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CHAPTER 4

(&) o

o g i)
_jjc____. = = fﬁd £} 1%_;{5 Qﬁ)_ﬂ)(;_i‘_ “J/,s Pig)
o L;

__, — __8__ L __P)_ HZ . — it
dt Es) g st 4
@
EST _ - . St.4 &
A= } " —J = LSE-;?J = ,5?(5): TR
L. - AR o4
(seaf]®

Ta.!'leihg, the inverse Z«f«f”/flaf"- Zf'r*a.x-m-ﬁoy—m Q..F
each €lement of %Fs) gr:’ffc!;;

e—.f(a'ﬁ' o

f(f:) - .Iéte‘—.fét C—'—-H’t

N A
d w TN
@ .?;{’HJ B f(f) f:roJJ B E.éé gt

1-2

(o) Application of Kivchhoffl vo)’zfaém faw
cc']mr'V‘Ei_c.
el)= B8 + L %&(_‘f’ Fe(E) ) (x)

i h addiion
delth gt = L L ) (1)



5{,;\”.”5, (z) for d‘;.’,_{é)/afcé) we Then fhage,

di 8 B ;, thy =k el + o e lt)

& T T
d) L )
JdE T ¢

(b)A :{:.% -ﬂ [sz-4 = g@:ﬁ ;3]

A i D e =
€ ® det [sT -AT]

- ) -2t ~E
906‘:):: -& 7-‘:1‘-‘.26' £ ° -&
"' it
afetee=*]  aet-e™H .
(C.) Since iuitial conditiens ayve ZEVo,

EN R

C‘*Ufsw;l
ity = eI e gy feB A By
i T L R e e

0 %<0

Jedli-2) n@)'—e{i ¥xo .

1~3

(a) HEW) = £(t) ~Kgle) =B gLE) ; letding Xt 24 )
NIE- 5,{-&)) we MHave

Rl = Kplh) | B ) = witg - Bevtt) 4 £

0 A T w1 X,(s;
Hs} - B/ay =i/t



(<) ﬂ,_: F :B] . [Sg—{_}“rz f@s}:[ﬁﬂ .‘l]

™ -2 5

‘le

v

& TT £ 5in
o=y [gw]= |F ST Tl

- -t
—z2e™F sint) 2 & cos(t+a)

(J) Forcad res ponse ‘5 g(&)é Lis) (in Jc{amm’n)
F

%(S) E U(S) = E&‘?QES"-}-Z.S@
25

—at -t
a‘f-l{@ls)g U(SJ}: [6 **hze oos(f..sn-/,,;_)
-2&"

= -
g 2e tcas(t}

The inikial~ conditivn res ponse s g,r'\f&v\ bg,
%t} = f(-é) ﬁ[o)/, so The tota / res pons e 1's

s _
yht)=o0.2)z € c.os(t—ﬂ;@)+¢“"‘ﬂ;/;’5 if:as&_a%)
S) = 0.4e™F sin(t) ~2ET 426 cos(E) .

d-4 Applying Kirchhof £'s voHage Jaw {(KvL) ko
the loop 50»115&.*'}1."}13/ LRy, C gives
L) g fyk) = e tt) —> dilo . B ) #t e lt)
A»P?fg,f'na, Kirehhoff's curren® law {KeL) at the
unetion ef Ry B, L

: G . ol e £
c "‘f-g---"f*)uuf) = .__...._..ﬂe&“; A J—;—rf 2 =g il = R A S 1)

8_!‘?2.5-



14,1-'

E)H:J
Iif—@u)\[t)— "' - K B(L),

Letting x )2 066) %_&)é Set) | w2 Al
5%(9(1&)) = 6() v Kty = X ()

L (fw) = £ oe) - Bhw) + £ AE) | ov

%, (€)= —-% X, () - _f:: %o () + L i) |

-6

dh (] _ wnld) mu:) _ fe_

e = S s [h &)~ h (t]
dht) o own®) ia_'

o = 250 4 2 [ ()= hatt)]

dar ) {mﬂ ) zlhl:i;h“[hr[ﬁ'hz&ﬂ for ', zh,)

4t b 5 ) ke -
o+ oy hy (] [hale)= by (4]] for i) zhlg

A () ke Z 3_&
ot | T Ch-hatt)]  for 2ty
dt

- f\fzﬁﬁ'} )& []’1 (‘t (.t‘)] Lor hzt'b..)z\"h{f)
"7

ko le) = Ry dplt) + Ly 5 (4c8)
ANE) = Ky dple) = T L8 +B L&)

——-——-‘i‘:"‘?&) — ..EE 4 t) + Ka, et
JWa) . k,

T T = LW -Fed



1-8 5

Mass M1 §(t)= kgy, @ + 85,00+, D4, )-8 +8,0 §8-3.8
+ M | QJ'E( gl [.'EJ)

Mass Mzt p= M“t(gz(f))wﬁ[gz& g{[-éijB [é? Jqf*].
Letting S, §i1E), $08), 4, (#) be the states

we l”'5\\1’6.

(500)= 5

L (4,w) = ——!-EK,+K;_]5L,H:)—HEB::___§£5§; 0+ ot 4]
T ) v £

L (at) = §,¢)

JE (v”*z(*))— = ¢ 'f-‘)+—g;(~&)-—~gz f)-—-———gz(ﬁ)

er, U»'-blll"l% ’Xl_—.'é,[) N":%U Ky,

Bl
- Lkt ‘J K

- "[B,-I-Bz LI
@ 0 o !
K’ —..3;2: "'Kf —B;.
Mg My EZ




1-9

Ayplica{mn o-? Kk\'clﬂhﬂ-pnc‘icﬁ laws

A=

d e
L'cit( {t )) *f“Md;t (LL.Z(';:)
Lzﬁ(if_z(‘tD%—M&gr_E

Lﬂfémg, Ve, waaﬂaf L‘.r_

R i, )+ AL GE)

gives

VR
.= L
LLil’ by L3

idt)) Ry L) = 0.

5 -&ufes

algebraic manipulation of these @ﬁ“f’o”s

8.:1/35
i(ﬂf&t)) o
(L= |TF
OO
2]
o
h‘i
Ly
hl
~i0 o’:...(t)

- At belt)
£y

P-4

L AL
= O

EfL;_ MPZ

K &

=W (&)

AR e ) (¢
= o 229 L L))

A b} —I

L,

Ligth)

L -t

= lel) ,uwhere k¥ Ll

feom

KvL
g

KL



1-10 (contr‘k‘lu_eci) 7

i, () .
dF - "“—”zi&) (f) +F el
du () o L oan e Hr()
= - L@ - g R
1 +
+E‘,c elt),
1-11

() p) = @tt,) x(ty) let .=t
then X&) = 94, *) %{f)) which implies
(=) 9t =1 for all t.

