incidentally, Chapter 3 1s probably the mest dafficulte
in the text. 1t also 1llustrates the notion of "algorithm".

ENUCATTON STUDENT. Omait proofs, and concentrate on the concepts
of common divisor, greatest common divisor, and least common multiple,
The arithmetic an the unwinding of the Huclidean algorithm may be
appropriate. The weighing lemma "explains' Chapter 1 and provides an
algorithm for finding M and N,

MATII STUDENT. Point out the slight changes nceded to prove the
unique factorization of polynomials with real coefficients., Lemma 4
may also be proved by showing that the smallest positive number of
the form MA+NB 15 (A,B). Contrast this existence proof with the con-
structive proof in the chapter, Exercises 55-63 would be appropriate.

Chapter 4 Rationals and trvatimals

An effective way to start the chapter 1s simply to
draw the two large squares (1 and II) that prove the Pythagorcan
Theorum, then z2llow two minutes or so of silence as students ponder
the questton, "What does this show about the areas of the three
smaller squares in the figures?!

Another approach 15 to have each student cut eight (8) coungrucnt
ripht triangles out of paper, taghoard or wood and the three squares
determined by the threc sides. Ask them to assenmble four of the
triangles and the two smallest squarcs to form a square. 'Then ask
them o use the remaining four triangles and the largest square to
form another square. Comparison proves the Pythagorean Theorem,
[Cxercise 66 provides a more complicated puzzle.)

Lf there are students whose artthmetic wath rational numbers 1s
rusty, refer them to Appendix A and emphasize the high points, namely
the addition and multiplication of rationals.

Biscuss cube roots (E 26) as soon as possible. Otherwise, the
student way samply nemorize, "even cxpenents, rational, odd exponents,
rrrational.”

Take time to outline the logical flow and unity of the first four
chapters.,

GENERAL STUDENT. Point out the gradual development of the number
system. You might jump ahead and discuss atgebrazc numbers and com-
plex numbers, which could be treated now.

EDUCATION STUDENT., The chapter can he approached with the ald
of gecheards A geoboard consists of a square array of nails set an
a square board. This diagram shows one convenient sizes

1211

3/8" plywood,
linoleum nails or

1" brads
T

A

12"

Observe that two such gecboards placed side by side continuc the 20
grad.
Rubber hands are placed around the nails to form triungles or



polygons. The square formed by four "adjacent' mails 15 usually as-
sipned arca "1". Sketched below 1s a series of projects, which each
student may do at his own geoboard.

1. Make a triangle on the geoboard.  Find a1is area. (Do not
use Formula 1/2 « basce - height)

2, What areas of triangles on the geohoard are possible?

3. 3how that the arca of triangle or geoboard s n/2 for
SOME TNLoeper 1.

Solution: Surrvound the triangle by a rectangle

and delete right triangles or rectangles.
e+

{This reduces the problem to the easier ones of

finding the areas of rectangles or halves of

rectangles.)}

4. Make a quadrilateral on the geohoard. Find 1ts area. (This
can always he done by cutting 1t into triangles.)

5. What gres squares can be made on the geoboard? Lxperwment.
(After the I'ythagorean Theorem, the answer can be obtailned
arcas of the form a2 + b2 wherc a and b are non-negative
mntegers.,  Thus 1, 2, 4, 5, 8, 9, 10, for instance, are
possible.}

6. Make a {small)] right trianglc on the geoboard. Tind the

areas ol the squarcs on 1ts three sides. Tabulate the re-
sults for several triangles. They should pick a "corner”
right triangle and draw the squares overlapping, as an thas
figure:

Tnclude the 3-4 triangle (yrelding hypotenuse 5).  Students
have beoen told so often that "the 3 - 4 - 5 triangle suppests
the Pythagorean Theorem', though 1t was probably never shown
that the hypotenuse is in fact exactly 5. With the geoboard
this can be done.

The above exercises 1 - 6 will propare the student for the
Pythagorean Theorem, familiarize him with the geocboard, and indicate
a rich source of geowmectry for the clementary prades.

4

A student may lay out a "messy' triangle in the geohoard
and use the Pythagorean Theorem to find the lengths of the
three sides and thus 1ts perimeter. (lland-held calculator
would be an appropriate aid here.)



8. Students can use the geoboard to develop the general for-
melas for area of rectangle, parallclogram, and triangle
in terms of height and hase.

9. Then with the aid of the Pythagorcan Theorem, it can be
shown that the area of an equilateral triangle as s V374,
where s 1s the length of the side. (This 1s the basis of
Exercise 59: Since s2 1s am integer, 1f the triangle s
on the geoboard, such a triangle would have rational area,
making ¥3 rational, hence cannot be equilateral.)

10. Students can experiment with area of pgcoboard triangles
that have no nail in the interior. (This arca 1s always
1/2.)

11, Students can experiment with the relation hetween the areca
{A) of a polygon on the gecboard, the number of interior
natls (I}, and number of horder nails (B)}. It turns out
that

A=1+ (1/2) B - 1.

This provides a good opportunity for studying patterns and
also a neat shortcut for finding area. (See R 8 for further
information on this result, known as Pick's theorem.)

It is important that education students maslcr the arithmetic of
rational numbers and decimals. Take time for Appendix A. You might
go to Chapter 2 and 10 next.

Some students may ohject, "why do 1 have to know this stuff af
I don't have to teach it. Who ngeds to know the distinction hetween
ratronal and irrational?" After all, about a third of education
majors tend to have a very fearful and antagonistic attitude toward
mathematics. Indeed, they may po further, "With hand-held computers
and the metric system, who neceds fractions? Indeed, wha needs
arithmetic?"

There are a few possible responses; each instructor will cer-
tainly add his own.

1. This 15 not a methods course.  Such a course should focus
directly on the curriculum and be tied to extensive con-
current work with pupils in the classroom.

2. This coursce provides the resources from which you may draw
50 that when you teach you will be able to invent opoen-
ended projects for your class. Otherwise your students
will be restricted to deing long lists of routine computa-
tions, as you probably were.

3. The number line 15 important in grades K - 12. The placing
of certain rationals and irrationals on jt is important.

It would be quite natural to ask where v 2 is, and whether
1t is a fractiom.

4., A teacher who knows only as much as his pupils will lack
the confidence to encourage an open and questioning class-
room. Such a teacher will focus on routine computation,
the kind that "turned him off" when hc was a child.

5. The distinctions between intcgers and non-integers and
betwecn rationals and irrationals are fundamental n under-
standing the number line,

&. CLven with the metric system (voted down hy Congress 1n 1574)
and hand-held computers, fractions will still be nceded.
They provide the foundation for understanding the decamal
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representation of numbers such as 0.307. (What does the "3"
mean?  The "0"%  The "7"%}  Why 1s {0.2) x ((L3) = 0.067
They are essential in even the most rudimentary study of
probability or statistics. They are at the heart of ele-
mentary algebra. (If they say, "How many really need
algehra,'" this excerpl from a study made hy Lucy W. Sells,
Universaty of California at Berkeley, 1n 1973 may help sug-
post a reply:

HTGH SCHOOL MATHEMATICS AS TIE
CRITICAL FILTER IN THE JOB MARKET

"We know that the job market 15 dismal for untrained
people.  We know that it 15 somewhat better for people with
hagh school and college degrees. We know that the fields
which are opening up in the next ten or fifteen ycars are
bascd on mathematics traimang., We know that certain groups
of students are less lakely to take any more mathematics
in high school than 1s requsred for admission to the
university. These nclude girls and non-Asitan minority
students,

A study of admission applications of Berkeley Freshmen
shows that while 57% of the boys had taken four years of
high school math (first year algebra, geometry, second
year algebra, trigonometry and solid geometry), only 8%
of the pirls had done so.

The four year mathematics sequence 1s required for
admission to mathematics 1A at Berkeley, which i turn
15 required for majoring 1n every field at the University
of California excepl the traditionally female, and hence
lower paying, flelds of humanities, soci1al sciences,
education and social welfare."

Of course, the need for the arithmetic of fractions may
be with us longer than we think, cven with the metric system
and hand-he¢ld computers.  After all, there have been slide
rules since the 17th century and France has been on the
metric system since the 18th century; but fractions ave still
an essential part of the curriculum there.

Incaidentally, [ omit almost all proofs for education
students, preferring to focus on patterns, material aids,
and trying to change their attitude.