(A.,»L) Conaider Fhe avbitrayr times
z’:o)%:,) g‘;z_) and the a.rbi'fmra- Shates

?‘\,{'{:9))%“’1)1%(.‘&2.>) then we Have
ZLf,):f(‘éy ‘f’:o)}f_t"ﬁo)) %&2): je(-éaxﬁ)%{éﬂa

and zc,(éz):ip(ﬁz/z-_‘,)%(fo) . Frem the firt
two of these -‘.’_?u&éfldﬂj)
)

X ba) = ol %) KIb)= Py t) Pl 0) % lk)
t
Klt) = Plbto) Kl) , Lheve fore.

f(éz-/ *o):f(£2/ '&,)f{f// ﬁy ﬁar Q// 'éajf,i,fz.
(L) Frem (1 with o = 2
Pl ty) = ol &) Pl t,) =L From (L)) 50
LUty T @ e d) = Byt ) ity

b



{1-414 (tht)
(v) xl) = Pl o) Klk)

A= kW= glh) K +E€-g(w]z@
but ReE)= A(R) X&), so

Al xit) = «’gd fﬁa) xfto) =A® _BGL) Xl
Since his holds for all X(to),

d @l ta) m
g = Alt) Lt
4-142 5 (0) %, (e}
(> Yoy %9 ;i s Xl®=Y®

5
U(s) g— -
Nt
%, (£)= Xy [E) L Katt)= =l rsalt), 4le)=x, ),
(b)

7‘1@) Xlr(aj
VoY ys 1Y s
Ug) o e 080 = Y18)

G = %) Ay = ult) ) e =% D,

¢ C) %K,00) Xz{0) %, (o)
!

v 21 1 s b= res)



1-12 (¢ C(eent.) 1

% () = %) | Ralt)= %), Kylt)= 3%, (6)~L % ) -51s)
+{o wit)

‘é[‘t) = %(£).
(4)

-

X (8] = ¥iS)

3 e %al), %)= xgl) |, X H=xel)

&4(’&) = 5, () =38 % ()= TX () =3 (U +«<;~c({t)J
#lE) = % ().

Xz 13)

X = X (B &, () = = X, &) +SUlE) yle) =1 Wrr @,
Compare with Fa.\r":. (&),
) 44 3542

51

1 NS
\Ta\




1-12 (f) Ccont.) o
% ) = Xalt) ) %o )= Wt) ), $tt)= 28, () H3%, 1)+ ULE),

Compare with part (c),

%)= Xa(E), Ky () = K3 (), Ry(l)=-2%, )4 %ft) -5 1)

+ 10U,
YlE) = 3 (@) +2 X2 ) + %),
(h) " . o
Methed 1 : ,P}';M.Se:.- variable Larm
RAD) X,(9
Uts, [ i
PN i !5 ! s

N

-

X ) = %) | Kg (B) = ~2%, &) =3%:0) + 4 Ul)
g(’fs): ’Xi('t').

Me i'lloc! Z . t c.anom'ca/ ¥ or “de —~ coa/’)ﬂdf N ﬂOW“!

+ s
Mz —
Y = 5 v+ T UG)



4tz (h) (eont.) 44
’)Lj[a)
s Xgls)

>

U(ﬁo

For This chelce c-)c ::’ftz,?f'ﬂ Vﬂ.r'i-ﬂl::buj

X L) = —mi () el R ) =m0l uls),
ylt) = 4% @) —4x.(t),

D vey=[E - 35 4 Fn]w

X, ) = Utt), Ry tt)= ~ Kol Hult) Rylt)= ~2n) 4 U lE)
GlE) = L &) ~6%alt) +%x50E)

),

Us)

<




4-42 (3) {cohfz,)

1z
Ry (k)= wa(E), Xy W)= X3 (8) , Ky @) = g (&),
')uc,q_(t) T - 5% -3.8 xz{iy-7x3(f)_q<+ (t).;..,4q({;))

LOJVH:) = ax )+ X, ) + .7 (%:) 3

Com'}:a}’e. qu"![.TL} P-ﬂ-!"{: (ci),
4-13

o 5 =~/
(CL) ,.{t = [o wrr] [Sg-'ﬁ_] = [o s+]
[szI —3@_': Qls) = [VS Ef?;‘;)]
=) L.

R o]
= -t

)= %(@]: l" €

o) e“t

sl o ]
O - o P

(e) QE(-") and ,io(i‘) are The same

as in (CL).

f- @l

('!C) f{zﬂ-) Same as LA Farf (b).

(h) L, e
@(S) — | 5% | ] | f(—é—): 5“2t
°  37% o :

This solution applies Sor the
C.a.hﬂhfca-| EOTY\"\ af thg S‘b‘a’ﬁe__ e%mé;gns.




i "i3 13
(L) The homo ENeEous qut of each
state euatiorn I3 of the Form

Xy (B) = ay me))
hence 5 the unfjoﬁc»z«d Sofut on has
the Form
a; .
’K;_(‘f:) = & ’3{,;(0) L=l,2,8,
Therefore

i © ©

’ﬁf(f}m o & o

& 6-"2t

1-144 £ and & refer Lo the text defin/-
(Q,) tions Ik Sectiorn L.2.

[ ] det ()0 = oo
toof 4

™M

controlichle .

G = [i ‘::! J det (g)#0 = system

obserable. |

%y (0} x,(6)

|

t ife,
XK, (& ——ten X (§) = Y{S)

(b)

E= same a3 iR r»a-r—t (a) = C-Oh%\"t)“alale_.
Fatd



4-44 (b) (cont) 14
[ ] det (§)=0 = not_ebsscvalle
Qo

(" ""L“““\
Uﬁ%j—»@ox,{s) e
From the ﬁ/owgraﬁhj Lt Ss a/ﬂfa,renf
that There (s Hoe wa for x; ()
to (nfluence the ouﬁpu'ﬁ‘ d%(i—)_

¢ ) M=o
“ o - —_ £y
E L CL# Z‘IZC‘
R U
L; LA J_;z
[ < O E—— 5an8,ular
=% not controllable ,
| o =l o
’G‘J - o o e o
<
c | o &

L;_'—J
T he wmwatrx forme d Eé’ taking the
Frrsf 3 Cofuwm_, 'S Hom sin uir

~
there fore & has yanmbk 3 aud the
Sgsf&m /5 OQSEP“VO-EIJCZ,



4- 144 () Ceont.) 1

thsy )
Vc (S) = YI (5)

clea.r‘,&) the corntrel cannot influence
L @)

(_cl) With the num bevs SP‘EJC‘.'Fq'E-d.

e O o]
Av = fg =
~ -2 = 2 ~ 2
2 4 -4 -z
o 4 —24

y2 |ydet (B)2o=

tm
I

2 =2
—z J& —/O%F sakSt controllel le ‘
I o —<
6= |o 2 -8 )Jeﬁ(,%)?é@@
o o 4 Sa,séem observalle .

% Ve ()= Yis}




146

0 0o o o o o

i o -2 =8 [ )

By ins?e.c.{:;om) the vaunh of E rs oz
the.r"e:‘pore_J Ehe Sg—S"&EM /s E\_(.J_‘f' wm‘:m//a[,/c

bo—-2 1

Q_z

=}

° -4, Nons:'ng;ula_r" = okserwalble )

X,is) = Yt)

j & -2 ".3 f 12

The 3Bx3 submatrix  Consistin OF
the first 3 mws asd columns

I's neowaia 4fo~.\f';, there fore | the rank
‘s &, and the sgaz‘em 8 comz"ro//aé/e,,



17

i -2 |
S= 1o 6 ofe- 5:’}13“&" =
O i -4 hot observable |
2 K
#3(2) L) Y
Uis) . I e %tS) ‘F' W5 e

(3)

o]
G
0
2N

E=|o ¢ 4 -9
o 4 -4z (43%4;) .
1 =G (4d-a) (-q,-a;+za,q3>_l

Expanding the determinant by miners
according to the elements of the
Piest column yields

det(EY = 4 = controllable  for all aa4,4

G = L fensin gu r =» observable

———— e

fi=]
&
{
< '&JW Q” ﬂojayazjﬂ_s‘

—c DO

=]
|

Q

o

6 0o -



1-14 () C(eont) 18
%a19) K0) 7

s =1

4-45 o
7—}1«1 S(éfﬂéem fo-_zf'i/(—?.n I.PI 'f."fn:; Fr“o‘éfe_w; [l st
the CLC{moi?JC,a_// op morma/) forw , In the

arkicle " Controilability and D_!ggervd_ﬁfg;),'{g’_
in Multivariable Con‘é,roi Sgs*‘:ems'j }33/
E.G. Gilbert | in the J"oar-nafgwﬁ éﬁ,‘?’_
S.oc,;e‘f‘ﬂ, Por Incla\s'?‘:ria} and A-Pf»h_eﬂ’
mharwa.zg‘fﬁ (SI%}M)J Series A) Yol. i) e, 2/J
13 | the d&{:EY\E‘J:‘TDl"g of Con‘t":r‘o”agr'!;';'a,

and observa_bfiﬂ-g, are 8.1'\/@,»1 in +erms
Ca#oHic Forn,

of a S%ST‘_‘.&M in this

The cfe-F;'hf'-f:'onS are !
;) The sgsi—em Jdefined in Exa.mlble.
controllable L ie has ho

1—{5'] s
e, b F#0,4=1,2,3,4,

8&,('0 rows) L

2) The Saséem [jcieﬂme,q/ o E«am;’/ﬁ-
f—lS:] is ebservable i{ the mobeix
% = [-C, €, € qu }'\Q_Q Mo 281"0

columns, Lre., CL#FO_ A=,2,3 %,
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i—ig CCDH‘L‘,)
I £ the £ MQ?LW:X rs -pormgcl

(L, Mk A, AR
£ b, Ak ATh A,
ba ek M Ak
159 Aqba Aebe Kby
seen Ethqt If Ghy

fs Zero , a vow of
s/n u/&r“

Ve is read; !
of the l:u':,
;é:fs Fero hence £ /g
Also note that IR tha e?em/-z/ues
oy e not all qlr'S?"r'ﬁC?"—-—-Q_f asSumed ~—
Fhen The matrix K I8 ac}‘f""? 5//?;'“/“1""
dwe opF more Yows Afe ‘Ilﬂ&flaﬂ

btecaus=
JEPEH&&-H‘{_i

Sim;lii" D‘OSQ'{‘V&.""!‘OHS O._Ppla, ‘l:o 'HE.
wecTrs X G )wh:ch has the sawe
Form as E)Jw'f' with Co Y‘effa-ofh&, L‘:L.
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CHAPTER 2

NOTE : Since nene. of the Frob\ems
here veguire numerical answers
Woe 'ﬂ&\h‘.’. Y\D'{'.'. I:.V'\'t’(‘od.uce‘c{ C-OV‘]VGV'SI.‘Oh
Soctors to wccount Sov the
Ph%sicd whnits wsed.

- [

1 Ay 2
@) T= § Lwae)-m17dE | or

Ida.a-
T={ Yy -m| dt,
[m]
(b) state constraints :
{L) 0= h[ (t) = H;ma‘x} Hlmx CL.'i'\J. H

2 maxk

are the defa‘ths

0= ng_‘,(t) = H of the Tanks

(O

Z'Mr:x,x
P
wy PEE sV

are bLhe cafvac;]cics
n < (Ul('t]ﬁ V2m¢x o0§F the tanks .

Notice that V"ma,x:o{'H’Ma.xj

Vima\x and V'l'rhcx.x

Vapay = o Hg,,,“,_:,CJ and Ehat sabisfaction
0F the constraints (L) implies

satlsfaction of the constraints
(_LL) and VI'CG‘-VE.TS::LJ there;:;ri)

satis fFaction of (1) ov (i)
Soe all telo, 1] is sufficient.



a-1 (8) Ceont.) 21

Control cons traruts :

0L ar(k) =

Whirax Wlmax_} szi, Mo ax
02 wilt) 2 Mugy for ali determined by
0 & wilt)s Wop, belo T} | TR Flow
R=-2
@ T = - by s tp o= 4 day.

The winus Siam comverts the mam'mfcg,aﬁbn
problew  to a.m:'m'mf'j,a_{-,m Froblem,

(.J:"‘) Same as 2‘.’_’.) hu+ W|+£‘| t‘he—
add| Eional acuntre! censtiain ~
ldaaf

J mik) dt £ V.
O

232
{Q)Lgff.w;, iplh) and W) be the stetes,
the State e%ua{-:'ans are

c“.gl.f‘) . E'r'_ ' L e(.t)
at - i () "Iz
JWE) e . . L
- B ow) — L~ A,
T e e®) -F v - A

(b) State Conag Lrain 7L$

l L,F(ﬁ)j < I-F Prote ction agqins £
wax over hea-i:l'ng,_,.



2-3 (1) (eont.) 22

{u.)(t)| £ ﬂma\x speed liwit
Covres pondin Ly
Contrl constraints. "o lead ~3 A @i=op,

le(t), < EW'OLX. VD1+R3€ \i‘hdi‘tol.{‘iom
o rea,u la..*{':ov‘.

I /\L(t)l < )\Wlax. Siope Vioar -lu.-‘-.'ovi o n

hWills et cann be.