MATH STUDENT. You might start off with the guestion: Are there
three points on the plane, with integer coordinates, that determine
an angle of 60°?" The answer, 'no", depends on trigonometry and the
trrationality of V3, as follows:

First of all, the arca, A, of any trisngle whose vertices have
integer coordinates is ratienal.

Seccond, let 8 be the alleged 60° angle, ¢ the side opposite,
and 2, b the sides adjacent. Then

c” o= a o+ b2 - 2ab cos 6
and

A= (1/2) ab sin A,



Since A, az, b2 are rational

tan 9 = ﬂ'?_{)
cos 8
is rational. Since tan 60° = ¥3/2 1s not rational, the answer is
o',

The last few exercises in the chapter may serve as topies for

students to report on. i B
Chapter 5: Tiling

Theorems 1-4 can casily be developed by the "dis-
covery' discussion method. Observe that implicit in them 1s the Greck
notion of commensurability, whiclh was the basis of their approach to
rational numbers. This part of the chapter, topether with Exercise
33, would constitute a sound reinforcement of the notion of rational
versus irrvational.

The remainder of the chapter is not referred to clsewhere in the
text, even in the following chapter.

Notre that the arpument after Theorem 6 provides a nice applica-
tion of algebra.

GENERAL STUDENT. If there 15 sufficient Iinterest, cover every-
thing., UHowever, it may he botter to save time here and devote it to
the application of mathematics to electricaty in the next chapter.

EDUCATLION STUDENT. CECxercises 1-7 reinforce earlier chapters and
provide a resource of open-ended problems for the classyoom. Exercise
26 also has 1mmediate classcoom appeal. Fxercise 36 should alse be
called to his attention.

MATII STUDENT. A student could report on some of the later ex-
ercises, such as E 28, 20, 33, 34, )

. .
Chapter 6° Tiling and electvicdy
Later chapters do not depend on this one., There arc
at least three options.

1. Just show how lincar cquations are uscd in a "practical"
problem. {(Many students may not have seen an application of them.}

2. Cover the whole chapter, but minimize the tedious solving of
the equations. Emphasize the underlying ideas: an axiomatic system
and a model for the system.

3 The complete treatment.

GENERAL STUDENT  Probably the sccond option s most appropriate.

LBRUCATLION STUNRENT  The secondary teacher would benefit, Ferhaps
one of them could bring i1n electrical circuits, voltmeters, reslst-
ances cte, and see how close cxperiment and theory arce.

MATH STURENT. This chapter 1s an introduction to the axilomatic
method and algebraic topology. The voltages are a O-cochain and the
currents arc a l-cochain. The coboundary operator relates them. A
student might try to prove Theorem 1 or find & suitable reference

{for at.
CJ\&Pker 7 Inspt’cfdr ard salegman

Chapters 7 and 8, together, provide a simple, 1n-
tercsting 1llustration of how the mathematics developed for onc
reason, perhaps “pure’, may later be applied to & varicty of practi-
cal problems.

Chapter 7 can be presented casily by the discovery-discussion
approsch, the notion of degree being introduced only when required



The lecture maght open with Exercise % or Exercises 25 and 26, If
Chapter 8 will be covered, then the salcsman's problem should be dis-
cussed, as well as Thoorenm 6 and the hlghway system with loaps (the
one with 8§ towns and 16 one-way sScctlons).

If you wish Lo emphasize Chapter 8, avoid getting tangled up with
exerclses later than Exercise 11 in Chapter 7. Obscrve that some of
the later exercisSes come 1N groups.

GENERAL STUNENT Do ecnough of Chapter 7 to set the stage for
Chapter 8. Chapter 8 (and Chapter 6: electricity} both 1llustrate
the i1nterplay of pure and applied mathematics - 1ndeod the wmpos-
sabtlity of distanguishing between them 1n some cases.

ENUCATION STUBENT. This chapter provides g vesource directly
applicahle to an elcementary or secondary classroom.

MATH STUDENT  The later exercises might scrve as the basis of

oral reports.
Chapter 8 Memory wheels

This chapter illustrates two main ideas.
L. the interplay between ficlds of wmathematics;
2, the wide range of applications that onc mathematical idea
may have.
When discussing Chapter 10, Congruocnces, you may wish to show how
algehra 1s used to produce wemory whecls. The technique 1s described
1n the teacher’s mameal for that chapter. HNote R 16.

GCNERAL STUDENT. Avoid getiing tangled with the messy details
of producing wmemory wheels. Cmphasize ideas such as those pointed
out above. (Remember: mathematicians are now on the defensive.)

COUCATION STUDENT. It can be omitted or touched lightly, espe-
cirally of there s little interest.

MATH STUDENT. They might report on some of the ways of pro-
ducing memory wheels desceribed in the later exercises.

Chaapter i Rﬂpre.ffntatiou

The decimal representation of the positive integers
ts used in the next chapter in developing divisability tests. The
present chapter can be covered without referring to bases other than
ten The discussion of the metric system 1s independent of the rest
of the chapter. It rcinforees the 1dea of decimal notation.

GENERAL S'TUBENT. Since the various parts of the chapter are
presented independently, there are many options. If the metric system
15 discussed, one student may report on tho Congressional debates
which led to ithe latest rejection of the metric system, May 7, 1974,
Another student might bring in a meter siick, etc., and 1llustrate
measurements 1n the metrie systom.

EDUCATION STUDENT. 'This is a key chapter and deserves a great

deal of time. 1t surveys decimal arithmetic. (Other bases can he
deemphasized.) I introduce base 2 by making 4 cards:
{1y {2) (4)Y (8)
3 pi 2
¥ ,© 2,5 13
7 1]
4 9,2!4‘ 67{
'y 5 1o 5 ¥




On the back of a card appears the number in parentheses. A
student picks a number from 1 to 15 and points to the cards on which
1t appears. By adding the digits on the back, T can tell him what
the number is.

Base 2 could he covered just enough so the student knows what 1t
15 and perhaps gets a fresh viow of hase ten.

The metric systom should be covered in detatl, with the awd of
actual metric sticks, liters, and gram weights. Perhaps the students
could buy or make some. Note E 55-72.

MATIT STUDENT. ‘“The chapter can be c¢overed quickly. Exercises
73-82 will be of special interest. Note that [ 81 contains an un-

solved problom.
Chapter 1o : Copgruence

There are several possible emphases.

l. Emphasize the miniature arithmetics (mod M} to offer per-
spective on ours. Call attention to ¢-1, especially 1f you go on to
cover complex numbers, discussed in Chapter 16. That treatment of
the complex numbers, being very geometric, could be taken up at this
point.

2. Cmphasize the various divisibirlity tests, including casting
out 9's, hased on congruence. OFf course, as Exercises 16 and 17
show, congruences can, 1n scmc cases, he by-passed.

3. Emphasize the number theory.

GENERAL STUDENT. Omit or downplay Theorcms & and 7. Ferhaps a
spectacular exercise like E 33 might appeal, or the morc philesophical
E 70.

ECUCATION STUDENT. Obtaen the divisirbility tests, casting out
9's, and cover E t6, 17, 25-32, 35, 45-47, Use Cuisenaire rods to
1llustrate congruence. LCan a train made of M-rods measure the dif-
ference between a train of length A and a train of length B* If so,
Az B (mod M), The preoof that congruences can be multiplied can he
shown geometracally.

T
M M M
- A -

AB - ab is a sum of M's (that 13, the difference of the two rectangles
15 tiled by 1 by M blocks.)

MATH STUDENT. GLxercises &9 and 70 will be provocative. The
answer to E 72 {a) for arbitrary squares 13 not known, The student
may veport on the following topic, which ties many i1deas together.

in a mathematically oriented class 1t 1s pessible to relate con-
grucnces, the fundamental theorem of arithmetic, polynomials and
wemory whoels. This outlines application of polynomials with coef-
ficients mod 2,

1. Introduce polynomials P in x, coefficients O or 1 mod 2.

Show how to add, subtract, and muitiply them.

2. Show how €0 carry out a division such as:

[——l= =

=
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The quotient 15 a "power scries" whose coefficients ropeat in
blocks of seven:

ey
0111001011100 »-*
Tnsert an cxtra 0 with the two adjacent 0's and the memory word
10111040140

results.,

3. When you carry out the division of P into 1 for a pelynomial
P, why must the ceoefficients, which are 0 or 1, eventually repeat 1n
blocks? The length of the block is called "the peried"”, denoted "'g'".
The degree of P is denoted "n'". 7

4, What would be meant by a "prime'" polynomial? HNote: 1lex
(=(1+x] (1+x)) is not prime,

5. Why is there an infinitude of prime polynomials? (Proof as
in Chapter 2.) Advanced algebra shows that there are prime polynomials
of all degrees.

6. Why is factorization into prime polynom:als unique? (Proof
similar to that in Chapter 3, depending on a Euclidean algorithm )

The follewing theorems can be proved.

Theorem. If P has degree n, then the peried g of 1/FP is at most
20 -17 {Froof not hard.)

Theorem. TIf g = 20 -1, then I is a prime polynomial.

Theorem. If P is a prime polynomial then g divides 2D -1.

Corollary. If P s a prime polynomial and if 20 -1 is a prime
integer, then the period of 1/P is 210 -1,

(Lxamples of such n arc 3, 5§, and 7.)

The following data may be checked by straightforward long
division. In each case the polynomial is prime.

11



Polynomial P degree n period g = 201

X e x + 1 3 7
x4 +x+ 1 4 15
x5 + x2+ 1 5 31
xs T x3+ H 5 31
x6 + x4 1 6 03

It is with such polynomials, but of much higher degree, that the radar
cited in Chapter 8 operates. See S. Golomb, Shaft repister sequences,
a book that discusses this topic fully.

Chapterit: Sbraye a{,jebras

Almost all of this chapter can be covered without
congruences (Chapter 10). Observe that 1t does relate to the real
world (design of cxperiments) though the emphasis ss algebraic. The
identities of commutivity and asseclativity are contrasted with other
rdentitics. Note the discussion of the distributive law, whose care-
less use 15 responsible for so many errors in introductory alpebra.

Tahles (also called "latin squares'"} arc used n Chapter 12.

GENERAL STUDENT. This chapter has the appeal of crossword puz-
zles, but call attentiom both to its pure and applied interest.

LEDUCATLION STUDCNT. Cmphasize the three basic 1dentities of an
arithmetic. (The chapter 1tself could serve as cnrichment material.)

MATH STUDENT. The identity Xo (XoY) = YoX of Theorems 5 and 6
15 not thoroughly understood. (Late in 1974 I was informed in a
letter that a mathematician may have proved that thore arc such tables
for all but & finitte number of orders.} Call attention to L 48 - 50
on groups. A student could read up on groups and show why any group
of prime order 1s commatative,

Chapfer 12 @H‘gana(, tables

The chapter could be introduced secveral ways:
either by the problem of the 36 officers, as the text starts, the de-
s1gn of experwments, magic squares, or round-robin tournaments, all
mentioned later in the chapter. Incidentally, not all magic squares
are obtainable from orthogonal tables, e.g. one that 1s six by six.

A pupil could see how many ''boxes" he or she could find, 1n a given
table, no two on the same row or colum: or having the same color.

GENERAL STULENT. Point out the interplay of algebra and com-
binatorics, also the unpredictable diverse applications of a single
1des, Call attention to the unsolved problem of "partial” sampling
systems.

EDUCATEON STUDENL. Omit proofs. HNote that the construction of
partial sampling systems can be explored in elementary prades using
tetters, or colored pieces of paper. (A wide-open elementary problem
for exploration } Emphasize the relation to magic squares.

MATH STUDENT. Note the "simple" unsolved preblem concerning
partial sampling systems (technical nmame: partial transversals]. It
15 easy to prove that there is one with at least n/2 clemonts.

PROOF. Proceeding box by box, build a partial transversal to
which no hoxes can be added. Say it has t boxes. Permuting rows and
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columns, and relabeling, we may assume that these boxes lie along the
tep part of the main diagonal and contain the entries 1, 2, 3, . . .,
. The bottom right square, n - t by n - t, contains entrxes only 1in
the set {1, 2, . . ., t}. Since no row has a duplication, n-t < t,
hence t » n/2. MNote that this proof does neot use the fact that a
column has no duplications.

CMJ:v{:er 13: Chance

This chapter does not depend on earlier chapters.
It focuses on the basic addition and multiplication rules together
with the notion of expectation. The emphasis can be as "applied" or
as "pure" as the instructor wishes.

The chapter utilizes dice and roulette as an introduction,  How-
ever, the instructor could introduce the concept of probability with
such applied exercises as [ 59-61 or such a pure exercise as B 8, 48,
49, or 50.

Obscrve that dependent events are not comsldered, nor is the bi-
nemsal distribution,though £ 13, 14, 16, and 17 came close and the in-
structor could easily cxtrapolate.

Tt 15 hoped that this introduction to probability will cenvince
the student that probabislity 1s important in daily life and that he
or she should consider taking at least a semester of statistics.

GENERAL STUDENT. Consider the intcrests of the student when as-
signing or suggesting later exercises. Note that they concern deci-
sion an the face of risk, Gallup polls, the Buffon needle problem,
nu¢lear reactors, 55T, bascball, astrologers, and psychics., The use
of actual dice and roulette, etc. in the classroom might be effective,

EDUCATION STUDENT. Emphasize the amportance of rational numbers
in ¢ven the simplest calculation., Allow lets of class time for ex-
periments, which can be used to tllustrate data collection, bar graphs,
per cents, decimals, etc.

MATH STUDENT. The hat check problem, E 46, and the Buffon nccedle,
E 48, would appeal to the "pure'. IHowever, some of the applied exer-
crses, as well as R 11, would show that there are serious practical
problemb left to be solved.

Incidentally, the limitation of expectation as a measure of
utility 1s illustrated an M, H. De Groot, Optimal Statistical deci-
sions, McGraw II111, 1970, pp. 93-94.

Chapler 14: Fifteen puzzle

Students could bring Fifteen-puzzles to class, 1t
15 clumsy to write down all the steps in a solution, though 1t 1s
easy cnough, using chalk and eraser, Lo show each move at the board.
Exercise 38 presents an algorithm for solving the sclvable puzzles.
Start the chapter with the Fifteen-puzzle, then do the Weaver's
problem., Sec FE 46 for a very short proof of the key theorem. ECxer-
cise 35 might be covered in a lecture right after the case of the
two-thread belt.

GENERAL STUDENT. The chapter concludes by indicating some of
the deeper applications of the central idea. Such a student should
not thaink of mathematicians as jpust playing games. Rather, a mathe-
matician deraves his insparat:ion from problems, whether they are
recreational, applied, or pure. Tn the case of orthogonal tables
{(Euler]) and the highway inspecter (Euler) the origin happened to be
recreational, but, as the pertinent chapters show, the consequences
arce significant in diversce arveas,

13



EDUCATION STUDENT. He should at least develop skill in working
the Fifteen-puzzle, and deciding whether 1t can be solved., The proof
could be omitted.

MATH STUDEN?T. He maight show how determinants of orders 2, 3,
and 4 are defined and used to solve equations.

Chapter IS . Map coloring

If time 15 a constraint, treat the 2- color and 3-
color theorems superficially, even omitting them, and focus on the
five-color theorcm.

GENERAJ. STUDENT. While map ceoloring 1s generally of interesti,
it can be overdone. Allow the class to form 1ts own conjectures
about the number of colors required, before giving any answers or
proofs,

EDUCATION STUDENT. Omit proofs. Many topics im the chapter
provide enrichment material at elementary or secondary levels. For
instance, the two-color problem was presented in the "experiment and
discovery” style at 3rd and S5th grades. V - E + F on an 1sland would
make a mice lecture (no proot). Exercises 27-30, 41, 41, 46, provide
classroom resources.

MATH STUDCENT. Warn him that the 4- color problem has led to at
least one suicide. le may read or report on some of the topircs pro-
sented 1n the later exercises.

Chapter & Types of nombecs

Don't be put off by the length or relative "messi-
ness™ of this chapter. It consists of several self-concained parts:
(1} one part develops the complex numbers peometrically.
1t 1s ¢asy. Point out the discussion of Steinmetz.
Note the similarity to sowe modular fields, e.p.
(mod %), where -1 has a square root.

{2} the part before the complex numhers proves that a
polynomial has no more real roots than 1ts degree.
This fact is used in the next chapter when showing
that there are transcendental numbers, The proof
here could be omitted.

(3) the argument after the complex numbers shows that
real polynomials of degree 3 can be factored over
the reals. It uses the factor theorem proved
garlier in the chapter,

In a class where there 1s lots of time and interest, this chap-
ter, 1f covered completely, could review (or 1ntroduce) a healthy
amount of algcbra.

The complex numbers arc used in Chapter 18 to study constructions
by straight edpe and compass.

GENERAJ. STUDENT. The part on complex numbers has general appeal.
The applications of complex numbers can be discusscd without going
inte full detail.