,_aa-‘,-e.la, lim bed b‘a"

the vehicle,
© {) Pwer supplied by volta regu. M-maq,

gastcm proportiows | ez(t)

j (Bt -51% rue@)|dt.

is o \AJEI& ":ihgv 'FG(.'&D'{‘

h is insected o illastrote a’conversion Sockor.
(:L ) Power suppheg L{H’ veo Hmj,e. i"ea,u /Q'IL A
Stc-rs tem s cz,ua/ o E(n‘:)&_p(ﬁ/)

J = J [@wa—) 15+ et '%e(f)jd{:
Al s q.u)e,.gfq‘f:nhaf {la_r_.'l:or‘,

2-4

(CL) State cons'(:.ra.in+5:

14.9° < B(20) € 15, 1° eud pernt  constuit,

Control cone ik raints 2

lue)] & Unax limded threst awilable |



2 -4 (Lon'?:) 2%

42 J = j[u&.)

Rate o—F ‘PM&] e 4 Pe‘hC{ [ Hura NES Fro{nm‘éa’oa&)
to Iut’i"-)J .
25
(a_) State c_cms{ra.n-;-s:
14.9° < Bleg) 215.1°

Contrel conzslraints :

)| € Una,
There wmight alse be @ Cor]s‘émm‘f‘
o the %‘oﬁ"a.! amount ofF Fue/

available teo Periorm + he Maheuvez

[ So) this Ccmsﬁra_{n% LUDIA)J be

tp
j luwy ] dt = M.

a srw.cip;'eci rea | huMLgy:

(b) J = 4k .t.; s free e

&

the firet time the constra/nt
14,97 9(‘%0)4. e

15 s:;t.:.gw_.;
2~6
() (Inhe.ren'!: ph%sicaD constraints :

Btatg - - 0= % (&) QSSumiha_, surface
off tyve @arth at gero elevation and a



A-¢ {cont.)
Llat+ earth approxi wa Flon |

Moy, € % (8) < m (ko) ;

ths (s - 'Fue:. |- ex P en de d COnSi‘m;';»;”f'
and could alternatvel be
expire SSE’_d tn +terms a({/ & ﬁm%ei’m/

Comtrol ~— —TT= wie) = T

I|'ma"'[on ol thkusf al'f\a, Jr_‘i’
0< Ul 2 Twax .

L 7= - ’Xifﬁ_P) (T 4o be min(mgm!),

An add| +icnal state censtraint
(niposed ba, the pProblem

24

fnyeol Vr'ﬂév the Thrusg t.

stotement IS
%ﬁt{;): 9(3(4:;): 2 mles,

(¢ e
) Ts L Wi dk | or  Ta ~xs (k)

A-cici{-f-;‘oma{ s%a%e, co»y\sfrm'n%s L'Mf'csed;
X;f{';): 500 mi/les

%(tp) = B miles,
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CH&APTER 32
A-1
(@) X (t+at)m x,&) + &t X(E)
% (beat) = %, (t) + .m't[:x.(t) +]]—x,‘(’cﬂxz&§}
4 At ULE),
Coilao‘?’?ng/ terms and cle(:inina/ %;(&}:erfg
%,06) = Xy (k) , X% (E+at) = X, (i), ete,
X, Cedn) = X, (k) + 0.01 %z(k)
%y (k1) = =p.0) %, k) +[i. & 0.0 D.-xf'(!aﬂsz(&)

ro.o1 ulk)
nat

J=[xtmy~g]° +£ T wite) + 20 -5 vubldt

Ao f
= [—x,(:vj- 5]2 + 0.0IZ {y:(h) +zo[¥-.(h}-5] lHﬁ(k)}
k=o /

N= to/e.0; = /o000,

L, M cOmpaué'me'oﬂQ/ QO{_/QS'!’M;:W}L-S
reté-uircd,



3-2 2é
Followin the Procea{u.re_ cutlined (n
Section 3.7, we é:eg.-'n with a gere~

Sf:ac?e. process.

State value Mininum® Cogt
X(2) I% 2 (x) = |
.2 -2
o « |
o, O,
. .
-.2 2

N“X"-‘—'/ consider a oOxe — .S'/:aa,e process
it h ¥ .
T I ()= min { 1| +3’;;(°‘@9},

The +rial contrel values are W)= —i
O‘) +'jl

State cm}mf Nexf' Coat ) Min, opt,
Value valfue | séufe ¢k Cxp, ) Cest Contra|
i 7]
w it {2 ¥
() ) / = lwon + 3%, () |7 Ly} Wy
-l —s2 o2 &
-2’ 0, - . 2 il =.3% uﬁ'(,sz)
ol . 0. -2 i = .
- -.15 I8 .2 TUANE
. 0. | -5 | 1 FA-sk=ag| o {a. or
-1 .05 D5 i5 .l
-} -4 « ol u*{a.).'j_—.
0. o, o. 0. + o= o 0. o.
. - -1 «l
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-85 Y- B 14 UR(-,0)
= 0, 08 | L) 4roSts us| s z{».ior
al 5 L5 a5 o
= o. o, .2 uZ w?'(-_z) )]
T2 0. LR VP SO PR R} S
. .2 .2 4

Nexﬁ) we

move back ward

oHeE Meore

5&&3;)1;4& cons ider the ,i—sfao;af,

probiem with
T2 (xe) =

Min { [ (o) ] +3T1 C'X(’))}
Lo *

)
State | Condtrol | Next [ Min Cost aisuming Min opt.
value value, |séatz | wie) applied Cont |Contwe|
X{o) w(o) KD | g Cxton, ey |3k ()l ke, )
-t -2 -2 -4
- o. -t | 2 pdgh e g
-l o, Sy 2 .2 o
-1 T~ TE 275
-1 0. - 05 o] A 4 0TSz 7S NI ?;v_
N o5 - Y B oY |
-} -1 Nl -1y
O, o, o, o, 4+ Q, b o, Q. a2,
- - J5 Niy
= -.05 075 Nt~ =-.f or
=.1 0, 05 Yo7 a7 LIS 0.
+ 3 <175)  as]
-l [ a, L4 e -
TR A R B R Ty e
ol
-2 2 4

(b) X(&== .3 —» ukz0)= | —> X(1)= o= u¥p, )= 0.
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L x(z) 7""'0,: o ‘t’r’oLJ'ec. f:or'a, 's wrot QC!'[WJISSfL}Ie.,
One wanw to handle this c.amfpubm‘;am//?

s to ke \Tt)?_ ( ‘)((1)) a ve ra, lar‘g,-&

humber 545 1025) f xz2)#o., It wiil be

assumed {for somplic 'Fg, that only the.

Fuan Hg ed confrol vafues ara availeble,

Fge/g,ih with éero—s+a3e; proces.s

State Value Cos +
%) 3“;2 (#c2))
2. 10%S
{a 1625
O, fe]
. ,,025'
.....2“‘ ;02.5"

Next  Consider a ohe - stage process

with T (w)) = i d +le{U}!+Jf,,(xm)}.