CDUCATION STUDCNT. The prospective secondary teacher could
benefit from this chapter, cspecially the intuitive development of
the complex numbers. (That approach could be used even in junion
high school},

MATH STUDENT. Therc is a variety of topics presented in the
later exercises. Excrcise 91, for cxauple concerns a problem that 1s
st1ll not solved. 1In J974 R. R. Hall, T. ll. Jackson, A. Sudbury, and
K., Wild proved that for any ero and sufficiently large n there is 1in
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an o hy n array a subset of at least (3/2 -¢)n points of which no
threc are in a line. This result was submitted for publication under
the title, Sowe advances in the no threc in a line problem. (No

example is known for which 2n has been shown to be inaccessible. )

Chﬁljah?r 17 Constraction

This chapter 1s a reinforcement of the complex
numbers and hipgh school geometry. The eavliest natural stopping
place 15 at Theorem 7, which uses the complex numbers to construct
the 5- pon. (An alternative approach, which does not use the complex
nuhers, 15 described in Exercisc 17.)

Exercises 27-51, independent of the chapter, constitute & sub-
stantial self-contained course in frigonometry. It uses the distribu-
tive law for complex numbers to obtain the fundamental identitics.

The approach in £ 1{} bypasses geometric series.

GENERAL STUDENT. Bring ocut the positive aspect of "negative”
impossibilaty theorems. Perhaps the notion of algorithmic unsolv-
ability (1in Chapter 19) and impossibility of counting the real numbers
(tn Chapter 18) might be mentioned. See also E 24-26.

EDUCATTON STUDENT. All the chapter could be of value to a high
school teacher. An elementary teacher could utilize the construc-
tions, including that of the 5-gon,

MATH STUDENT. A student might dewmonstratce E 26 1n c¢lass, flash-
light and all, and discuss its implications.

Chapter IS Infinite sets
Nete that the empty set 1s not included as a set.
That 1s, a "se¢t™ has at least onc elcement. Also, in this chapter O
15 not included 1n the set N, which throughout the chapter denotes
the set of positive integers.
This wmind-boggling chapter 1s muech easser to cover in the infor-
mal style of a classroom than un the necessarily more precise style
of a book. This is what I do:
1. While urging the student to read Galileo's dialeg, I
go directly to the adea of conumerous stots,

2. I list all sorts of infinite sets, and ask for further
cxamples. LCventually, they tend to break into two
types, those conumerous with the reals, and those that
are denumerable.

3. 1 allow ample time for discussion of the next step:

presumably to show that all the cxamples are conumerous.
But we fail.

4. Then I prove Cantor's theorem (Theorem 4), using no
letters (such as n or dyp, dp2, . . .) but specific,
randomly chosen digits. I put boxes around the
diagonal entries and indicate the rule "'choose a digit
different from the digit in the box".

Usually, due to time limitations, I don't get to the detailed
proof of the existence of transcendentals. A quick sketch of the
argument 1s convincing.

GENERAL STUDENT. The student 1s astounded by the cxastence of a
scale of infinities. Thus Cantor's theorem 1s the key to the chapter.

CDUCATION STUDENT. The notion of 1 - ! correspondence 15 used
in the early grades. Many of the cxercises and i1deas weuld be easy
to do at the secondary level, since little arithmetic, algebra, or
geometry is needed.
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MATH STUDCNT. A report on Theercms 7 and 8 and some later ex-
ercises could be presonted to the class by a student.

Cha.f){:er' 19 : Creneral vView

The various parts of this chapter are independent.

The treatment of geomctry for examplc, with the related Exercises
1-9 and 22, can be extracted,

This chapter could be assigned as reading after a few chapters
are covered.

GENCRAL STUDENT. Call the chapter to his attention,

EDUCATION STUDENT. Good background, ospecially for secondary
level.

MATI[ STUDENT. A critical chapter for developing perspective,
Many of the references can be read in their entirety.
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1-23.
1-24.
1-25.

3]
|
w

1
¥
-

ANSWERS AND COMMENTS
FOR SCLECTCED CXERCTSES

Since 4 sevens can be replaced by 7 fours, any amount can be
weighed.  (Repeatedly replace 4 sevens 1n a weighing.)

{a) Add a "larpe multiple of 3" sevens to the pan with the
potato, and the same weight in the 3's to the other
side. Then remove the 3's that are with the potato
and the same number of 3's from the other pan.

(b} Yes, same idea as 1n (a).

Students will guess that if (A,B} = 1, then A¢ and B¢ stamps
can make any postage greater than (AB-A-B)¢ but not (AB-A-B)4.
(& proof cun be based on the results in Chapter 3, hut is
rather technacal.}

A11. Thius 1s a consequence of the hase 3 notation, Chapter 9.
An interpretaticn of base ten.

An intevpretation of base 5,

(Note B 20).

Only if A and B have no common divisor larger than 1.

This anticipates Chapter 5. Say therc 1s an A-jug and B-jug,
with greatest common divisor 1. By Chapter 3 therc are
positive 1ntogers M oand N, MA - NB = 1 fand also m and n

such that mB - nA = 1.) Pour the A-jug N times into the

B-jug, emptying the latter N times. This shows that 1 quart
can be obtained,

Chapter 2: The Primes

(b) HNo one knows.

(a} No.

{b) No more.

(e} N2 - 1= (N-1)(N+1). TIf algebra of students is
weak, demonstrate this with dots i1n a square array N
by N, rearranged by moving one row to an N - 1 by N + 1
rectangie.

(a) 5 =1+ 22, 257 =1 + 28,

(k) It 1s not known whether these "Fermat primes' are
infinite,
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2-6.

(b}

(b

(L)
(e)
(a}
{b}
(c)
()
{a)
3 -

The "“Mersenne primes". It 15 not known whether they
are infinate. Incadentally, 211213 L 1 is prime.

This is Bertrand's theorem, proved in the 19th
century. [t 15 also, for large N, a consequence
of the Prime number theorem, 1n the form Pn F

]
N CT + % ...t %J, for this implics that the
ratio betwcon consecutive primes approaches 1 as

N gets large.

No one knows.

Same argument as text.

No

No more

NZ -4 = (N + 2} (N~ 2}.
72L = 7 - 143, No.
2+.2.3.+5.5-5%

1% and 3 « 3 - 13

Take a prime P that 15 of the form 2M.1. Then p - 2071
will be such a number. For instance, 7 = 23 -1 and

28 = 7 - 22 15 cuch a number, as 1s 6

(22 - 1) (21).

436 1% next.

(b} The product of numbers ending 1n 1, 3, 5, 7, 9 does
not end 1n 0, 2, 4, 6, 8.

{a) MNote that as you keep adding 5, the last dipit of
your sum keeps switching from 0 to 5 to O and so on.

(b} Show that the product of two numbers, cach of which
ends 1n 1, 2, 3, 4, 6, 7, 8, or 9, also ends in one
of those digats.

Yes. Rescrve proef till Chapter 3.

(a) 220 =10 . 22 = 4 . L%

(b} 484 =4 - 121 = 22 . 22

{a) N - 3 = sum of 2 primes, so N = 3 + sum of 2 primes.

{b) 11

No more.

Since there are three odd and three even numbers smong the

51X,

one 4t least of the even numbers would have to be

prime, but 2 1s the only cven prime,

No.

Such an interval would contain at least G primes.

Since 2 15 not in the interval, the 6 odd numbers in
the interval would be prime; hence, would contain the
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2-40.

2-41.

unique prime triplet (3, 5, 7). (Sec E 35.)

(a) 4

{by & .

(a} 2m - 2m = 4m?

By (2m +'1)2 -1 =4m{m + 1) and wm{m + 1)
15 even, sinee moand m o+ Foare adjacent:
{one 15 odd, the other even)

{a) Yes 2% = §2 - Z2, 47 = 72 - 2, for instance.
(b) There 1s strong evidence that there is no end
to such primes, (Note: 112 - 2 = 119 =

7 - 17 1s not prime.)

If 197 were not prime it would have a dirvisor (hence a
prime divisor]) less than its square root, which 1s
about 14.

{b) Pair each D with N/D (which 15 different from D).
(¢} Like {b) but aone mumber is parred with atself.

(a) 5, 17, 29, 41, 53

{2} Fairst casc: N =35 x 5. Then 5 and 25 both appear
as factors in (N - 1)!, Thus, s x 25 divides
(N -~ 13F; so must s x s, which is N.
Second case: N = a x b, a not b, neitther a nor b = 1,
Then a and b both appear as terms 1n (N - 17 (M - 2)
{2y (11.