Sicie Lontre] | Naxt Miym cest assumina, Mn opt.
Vatue value | séate i () opplied Cont | conhel
x(1) weny o) ek oy at)) | I Gl w)
i EME~ L 10%¥
3, & 2.0 g 1%
0. 85 | 2.4-5x{ o,y Lot fozs.;_ Mo,
] .o ‘5 oS
-1, 6.5 t 103
N 2. L 1
o5 iy < 15*%
L. o. bo 1 2.45wq 0, pp{10*
- Ly o 1655
- f, 0,0 L a 7. -1
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1 .5 5 ruaiﬁ“-
i 5y ‘Lo 2.5 jp‘i
o, 0.5 PITN et:
-5 o.0 2. ¢ o a5 e
-1 ~65 - Uty
iy i S ovs
o 1 0.5 2.4 ety
’ Q, o, o440 Ll e, o o,
-5 ~0.5 2.4 o3
-1 — £, Jg‘-"‘-
-1 3.5 .5
o | BY SYMMETRY 7 4
-3, :‘02‘5_.}- Mone

Me t, we cons/der the 2-Stage pPrecesy
' T - *
with J ,:;2 Ck(o)) ot m;;\ [ h((g)[ +8 | u[o}“ju@c]ﬂ}.

Statea |Contrpl Mext | Min Cest assuma'ng, Min, opH
vajue |value |Stafe | uie) appiied Con &t |Controf
x(0) wie) | x| c¥, o (el wte) |3, (o,
{ 2,5 Not admissible (#2)
3. ‘s 2.0 |Sx& +7+3= 2.5
&, s G
-8 O Hgxs pas+3= 70| 90 |-.5
. o o
i a. sxl +7] +2 =14
Z, 5 s NA
0. Lo Sxo + 3540255 55 o.
) o5 MNA
— 00 &% 4o $am=T
| / LE NA
' =3 L0 1 5%5 +~3.854(= 1
o o5 NMA
-5 °. §x.5F0+1=353.5 [-§
-1 ~08 NA
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Exf 43,5 40=845

. o5 NA

o. o, 50 4+ 0 L= O o, &,

-.5 0.5 AMA

—i - ¥l 43 .64 0=45
_I[i 3'5 'S
. BY symmerey 5.5 o
-3, 9.0

(b) x(o)= ~2, —> u¥(=2,0) = 0. —> X(1)=~1,
—> UK¥(~i, 1) = 0.5

3-4

Start with 5ero-5+ad¢ez Proaass)jf,_@(z))zﬁx&}]_

Stote value Cog e
x(2) % 2 (xcas)

0.0 .0

0.5 2,0

/‘O 4"«0

Nex?’:/c:ons;der the f«s*f?e, proc ess

- ¥ — N *
with  T% (xw) = Loy Llan ]+ 3% Gap
State [Conkrol [next [Min Cost Qﬁiumfﬂg,] Min, opt.
valwe veclwe [ state | wir) applied Cost ool
X €1) wed ] owe) ek, (O, wan) |5 G
a? -4 .4 4 ]JG'——-‘ 2,0
O. Z
P § .2 + .8z LO
m,é J::;‘ o, 4+ o, = O, 0. o,
o l':‘nlh} _——
F (MNA) ) _—
L _
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-4 ‘8 b 3.2 54
0'5 I3 té .2 2’4‘ 1.‘.
e, ': T A WA C RS
- o, 2 &8 to
i .0 | 0.4 |-.4
-4 Lo - 4,0 4.4
{.0 .2 g .z 3.2 14
o b o+ { 2.4= 2.+
—2 4 .2, 1.4 1)
-4 ‘2 s 0.®) 2| b2 -
* )_. min e # )
Next, Cajeulate Joz (xto))= i) {1 AT, (x)f.
| State {Conbwl | Next | Min Cost assuw'? Min, |ept,
velue valke State | tigo) appiiad C:s‘t-' antrof
x(8) wo) | w) | ok, (xeyua) [T ()it
O. '4’ 44‘ .q- __32_ -36
& A O3 n,"& -36
‘ o. oM or= o o Jo.
% ~ona| | N —
=4 — 4ut|{ MA —
4 -8 -4} (.88 /.28
o5 2 ol ‘2 Ll N iA
o 4 o, f4d.32%= 32 | .22 0,
—2 .2 .2 N7 36
=% o, 3 a, !4‘
<+ /10 it t2 L
.0 ' 2 8 .z ) {08
o e &, Sehe= 56
-2 Atz 32l s )52 |z
v 2 4 J6 VB

L) %)= Lo —> W¥(10,0)= =,2 —» X()= 0.4
— u¥ (o4 1) = ~,32 (using linear inberpelatin)
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First , we cons/der a Fero- 5‘5“"‘6?"" frocess,
£ the pont KZ) does not lie in Fhea
baraet set, we ass:‘c?n a very ."m?e. cost,
sas }OZS-J to this point.

State Maluc Cost
¥(2) Jj;:?_(‘xfz))
4.0 10
40 1p?%
2.0 o
0.0 2.

Next, consider « I-stage process with

“ﬁ'/‘fa‘?'.i) (E /s aﬂﬂar-&mf‘ tha t pds.:'f';’w_r.
comire! values will move the 555&:.;4—;
away from the ta et set and @JJ‘ |
‘o iﬁa 4051‘:) i'ASr'E_jcorg,/, 051/3« hot]—po.sHLfVe.
vilues of contral will be tried. OF Couwme,
.“79 - com’ayi‘ar were be/in usaa")if
mighf- be just as well %o fnelude the

si Five coutrol Va/ue5jm-i-he.r +han

Comph'cap‘c the P"?rammng/ er?-u.“re_qf,

State | Contrel | Next [ Min Cogk assmiha, Min, opt,
vo e | value Stute L;#'J QFP’!'&:.A Cosk Contro |
wp | owt) | KG | T (e wl) | IRk | uktoyn)
Lo 0,0 4.5 o, 0 Mona ta
~5 4.0 .28 b dre?s =joz$ — set ﬂﬁ'& ?’i
—/ e 3,5 IR IDLF rmchabfﬂ
0.6 z,0 o. TSR
4.0 | —-.5 2.5 |eaghe < 0Siz 10
~h& 2.0 I8 o I3 I -1




a0 he oy o o. o,
Fz‘o - & (o } o):
-iD 0.8 t,E
0.0 o0 o.0 o. o, o,
- .5 M
""Jrao NA
Neyt we calewlate ('x(r»)
X0 | u) | %) | ¢X, (*)((ojju(n_!) To, Gae) | R(xo,0)
L0 o0 4.55@\9 —
-5 4.0 ‘284 ) N =l28) 25 - 5
~-1.0 3.5 . 7¢) L78
4}0 0.0 20 o, o, o
- .5 2.5 e 25 e .= -
_‘lftD 240 I 0.
o.0 L5 0. Q.
2“0 -5 1O -I- O= Zf
""1".'0 [
0.0 0,0 . (23 Q.
’ -5 w 28] ey —
~1.0 A P -
X0) = b = u¥(6.,0)= -8 —» x()= 40
— UWR(q.0,1)= -, —= X(2)= R.0.
2-6