(b} Consecquence of (a) and the special case N = 4.

JE A% + B2 = 4N + 3, A 15 odd and B 15 even, say. But
then, by algebra or a diagram of dots, AZ + B2 13 of
form 4M + 1.

103 + 73 = 127 4 13

Put 2, 3, ..., N into the Prime-manufacturing machine,
deleting "4", say, to keep product less than N! - 1.

Ancther problom on triangular numbers 1s suggested by the
pame of pool. The 15 balls and cue ball are stored in a
4 by 4 square. When the pame starts, the 15 huils form a
triangle. (There are an infinite number of triangular
numbers that are 1 less than a square.)

Chapter 3: The Fundamental Theorem of Arithmetic

(a) 2250, 0L ag 3, 0£b <4,
(b] If NQ =-23 - 84, then D must be of form 22 5B,

{Tmportant in adding fractions.)

The product 15 AB. To prove this, count primes.
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3-23, (b) Factorization into primes is unique, except for the
number of 1's.

3-24, {a) Sum of 2's; sum of two equal intogers.
{b) Powers of Z; squares, [Depends on answer to {a).]

3-35, {b) Any coumon divisor of A and B would divide MA + NB,
which is 1.

3-36. (a) 1, 2, or 4.
(b} Tf D divides A and B, D divides 4,

3-40. Use Fundamental theorem of arithmetic.
3-42. Use Fundamental theorem of arithmetic,
3-44. (a) Numbers of form 2 - odd (double an odd}.

(by 180 =2 - 90 = 10 - 18 = 6 - 30,
(¢} Each p: or g; contributes onc "2" to the
factorization of the number in question,

3-47. 21=(14,32}]. Indeed (A,B) can be defined as the
smallest positive number of the form MA + NB.
3-48, Multiples of 3.
3-49. First proof: (A,B8) = 1, hence (A2,B82) = 1; then use Lemma 4.

Second proeof: ({More direct, but sly)- Cube MA + NB,
ohtaining (MSA + 3MINBY A2 + (3MNZA + NIBIRZ = 13 =1,

3-50. Counter example 15 & and 8.

3-55. {b) 'There arc several theorems on thuis.

1. Any postage larger than AB - A - B can be made.

2, AB - A - B itself cannot.

3. Tf a postage less than AR - A - B can be made,
1t can be done only one way.

4. Exactly half the postages from 1 through
AB - A - B - 1 can be made. [More
specifically, for each p in that ranpe,
exactly one of the two postages p and
{AB - A - B - 1) - p can be made.]

Proof of 1: Let p be a postage larger than
AR A - B, There are integcrs M and N such
that p = MA + NB, but alas, one of them may

be nepative. In any case, by E 53 we can in-
sist that M 1s non-negative and no larger than
B - 1. For such a B we show that N cannot be
negative, lor, were N nepative, MA + NB could
be no larger than (B - 1) A -~ B = AB - A - B.
This violates the assumption that p is larger
than AB - A - B,

Proof of 2 Say AL - A - B = MA + NB, where
neither M nor N is nepative. Then AB =
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3-506.

(

M+ 1JA + (N + 1)JB., Clearly, A divides

M+ 1 {and B divades M + 1). Thus, N + 1 15
not less than A [nor is M + 1 less than B).
Thus (M + 1A + (N + 1}B is at lcast as

1
(

Obscr
of th

1.
2,

(b)
(c)

(a)
(<]

It 1s
divis

fel,
It is
If R
If R
Its s

fa}
(h)

Betwe

arge as BA + AB, which is larger than AB
which 11 was supposed to equal),

ve that an integer 1s a Lagado prime il it 1s of one

ose two forms:

An ordinary praime of the form 3x + 1.

The product of two ordinary primes of the
form 3x - 1 fJ1.e., {(3x - 1} (3y - I1]. In
any Lagado factorization, thercfore, the
number of each type 1s fixed {using the
fundamentsl theorem of arithmetic).

It 1s 1 or 2.

Any common divasor of A + B and A - B divides
their sum, 2A and their difference, 2B; hence,
M{2A) + N(2B) = 2(MA + NB}, for any M and N.
Choose M and N such that MA + NB = 1,

1 = MA + NB; hence, 1/AB = M/B + N/AL
If p 15 a prime, pS hag four divisors: 1,

p, b2, p3. Tf p and g are distinet primes,
pq has four divisors: 1, p. q, py.

that positive common divisor of A and B that is
tbiec by all the other common divisors of A and B.

Chapter 4: Haticnals and Irrationals

for from vt the other twe follow.

& nonrepeating decamal.

+ Y2 = A/B, solve for ¥Z, showing 1t is rational.

# 0 and R ¥2 = A/B, solve for v2.
quareg, 2 + 2 Vo 3, is 3rrational, so 1t is.

Yes, e.g., Y1/3 - V173 = 1/3.

No, the product of rationals is never irrational.

en any two numbers is an infinity of rationals and

an infinity of irrationals. (See R 42.)

{a)
(b)

(a)
(b)

0.71201
0.7120100t0001. ..

Yes, The sum of two rationals is rTational.

No. 2 + [5/3 - ¥2) = 5/3.
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4-44.

4-46,

Cancel from A and B (A,B).

{See ¥ 42.}) For instance, to produce a rational
between (.733... and 0.735..., consider 0.734532

{or use any other block],

A diagram shows that {dlagonal)z =12 4 22 4 22 2 9;

so diagonal 1s 3.

7

{2) Draw the smallest rectangle containing the
triangle with sidos parallel to the lines of
given dots. The triangle is obtained from the
rectangle by deleting three triangles.
the areas of the rectangles and these deleted
triangles are integers or halves of integers,
the original traangle has a rational area.

(b) Ne. The area of an equilateral triangle of

side s 13 [/5]4)52. But s2
(by Pythagorean theorem); hence, area 1s

irrational.

This 1s discussed in Chapter 17

Since

is an integer

{a) Rounded off, 0.61. (If students are dismayed
that w appears in number theory, remind them
that the number 2 appears in many places, too.}

fc] 6/m2 = 0:61 (approximately) so w2 = 6/(0.61),

and 1 15 abour 3.14.

(¢) Consider the prime factorizations of 32’

¢ - b, ¢+ b.

Lhapter 5: Ti

ing

{b) Since dimensions are 18 -

by 13/28 square can be use
Use 17 by 17 squarcs.
Use 1 by 1 squares.
Pick two adjacent squares as

unknowns. Any answer will be
proportional to this:

22

13
78
d.

69

by 11

13

28

6l

a 13/28

36

25

9116

33

LA




5-36.

Schematic diagrams, rather than precise procedures,
mipht suggest selutions. A Mrigorous" proof might
be tedious,

lor example, to shew that 1t can be donmc for

n = 10, swuwply place a square of the appropriate
size alongside a tiiing of a vectangle by §
squares.

It should be pointed out that "planc" means the
endless plane of geometry, that there 15 no
horder to worry about. Thare 1s only one solu-
tion, (Never flip the tile over.)

31
39 42
11
3 20
no
36 ~5
33 1o 24

fc) The known proof uses the Z-adtc numher
field.

Incidentally, a dand b are commensurable 1f there
are posltive integers w and n such that
ma = nb.

No.  ({See hint)l. The two rewailning squares arc of
the same color; thus 31 dowines are to cover 30
red squares (say) and 32 white squares.

‘The accompanying diagram shows a t1ling/pf a

7 by 7 square. MNote the similarity of the 3 by 3
subsquares at each corner, It is possible to tile
a 15 by 15 square In an analogous fashion, using
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7 by 7 patterns. Continuing in this fashion,
Robinson tiles the entire planc.

j, RREN

R1 has a fuller descriptiom.

Chapter 6: Tiling and Blectricity

Tthis is a long problem since 1t has 4 unknown voltages.
1t could take the student a couple of hours to solve
it. The peint 1s that once again rules 1 and IT suffice
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6-27.

6-28.

6-31.

and that the answers are rational. From top to
bottom the voltages arc 1350/234, 990/234, 840/234,
750/234. From this data the currents can be calculated.

5 4
2
4
4
3
]
4 Y
\1 by 1
5 4
5

o

]/4 @ .

Ya

Let t = number of miles in town, r = number of rural
miles,  Then,
r

t +1 =220 dnd 1wt Im s 18.

Solution: t = 100, r = 120.