In this problem solution we wilt illugtrate
that cons/deration of a Jero- stage

Precess /S '5"”"7@/5" G Loy uéa%/om:/
Convenience . This will be dene éctff usméa
an alternative approach, | ot

_T;i C’XCI)): mfj”[ﬂ[%(z) - .4! + |LLLI'§)}‘
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MA = Aot Adm/issible,
XCG) [ty |z p et (xen, ) [ TF, (acn)) W)
-z 2 2 (- Z . s b .2
0. -1 -f 33 deif= A
D. o. | * -‘1} AR
-1 Na
— ~MA
r2 -3 - * L . 4’ ' 2
- o 2 , {5
(=7 o A .3 +, ao.l"
it o . AT
~ 2 Nq
.2 a‘f-‘ . »2 2 .2 2
.2 el 3 -1 - 3
o, .3 .z y+Hi0, Y=.4
oy o 3 Al T
. . -4 ') b
.2 Na
.3 ol s 5. . .l -1 .
o. 3 RV P ol :’;_
— 2 ! '
T | 1) L)
Y A
.4 . N
o -4 2 2, o, a, o, o.
-1 .3 TR
-..:2 2 ‘Z & e
Ne.xf.') campa'ée: J;LZ('XL’OD: i’g;;” {2]«0)- .JJ + (o4
I2A (=0 }
Ko) | wiey | xC0 {E (aemy, @) [T, (xio))] u¥xa,0)
N 2 . a2) {2 la
o7 2 oy 2[9]4{»:&1{-2}:,3— "y o
“| ARG .
0, &,
~ na
R NA
.2 -3 w2] 2} -7
. o - ERTAL &
l o, -|2 2 . +D' 2l 4 ¢4‘ 0
-, 1 o, ol 'l —2 tq ’

NA
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.2 - .3
92- - .3 -
o i A -! . F o,
i . o,
-2 o. -l
2 AA —_ ——
.3 ol s 3 . 2 7
a. A jzdezbogle ]y il 55 - O.er
A -1 .2 « t AN .5 -
-2 ol il o4 e
£z NA
-4 .l NA& 3§ o or
o. . . 3 fe) .
- ; 2 2} YA St Y —iloer
- Z .2 o 2 Iy A —_
Note 4 ¢ Mbice that Che stute va lue
Ke) s net theleuded 14 the
Performance. medsure  however, if
I'+ WQS) fg, The mrmmum LOS+S
not the op-!-llwx..‘ contro | a’awj woa/m{
be altered.
Mte 2 ¢ ITf the "standard " a,f:)omaaf?
had laec-?] Used i'n 'Zéf')c. 50/&'?1;'05
the only differance would haive

b:-elﬂ

We)

the intermeliate Costs;

J:‘:z(?‘fﬂ)) and Fthe optimal comteol
faw would be as found albsve,

(b) o)y = 2 > u¥(2,0) =

—> W)= 2 —= X(2)=. 1,

o, = K(y=.2
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The —Fuua{'ion
H o= [‘Eluf‘- (&) +‘3‘z % () -}-LLJ-(t] e (‘%ti:Jt) %o )

(gg[t))t) [=~ X (E) + Ky ) +L£i'h‘)j

i5 4o ba m.‘m'm;g@ With respect fo WL
Loy all t €LOT] and Wik sa{ﬁ's{:&fngx
)] 4. The Ferme (0 K iavelving uly
avre ';:LLZ(.‘JC) 4 2}3*/39(1 . U:H:J)' ‘é‘h&r&ire)

for juw| <4
st
TE “L@’"a’x “‘3] =
Solvma, this  Hdor  UlE) 8:1/9_.5

whE) =~ T (xtet),
fus@ (< L | this ds vabd foe \Iﬁ,_l‘i.

T ¥
F 14

Sine e
*

of Jy, zd )

to U4 by wH(E) = =Ly for T g i, uME)=+d

is the mfnimiz,.‘n chelem , Iw Summdb’t&/)

—1 ) T (xleyh) >4

X is M?ﬂim'f&e,«:i with rg.sfbg.;;}-'

) =
we (e _‘_]'gaC‘l‘,H:J)t)) ’%’:Czrﬂﬁ)isr
o, 3 (xwyt) < -1,
3-8
o= z% wEEY + w4+ T (k) {-mxﬁ)-&-u&,ﬂd
Minimigation with respeck to Wi gives
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£ =" 0 = W +J:'(Mu)t) = Wk = “Jf(ﬂf%t)
A

tharefore, the H-T-T Ej_uair‘on s CoMr’H-ing,
tha d.ra-umem']"s O'F ..T»)

He z L
JL 4+ X 4"’;[.3',:*] —rokJ‘f -};T;*] zo,
Guessing a solution of the Fora Tz Lkiyxitt)
{since Fhis (s a.’]m:ar ragu/aﬁw -Froéle,m) gWe.s

T = £ k@ 2w |, T, = kwxd) , which whey

substitubed into tha H-T-B £ ylelds

L KB - L g2 K3 E) ~ b xtE) - loklt) X)=0,

Sivee this wmust be satisficd Lor of/ At
KE) - K*t)+4 - 20Kk4H) =0. g

5=fa.r-a.fin<% variebles and SG!VMC% 3:’?1.-:5

ZK{E} 20~k
I /age #) o~ Taoz -t + g -
V402 2iE) 420 + 1bs /

o is 4 coustqat of t'nh-.g,m%'on. From

£g. (8.12-15) the boundary cardition i's
k(oo#)= 1. sofw'n(?, Lor o, leads 4o the
Linal result yE &

KIE) = O3 4+ 6,025 &

—0.02) 4= é-l’?-‘o?i'"f

and  URE) = K& K&

214
Aua,mr_n'P the, or;‘g,fm.] state ﬂ-z-u-a?zf'oms LJ’
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aa.p.m'n% Kne (£) = j;_uztt)ciﬁ + ¥y (to) and et

%pilbo) be gere. The (M0 st stats @gud-
tion then IS

Ky (£) = 4 +(8) N Nnu, (E6) = O,
Solve the oy Mal Fr"oéfe.m Wi th
the add/ .,L,,'W;j 5 fate Jacluded and the

congtraint

O& Xasty () s M Lor all e [é"’/ ‘{-Fj.