Otherwese it could be taled with squares {or replace
cach rational tile by a tiling by congruent squares).

Let the rectangle have dimcnsions a by b and the square

have side I. If the tiling by the rectangles involves

only rectangles in one direction (not rotated) then

ma = 1 and nb = 1 for same integers m and n. If

rectangles of both orientations are present, the

solution 1s messier. Starting in a corner tile,

consider a largest rectangular area formed by the

tiles in that orientation. By comparing total

lengths of edges along a border obtain a rclation

of the type ma = na + pb, where m, n, p are integers.
NOTLE: By considering total area, ong obtains

immedrately no+- oab = 1 for same integer a.
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7-28.

7-29

B-G.

NOTE: T have not explored the higher dimensional
analogs.

Chapter 7: The Highway Inspector and the Salesman

The number of towns of odd degree 1s even (in
finite systems).

.- b—o 2+ ¢ ¢ . and sc on.

Let one inspector start at an odd town and travel
unt1l stuck, necessarily at another odd town.
Delete the cdges he inspects. Use Theorem 5 on
the remaining systom.

The number of steps 15 half the number of towns of
odd depree.

t -5 =1

Start with a single town and watch what happens to t - =
at each step as towns and cdges are added. Or, 1f you
prefer, begin with any tree and delete one edge at a time.

Let the towns be O, 1, 2, 3, 4, 5, 6. Join town 1 to

town | by a highway labelled {i,j} (corresponding

to domine {1,]). Thus at 3, for instance, 1s a luop,
corresponding to the domine (3,3}. laying out the
dominoes as 1n (a}, but without (0,0}, (1,1}, (2,2}, (3,3},
(4,4y, (5,5), (6,6}, corresponds tu a highway inspector
route. Stinee cach town has even degree, there 1s such a
route. Then put 1n the omitted dominoes (0,03, ..., (6,6)
easily. The route must form a circle (the inspector's
path must cnd where 1t starts).

The nunber of roadblocks depends only on the system,
not on the police.

t-s=1-b
Let the systom have ¢ towns and s edges. Pulting 1n
b reoadblocks (snipping with scissors) creates a system

of t + 2b towns and s + b edpes, which is a tree. Thus,
ft + 2b} - (s + b) = 1.

Chapter 8: Mcmory Wheels

In the list of guintuplets there are as many 0's as
1's. If you multiply the number of ¢'s on the memory
wheel hy 5, you obtain the number of 0's in the list
of all quintuplets. Simllarly for the number of 1's.
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8-11. The first quintuplet of the wemory word 1s the Jast
quintuplet of two sextuplets. One of these two
sextuplets must he the final dextuplet an the memory
word, Otherwise the quintuplet in question appears
3 times 1n the memory word, which is wmpossible

8-12 The mod 2 arithmetic, discussed 1n Chapter 10, would
be uscful here. The digit added 1s simply the sum
{mod 2} of the first twe digits. You might want to
save Lhis exercisc to be done during the study of
Chapter 10.

Chapter 9:  The Representation of Numbers

9-54., Putting a 0 to the right of the decamal representation
of a natural number mapgnifies 1t by a factor of ten.

9-.78. Wrrte the first [{actor in basc two and show that the
products kept correspond to the products of the power
of 2 appearing in the first facter with the second
factor. (cv.g., 35 x 56 = {25 + 2 + 1} (56). The
1 x 56 appears hecausc 35 15 odd, ete ]

980, Write B as QA + R, ¢ < R < A. The unat fraction to be
subtracted 1s 1/(0 + 1}, and
A 1 A -1R

B g+l " B@+y.
The "new" numerator, & - R, 15 less than the "old" one, A.
Chagﬁgy 10. _Qggg;gpnce
10-1¢. 500l = (131001 = .1 = 5 (mod 6).

Answer: &,

1o-11.  3100= 930 = 350 = | (mod 8).
Answer: 1.

10-22. 6X - B8 15 mot divisible by 3; hence, not divisible
by 15.

10-24. {a) The fact that X2 = 1 (mod 8) has more than 2
soclutions may surprise some students.

10-41J. The sums of the dagits of Np and of Ny are the same

10-52. {c} For prime modulus, since a prime is special.
10-53, (¢) You might want to state the quadratic reciprocity
theoren.

(d)  This prepares the student for complex numbers and
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10-66.

10-71.

10-72.

10-73.

10-77.

11-19.

11-22.

Yes,
of A

(a)

(b3

similar equations there. (See the discussion of
complex numbers in Chapter 16, which part could
be done next.)

Write A = B + QM and note that any common divisor
and M 15 a coymon davisor of B and M, and converscly.

At least two of the 72 numbers 30, 31, e 371
have the same romainder when divided by 71. So
there are a and b » a,

b = 32 (mod 71); hence, 3P4 = 1 (med 71).
if {(a,m) == 1, then some positive power of a
has remainder 1 when divided by m.

The maximum number 1s not known in gemeral. Clearly

in an N by N array no more than 2N can be chosen.

For N

= 4, B indeed can be found, e.g.,
. X X
x x
X . . X
X X

Similarly, for N = 5 and 6, ZN can be found. If

M 1s

prime and wc choose the dots (x,y) where

x=1,2, ..., Nand v = x2 (mod N) and 1 £ y< N,
we obtain a set of N dots, no three in a line. (The
proof reduces to the fact that a polynomial of degree
2 whose coefficients lie in a ficld has at most two
roots. This theorem, for the field of real numbers,
is found in Chapter 16.)

It has been proved that when N is larpe at least

3N/ 2

For odd A, AZ

points can be found. The question rTemains opemn.

1 (mad¢ 8); hence, A3 = A (mod 8},

For any A, A = A (mod 3% (for 0° = 0, 13= 1,

23 = 2 (mod 3)). Thus A

= A (mod 24) for altl

odd A.

Take congruence mod 9.

(b)
(el

Chapter 11: Strange Alpebras

Associatavaty.
hssociativity.

Note similarity to proving trigonometrac ldeatitics.
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11-23.
11-24.

11-31.

11-36,

11-39.

11-40.

11-41.

I1-42.

11-43,

11-48.

11-419.

See remark on 11-22.

Since each letter appears an even number of times off
the diagonal, each letter appears an odd number of
timas on the diagonal; hence, cach letter appears on
the diagonal. Since the number of boxes i1m the
diagenal as equal to the number eof letters, each
letter appears only once. (Warn the students to
think about this problem. They feel cuphoric when
they solve 1t.)

1f X - ¥ were equal to an expression i1nvolving only
the operation +, then when you replace both X and

¥ by 1, the left side would assume the valuc 0,
while the right side would be greater than 0

Similar to E 36, This time replace X and Y by 2.

This is another hard onc. You might want to save
1t until the students arc in the midst of another
chapter. Onc¢ selution 1s.  Ffrom the frrst rule we
obtain (Xe (XeY))e(XeY) = Ye(Xe¥Y}. Applying the
second rule to the left side of this equation, we
ohtain X = Ye(Xe¥), '"Multiplying this equation on
the left by Y," we obtain YeoX = Yo{Yo([Xe¥)]).
Applying the first rule to the right side of

this equation, we obtain YeX = XoY.

Assume that row X has a duplication. Then XeY =
XoZ. Thus, Xo(XeY) = Xe(XeZ). By the rule,

YeX = ZeX. Since there 1s no duplication n
column X, we have a contradiction.

There are many solutions, For instance  Let f and V be
letters. Then U = U, hence UleV = V. By associativity,
eUV = HV. Since there are no duplications in row U,

W = V. But ¥¥ = V. Since there are no duplications in
column V, U = V.

If U and V are letters and UeV = Vell, then

(UoWYa (Vell} = (VelIye(Ue¥}, The rule then tells us
that U = ¥. Students are exasperated when they
sec how easy the solution is. You might assign
the somewhiat harder E 44 the next day. If they
pet ploomy, remind them of the purpose of thas
chapter: apprecration of ordinary algebra.

(a) Write X in the form AeZ, Then Ts¥ = Te(AeZ)
= (ToA}nl = AeZ = X.
{b) The same.

Like E 48,
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11-54,

11-55.

11-57.

12-36.

12-39,

{Note that both arc the cyclic group of order 4.)
In the second table, say, interchange last two
columns {and corresponding guide letters). Then
reletter 1, 2, 3, 4, as lollows, 1n order, 2, 4,

3, 1. (Motivation: 1 generates first table, while
2 generates sccond.)

Fach symbol that appears in the diagonal appears
at least twice.

Just evaluate Ae(RBeC) and (A<B}sC. However, the
construction 15 based on the following idea. Let
f(x] = x + 1, Then

AcB = (A + 1) (B + 1) - 1 = £(A) £(B) - 1,
hence

f{heR) = £(A) £(B),
or

Aop = £7) (£(A) F(B)).
This exhibits the isomorphism between o and ordinary

miltiplication. Other examples can be obtained by
using different one-to-onc correspondences f.

Chapter 12. Orthogonal Tables

11 3 1 Bl 5 0 1 4

1 g 11 3 4 1 0 5

9 1 3 11 0 5 4 I

3 11 9 1 1 4 E 4]
Not all magic squares are obtainable this way. for

instance, there are magic squares of order 6, yet
no orthogonal tahles of order 6.

¢ ¢ 0011111 2 2 2 2 3 3 3 3
¢ 1 2 3 01 2 3 01 2 3 01 2 3

¢ 1 2 3 1 2 3 06 2 3 011 3 0 1 2
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12-40.

12-41.

12-42.

12-58.

12-59.

13-8.

13-12,

13-14.

13-15.

13-16.

13-.20.

13-31,

13-34.

13-36.

Two colunms (or 4 entries each) de not coincide in
more than one place. (See F 41.)

There do net exist orthogonal squarcs of order 6.
{b] Becausc they arce orthogoenal.

In the order 3 case, note first that the main diaponal
has all symbols, which can be taken 1n order, A, B, C.
Hence the table is commutative.

Take a partial sampling system which 1s not a proper
subset of another. It is no loss of generality to
assume that 1t consists of the numbers 1, 2, 3, ..., L
and the boxes go down from the top left corner on
the main diagonal. Consider the N - t by N - ¢
square 11 the bottom ripht. Only the symbols

I, 2, ..., t appear therc. Thus, since there are

no duplications in a row,N - t< t. This shows

that t > N/2. HNote that more 1s proved: If therc
at least N rows or columns without duplication

then t= N/2.

Chapter 13: Chance

Note that it is a 999 to 1 chance, as odds, or 1 1n
1000 chance.

0dds "for'" and "apainst" may roquite disScUssion.

Note that (¢} and (d) require counting three cases,
as wn the binom:al dastribution.

Thils 15 a4 nice occasion to examine the behavior of
(1 - t/n)M, A calculator in the classroom might help.

{a} 1I1f thais 1s the first time the student has been
exposed to this problem, prohably '"yes".

{c) 1/4, 1/2, 1/4 respectively. (The middle one
can be obtained by subtracting the outér ones

from 1.)
{a) This may open & discussiocn
(b) 171024,
(a) Yes
(b} Yes
(¢} MNo.

This can be developed as a preject.

Point out the relation between {f} and {g). The
tickets cost $500,000. The prize money 1s $198,455,
This 40%-return is typical of a lottoery.

31



13-38,

13-39.

13-41.

13-44,

13-46.

13-48.

13-49.

13-50.

13-00.

13-61.,

There are many simplifications herc, yet the result is,
as they say, "in the ball park", 2.35 as compared to an
abserved 4.

Worthy of class discussion.
Class discussion for (b).
Independence of the separate years 15 assumed, ¢tc.

While Policy 2 costs $20 more than Policy 1 1t has

only $17.50 more expectod "pay of ',

With n letters the probability 1s 1 - %T-+ %T-m L. F lhu
”

As n gets larger, this approaches a lwmit {1 - 1l/e = 0.63)

1n an ascillating manner.

Nice in-class experiment. To show that T 1s proporiional
to L, think of a wire as composed of two plecces of equal
length. When the whole wire 1s thrown “randomly" each
part i1s also. S0 if omne wire 1s twice as long as another,
1ts "IN should be twice as large.

Incidentally, the formula I/L = 2/m (which 135 obvious
in the case of the circular wire of diameter 1 1nch)
has been applied to measure the length of a tangled
bacillus on a ruled sirde,

[t 15 easy to deduce from the formula I/L = 2/v that
the circumference of a convex curve 15 equal to 1ts
Mayerapge width" divided by 2m. (The width in a given
direction 15 the distance between the parallel tangents
perpendicular to that direction.)

2/
{a} No
{b) Yes

Incidentally, the house usually has a limit on the
size of a wager.

[t may ho amusing that comparison of the two approachces
enables one to "sum" a geometric series.

Worthy of discussion, 1f class is interested, 1In {c)
one might mention that

1 10,000

@ - 1,500,000

Itw

10,000
1,000,000

{a) No. No indication of time covered
(b} A topic for debate.

This ralses the general question of quantifying
utility, an active field of appliced research.



13-62, For independent reports or talks.

13-63. in view of the increasing interest in prophets, these

13-64. exercises may appeal to the sceptic and the belicver.
ft is not casy to get the old predictions of psychics,
especlally the wronp prediciions.

Chapter 14: The Frfteen Puzzle

14-1, Trivial, but needing emphasis.
14-15. & 7 4 2
3 6 5 10
1 & 4 15
12 13 14 11
14-16. Arpument:  Color of hlank stays same, but B poes from

even (D) to odd (15).

14-17. Ne. May arguec as in 1-16 or more briefly, as follows:
Color of blank changes, but 1t 15 possible to obtawn
the final from the 1initial position by & (an even
numbex) interchanges of squares (c.g. 9 with [2, cte ]

14-210, Sec Exercisc 38.

14-21. It is cven,

14-23. Color stays same, but second differs from first by
3 (an odd number) intcerchanges. Hepee, 1t 15 not
possible.

14-24. 19, With one switch we can put 1 in place. With a
sccond switch, 2 in place...etc. With 19 switches
1,2,..., 19 1n place, thus 20 1s too.

14-25. {a) 1
(k) 3,5
(el 6,5,3,1
{Note that the pattoern 1s reversible.)

14-26.  (b) 12
{c)] 12

14-27. (b 3
{(c) 3

14-30, Clearly, it can be done 1n 4 switches., Saince all 8
numbers must be moved, and a switch moves only 2
numbers, it cannot be done in less than 4 switches.

14-31.  (See 30.)

14-32. {2} A sum of 2's [porhaps only one or no summand)
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{h} A product of 2 and a natural number
{c) Unit digit 1s 0,2,4,G6,8.

14-37. Seven pumbers must move left, so 1t will take at least
7 switches. But B changes by an even number, so it
w1ll take at least 8 switches. It can be done in 8
switches. (Put 1, then 2, ..., then 7, then 8, 1in
place. )

14-38. Not difficult. With a lecture devoted to thas, the class
would be quite adept in solving the solvable fifteen
puzzles.

14-45.  Warning: Both types of dice are manufactured!
{c} Yes, (You then know the opposite two faces
also. Then the "clockwise-counterclockwise!
determines the other faces.)

14-46. This proof is quite simple, as long as the students are
comfortable with the symbolism, 2n - i, etc.

Chapter 15: Map Coloring

15-2, (% The two colors aliernate along the coast., Thus,
the number of edges on the coast 13 even.

15-16. In a regular map there 1s at least one veglon with
fewer than 6 sides.

15-17. 3R = 2C and 100 - E + R = 2; hence, 100 - R/2 = 2,
thus, R = 196.

15-18. Add an ocean to show that ¥V - E + R + 1 = 2, hence
V-E+R=1.

15-20. {(b) Put a pebble on both sides of cach edge, and
count them in two ways.

15-23%, Since 4Ry + 3Ry + 2Ry + Rg = 12 + 2 + 6 = 20
we see that

4(Ry + Ry + R, + RSJZ 20,
hence,
Ry + Ry + Ry + R > 5.
15-24. We have 2 = Ry + 2Rg + 3Ry + ..., whence
Rg = Ry = ... =0and {Ry = 2, Rg = 0] or
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15-25.

15-47.

15-560.

15-61.,

16-18.

= 0, = . 1e class may wish to sce if
(R7 0, Rg 1) Tt 1 ish i

there 15 a map satis{ying these conditions,

{a) Tf Rz or Rz not 0, argue as in Case 1 of
proof of Lemma 6. If Ry not O, merge a
4-stded region with two of 1ts neighbors
that do not form a ring {I1ke Casc 2 1n
proof of Lemma 6].

There must be a quadrilateral present.  Remove
borders between it and two of 1ts oppos:ite
neighbors that together form a region. Note that
this large reglon (of 3 former regions) has an
even number of edges. Color reduced map 1n 3
colors., Then ohserve that by changing color of
original guadrilateral, appropriately, one obtains
coloring of original map with 3 colors.