2-/2

(CL An appropriate Vecurvence. & u::i?{‘f'on /s
diads 7

(1) . (o) {ir)
f . Mik .
Lt a

¢
(k) Caﬁ-‘-“- min ] 148, 546, fo+3, 2497 = L
o
[4)] '
Cag = ¥™Min {[-H”S'FBJ o4z, Z-HSE =~ g
G} .
Cad == Wiy §-l+3J St2 1040, :.+4} = %4

Cap = Ml
we = MIn 3 4G, G418, lota, 240} =2

43 L
Cpm = Ca.g by sa.m'me.-l-r—a,
(i}
%e = min {145, 4o, 342,44 15} = §

()]

¢od = win {1ty L42,340,944}= 3
1)

C =
be = W + +4 +of 3
e W {\+z) 4 15, 3+4, 9 =

I

o
PP ()| t o)
= Cac | C,«_‘,L = Cpe by sy m e.{‘mé,

cfl= min 5o, Lz, 240, ¢5+4} = 2
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cg_‘:’ = Win {'_-T+:=_)L,+q]2+4) [s'+g} = b
4 )] 1) ) Gy e
Cg[lz, ﬂcud y C.J;; :de) Cch. = Ccc[ bd, sgwmtc’fwa,
ng = Min ?Io&er 3+9, Z+1gJ4-+02 = 4
L1 &

[+ o a‘_u
< { oy 4 A -
Cm - { o &5 3 3 |
~ c 5 o 2 & |°
4 3 2 o 4|4
2 2 G - D_«:
. (z) ,
Next, find §°° :
caf:J — wih g—;+oJ§+$J fo+3, 2+3} = 1
e = min {18, 8v0, 10%2, 2.+£_-}:: 5
(&) )
Cad T ynin %+3J Etz, oo, z+4} =4
43} .
Cae = win {|+3Js+¢) ot z-m} -
la, (2)
Cpa = cab
¢ = ming 45, e*e; 54-:_)44-&}:.‘.-.
c_:f = wnin {144, 642,340, qeat= 3
(= . - _
e = min Liva,eie, 44,9001 3
fa {1) (€%
Cct.-::) = Ca.;)) Cep = e

cef = min $ 544, 042,240, is+at =2
(2) ,
c.»_; = Wwun i§+2-_)"+3)2-+‘4‘) |5+0}

2 (2} G ¢ () @
G ad C=“=J = , Cde” = B

Cj:? winilo+1)s+3_)2_+g)4.+o}=4

il
o~

[}
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a b e d =
ot _ 0 1 5% 2la
~ T i o 5 & 31b

& &5 © 2 L}e

4 3 2 © 4ld

2 3 L 4 Olea

Con pari n% Em and ,({w) e lement édq, e lement
.

we see That ¢ _’g(‘)} hence all

OF'HM;:/ qu‘hs pass fﬁmajA a+t wost one.

interme diate node.

() Sinzce Q‘”:Q“J the a/o'ﬁ'ma/ F&TLA‘-“’
avre hcf" ;MPYDV&&— L q[{ﬁwf‘ﬁ/ thﬂ
Fos.sil::ilﬁa, of additiona! nedes,

@ L) &) '
‘:LJ, < C;,J for all «‘.ja *:‘{)2_,..,/4-

and for all R=0,1L2,
() Fssentially the same f’racmdwre. i5

Fﬂ”nwef_{) ut Ehe below - disgsnal
glements of Q Y weu id alss have to

b comFu'f:eJ.

I part (L), another g Frix  confainin
F - F
inlormation sufficient fo 3engm,+e. the,
optima | proutes would wsually be
stored.,In This case the. "—fPfOFf'l'ﬂ'i'&
matrix ,which we Shall designate by [ is

o b 3 d &
P oo a b & b & la
~ a b 4 4 a4 |k
o d o d d &
b b ¢ 4 & id
a o 4 o & 1=



The. lji:h element o-{: f__ 's the -pi'v"s‘t"q.J
Mode en the op+-haaf path  fvou ¢ to

which s Eneountered c fFter leawving G, For
exawa,ofe.) the o;'-"f-;ma/ Pa Fh  Lroms  Bu PN
19«‘2.3,}?15, bg, F‘Vrovfrjg, 'FI"OPV.' fe i fc E). To 'p;'nur

the Segugnce O Node g on Lhe a)oﬁ‘ma/

qu‘f'h between an fuweo Hodes we

use P and The princ IOJ'::. of op Fiva +(?,‘
For example P the op Fima l pa 4 (f\r"c)m
a to o be.g/;‘ns ég, O?OJ'HZ te b . IF
the path a-b- 2 -2 ~4d ls to be.
DF"’HMR’ J‘f,’!’ic.m +he Seqment b 7—7-d
MUS T be w:aP'HﬂﬂdL,I. Loo e n at E we
S=e Tthat Yhe op timal P #4 From

L to d is o go eiirﬂec'i".fa from L f‘affj

hemce) a-b-d is the ofa-qu/
Fﬂ‘f’h ‘FI"‘OM a. 'J-o t:{..

3-13
(@) T (w) 2 MR AT €W,
THF (W) = wmax
: ) W A, 20 My AT
WE'LWZEW
- e x Max {““1"-’1* “‘fl Ul}
w‘-

O, LW DLW EWn

= iax {wz"rz.+ h:akk [MUJE
DEug £ W Ok £ s,

"
— Wt X {MU‘ w-w}-
— Dﬁ..w"‘.f-w 2 J.-'L ‘Tl ( J-) .
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¥ -
0m pes T o

Mr') M’v“’fﬁ 2o

AT ATy Pl AW

__ MaXx Ax wax [ :}
- OéMSﬁW? lu-rzl ‘3 <+ A, w;"tf;_‘i‘rb\ﬁdf}

A Hon £ Wy

— maX { A+ J.-:F -MJ'}
D4 EW Ay Ay - (W) )

etc,

(L:) In ca.r-rz,m out the C,OMFL{'l‘c\_'I'funs for

the 'lrlnv-ec. hcgc";".l'v"'i' 1>'r‘oc,‘:'s,_sJ we mus+
allow the arpumaont of J’}_’* 4o be a
variable ~- at least fFor (2,2 == in

the mnac, [OJW])whcy-e w = i,000 I&,

Let automobiles be ac%’v;%g ho, 4 &

:ﬂ*(u’.) = © For 4o < qboo
= Eooo) 40005 < BOOE
= c,oooJ Boovogol & [, 000,

et re-}riaaro&om be ac,f's'v.'#& no. z.:

T e Lea 3Tl

= R < 4008
I--sf-oo—[ 180 ,For' 0%

= Zooo + ot o< ol 8D
= 3doev pypys .z,so) 4000 £
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= tooo +| & 8000 .
o |- 280 Booo s« & )4, 008,

where | x means  Fhe ]C’-k“&esi-

(nheger less than  or e?-uw./ Eo, .