In one picce use red and blue, in the other yellow
and green.

No. Consider this dressmaker's pattern for 6
regions on inner tube (each vertex has degree 4).

1]

B

(This strengthens 1B 16.) This says that any net

the sphere must have a region with few sides.
Parallcl argument for Lemma S, but note 3IV= 2E

and 2C = 6R. Thus, V - E+ R & {(2/3) € - E + (1/3)L
=0; but, v - E + R = 2.

Yes, This i1s the substance of Chapter 14 concerning
the relation between arrangements of odd B and
even B,

{a) Just use 4 of the 5 colors of a 5-coloring,
{Omitting regions of the color least used.}

(b} If 4-color conjecture were valid, then just use
3 of the 4 coleors. (Omitting regions of the
color least used.)

{a)} Color in 5 colors. Consider the countries with
the most-used color.

(b} If d-color theorem were valid, use similar argument.

Chapter 16° Types of Numbers

(¢} Argument:
X = -3 77, X+ 3=-/7, s0oX>+6X+9=7.
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16-34.

16-44.

16-45.

16-68.,

1G-6D,

16-70.

16-76.

16-77.

16-79,

16-80.

16-81.

16-82.

16-83.

16-87.

Thus, -3 - V7 15 root of X2 + X + 2 = 0.

dd degree.

T 15 transcendecntal.

7 is transcendental,

Lot X = 1+ /%5 thus, (X-1}° = 2 or X% - 2X -1 = 0.

Let X = ¥Z + ¥3; thus, X2 =2+ 2 /6 + 3 =5 + 2 /6.

Then XZ -5=2 JE} square, x4 - lﬂ}(2 + 25 = 24;

5
hence, vZ + V3 15 root of X' -10%% + 1 = 0.
{(a) [ivide Ar3 + Br2 + Cr + D=0 by rs.

{(a} If such a factoring existed 2/5_'w0u1d be a root
of a polynomial of degree 1 or degree 2 with
rational coefficients. The first is out, since
E/E_-ls irrational. The second 1s out hy showing
that no number of the form a + b /E} where a, b,

n are rational, will have cube equal to 2, (Don't
cxpect this ¢arried out fully, of course.)

(b) (X - &2) (x2 + Y2+ 3/7)

{(c] (X - 2/?) (X - r} (X - s5) where r and s are
the other two complex roots of X3 = 2.

{a) No. For ceefficient of 1 to be 0, X = 0 or 1,
which are not roots.
{b) Any polynomial of degree at lcast one does.

(h) Tn fact F + F* = 2 cos 72; cos 72 £ 0.300.

(2} Slude them all to the left, above the
interval [1,2].

(b) Cach shaded region 1s larger than a triangle
obtained from the corresponding rectangle
by cutting 1t 1n two by a diagonal,

{a) Care must be taken to point out that X + 1
= (1/2} (2X + 2}, etc. We shall not comsider
factors of degree 0.

{a) It can be proved that X" - 2 15 prime for any
positive integer n.

(b) m = AKX, n = BB. Thus wmn = AABE = (AB)} (AB).
Actually, we are recording the identity,
known to Fibonacci,

2

(a° + b%) (¢” + d%) = (ac - bd)® + (ad + be)2.

(a) The little bricks can then be placed parallel.

{(b) Yes, as follows. following ideas of [ 85, we
would have,
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16-92,

17-6.

17-10.

17-12.

17-13.

17-14.

17-18.

(1+x+x2+ +x3'3'} {1+‘|’+Y2+ oo yPrl

=P e X o+ ..+ X s ey L+ Y

Then replace X and Y by the complex numher of
tength 1 and angle {(360/0)°. A coloring
argument as 1in Reference 17 also settles

the guestion. Tlabel the square whose center
15 {1,3) with the remainder of + + 7 (mod n).
Cach brick covers one each of the n lahbels.
But 1f n divides neither a nor b, the n
labels do not appear the same number of

times in the rectangle,

Let A, B, C be the alleged points, considered as
complex numbers. Then the complex number (A - B}/
{C - B) would have angle 60° and, clearly, rational
coefficients. DBut the ratio of the legs of a 60-30
right triangle 1s V3/2, not rational. The general
argument shows that 1.f an angle can be displayed on
the "geoboard" onc of i1ts sides can be chosen to be
horizontal.

Chapter 17: Construction by Straightedge and Compass

(a)

2x + 2y = 180, hence
X4y = 80

This argument could be used to replace the use of
peometryic series in the text.

Since a 9-gon cannot be constructed, neither can
20°, 10%, 19, Since a 15-gon can be constructed,
24° can; hence, 12° and 3%, and 1 1/2°. Since
45% can be constructed, so can 22 1/2°. S5ince
72° can, s0 can 36°., Since a 24-gon can be
obtained from a 3-gon, 15° can be.

{a) We know that _3./"2M 1s 1rrational.

If 83 - o2 - N3 = 0, M divides N3 (and N
divides SMS}‘ Thus, since (M,N) =1, M =1
or -1; since N divides 8, N =1, -1, 2, or -2,

None of these cases provides a root.

(c) Gauss's theorem must he used.
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17-19, (a) Let N=2M + . Then vZM + 1 = V(M + 132 - MZ,

17-20. Trisection of CD does not trisect the arc. (Draw 1t
when angle AQB 15 90°.)

17-21. How was the 1% mark determined?
17-22. (b) We marked the straight edge.

17-25. (b) Imagine the constructien recerded in wires on a
glass plane. Shine the flashlight on 1t and
consider (a).

17-26, {b} As {a) shows, it will not he,
{(d) See dascussion of E 25 (b}.

17-27. (e} Crror should be at wmost 0.02, if pencil is sharp.

17-39.  (a) 8 cos® A - 8 cos® A + 1.

{b) 128 cos® A - 256 cos® A + 160 cos? A - 32 cosZ A + 1.

{c) Show step by step that sinf{nx) = (sin x)e(polynomial
1 ¢os X), and, simultaneously, cos{nx] is a poly-
nomral 1n cos x. Coefficients arc intcgers. °The
proof 15 inductive, using identities in E 29 (b)
repeatedly.

{d) 0 = cos.90 = "polynomial i1n cos 1" with integer
coefficients.

17-40. (a) Usc adentaty cos 45 = 2(cos 22 17232 -1, from
E 30 (a).

17-42, {(b) Using 91u2 x + c052 x = 14 the sum equals the
sum of ninety 1's,

17-47, (b} Observe that 4 sin A cos A = 2 sin 2A, maximum
when 2A = 90°,

17-49. <
30
X 100 1/2 = san 30° = X/ (X + 100);
whoence, 2X = 200.
X
17-51, (b} 45% (vo make sin 2A a maximum) .

Chapter 18: Tnfinite Sets

18-6. The empty set 1s not referred to in the chapter,
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18-10.

18-20.

18-23.

16-24,

18-25.

18-26.

18-28.

18-35.

18-52,

19-10

19-24.

24,

By Theorem 3.
Pair n with 2n.

The number constructed will not be rational
{Another proof that there are Irrationals.)

No. See remark on £ 23
Wo.  Use Cantor's argument.

¥Z 1s irratienal; nonrepeating decimal is 1rrational;
rationals are denumerable but reals are not.

fa) 20315-570119130170%191 = 5773125

(h} 400 = 243052; hence, 4 + 252,

(e} &5/34 = 2-1305170110930)7-1, hence,
-1+ X2 - x6

{a) Pair the set (ny,ns,...3} with the sequence
that has 1 at the njth place, nynd place,

cte , and 0's elsewhere.

Yes. The pumber constructed has only the digits
7 and 1.

Chapter 19: A General View

{1y Find (A,B) by Euclidean algorithm,
(2) Find {(A,B),C} by Fuclidean algorithm.
(3} Does latter divide D7

P T L ek

(a)y 2=
(b} Probahly 2"t g general.

{c} No, false at n = 6.

Appendix E

No. lsing sum of geometric series, we would have

(3™ - 13/(3 - 1) = (2" - 13/(2 - 13. Thus

1= 202" 2 1) or 2™ 1 2 5™ 1

211 = 3", then (+1)™I1 = 0 (mod 3). Thus

—

n 1s odd, n+ I = 2p; hence, My 220 4
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= (2Po1) (2P+1) = 3™ thus, 2P - 1 = 3% by
fundamental theorem of arithmetic. Since a<m,
n would have a smaller case. (So, at beginning,

consider smallest nontrivial case.)
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