Laet sSinks bm a.c-?"‘.f'w'?{'d'-{, ho.‘;‘) Ehe.
ma.xfmfaa%;'on e Le. f’:r‘#oriﬂe,cf Eg/

!oo}{fha, Q+

ma,x . )
o o | 5 T (uwomu)
for a few “eritical " values
the result

.3“3*(!1',00@ :':.'*8060) Ay = 200

= afy, = 28o0 , D BoooO,

O-F W'_a, J W{I{:L]

) 3]*(0{): o DL « 2406y
3o00 ,  qooo <& BOPO
S5v0 Booog o< /[, 000

TFW) = L—%‘S‘[.zeo , O£d <4000
g

= Zoop + J—“..;.__EE‘_’P]. 280, 4000 4 o <gooo
[»]

= SBoo {|«~Booo Y
[—4«00 280, Booog«£l o0,

Note ! | car 4 forefrig. betder +han & cars,



Again)b% ;‘mspﬁc-}-fng, o few +4
cribiont values TP (W) s feund

T K Leoo) =450 and

valwe

amr, = <Food A3000
T, = 200 455D
= ROO 4 Jovo
i,e00 b, Y 750

3-14
A SOLM-F]HV\%, of the vesults Lownd
LS 'Eml:;ula‘l'&c{ belew. T he def‘;nl'{-ioqg

ULSQ.d A e el

J':f’_w(%(w—w) = two gxzcw + A At ulw-f)}

I:-KJN (*W-K}) = min ){k At WA nmic) +‘T~tw,(5m'w)],_

L A=K

xtey | X weer) | whxw,0) x0y | X (wws) | wKny)
1.5 [ 128 -0.38 L& \.Soo - 0.5
.= | 0.718 -0.30 P2 0.960 ~0.4€
0.9 0. 405 ~0.22 0.9 ©.540 —o0.30
ek . B - g 0.f 0. 140 —0,26
0.3 o, 04y -0.0% 0.% o, 0L o —-0.i0
0.0 p.o=e oc.00 .0 . 000 o.00




45

(b> k=0 A=) =2

(k) J';:S (x) |u¥ (x103,0) Jfrl (e} | w¥Cmen 3':}(7({1)) wh(vey, 2)
I 5 2.900 0. 30 folzgy | =038 || t.sco|-0.50
1z 8,574 —p. 24 6,720 { ~0. 20 || 0.%0|-0. 40
0.9 0. 324 -0.1B a.405 | ~o.22 |l o.52c)—p.30
0.6 o.(44 ~pai2 O (B0 | ~0.i4 {| @240 —0.20
0.2 0,036 —-0,04 G,045 | ~o,0¢ 0.668=-p. 10
0.0 6. 800 ©.,00 &, o000 oL 00 6,000 @00

(e k=g b=

PO ERRCOR PRI AN CORENCIN:

I 5 L 50 —~0.2 4 (.80 -0. 3o

12 a.960 —g. 2¢& i1 52 —-0, 24

0.9 8.5 0.1 4 0.648 -o,/8

0.6 O. 240 —o. {0 ©. 288 —o.tz

63 0. 06/ —-0. 06 C.072 -0, 06

0.0 o, o0o o. 80 0., OO0 &, 80

(,;{) k—-o ==}
#

Xlle) Toa (o) | uweyo) || 3T, 0x0) [ wtauy )
hs 0. 450 —0. 0 6. 750 —~t.00

L2 0288 - 0.4-8 0.480 -0.80

.7 o.f62 ~0.3f 0.270 —-0.40

0,6 0. 072, -5, 24 o,.izo -0,

6.3 0.0/8 -0, l 2 &, 0nR0 -0, 20

& o, C00 o, 00 0.000 0. 00




3~15 *
(CL) E=o ki

x| TE, (o) | Az 0 SENCTO R COD,
3.0 <4, 500 - 0.7 G.ooo —{. 00
2.5 3.125 -0.62 g4, 10 ~ 0.9
2.0 2. 000 —0.50 2,667 -0.4 6
I fo 1258 -6.38 500 -0 &0

Lo 0. S0O - 0.2 0. 667 -0, 34
o5 D.dLE ar 0,167 -0l

&0 O.eoo 0. Co G 00 a.g00

(b) k=0 k=t {g:z_

i) 3% (utw) | w¥Casyo) § 3% o) | wdOx0)i) L2, ) | Xtz D
3.0 || 3,600 - b7 q.500 | ~0.7¢ || b.voe | —-t.00
2.5 || 2.500 — .50 3,125 | —0.62 4,167 | ~-o.B9
2.0 ||t 600 - 0.40 2,000 [~0.80 || 2.667 | —0.06
15 ||o.%00 - 0,30 hoieg | —o.28 i 8Sos | ~0.50
Lo Bo.400 ~0.20 t.500 | ~0.24 .65 | -2t
es || 0. /00 -0 o.M25 | —o.2 0. 167 | =0 /b
.2 |l g.op0 [-F-¥- e.ope .02 0.80¢ H.00
Cc) b= =/

X&) ]”gﬁ(«{o:) ¥ (o), 0) T, (k) PEICIOND

3.0 .o | =0.50 T.A00 -0, 60

2.5 4,i67 -0, L. o000 —~0.80

2.0 2,667 —-0.34 3.200 —0-40

LE I, St . 24 /. 8op - 0.2

/.o 0667 =N A 0,800 —8.20

0.5 0167 — 0,08 0. 200 - 0P

G, . 000 o080 Fa P =Y F-] D00




o k=0 et AT
XY [ T% L(xe)) | akCxeyo) | T, (xa)) | Lr(xi, 1)

3. 2.000 —f oo 4,560 —/. o0 ]
2.5 {.250 -4 a0 3.750 —f o0

4.0 0. 8oo —o.Fo f. 500 —/.00

s 0. 450 ~0.60 0. 780 —fi00

{0 0 200 — 0. 40 H.333 —O0.6k

o8 o.05¢ -0,20 o083 — . 34

v.0 O.0oo o 00 . GO0 S0
3-1¢

(QD k=0 b=t

%) | I3 (o) furluer,0) | o, (xn) | weon, )
I.5 O.1i74 ~0./0 0.540 | -©-30

i.2 0.t -0.08 0. 3494 -0, 24

0.9 6.0463 -0.06 o.i%4 | ~0./8

0.4 0,028 - 0,0F 0.084 -0, 12

&3 g.007 = 0.02 ¢.oz2 |=-06.04

0.0 g.pop 0. o0 0. 000 CLo0

('b) k=0 k= ke a2
x(g) || T8, Cua) | uH(uco), o) | 7% (een) ke, ) ff 7 (v )
L LEY 0,061 | 004 || 0,174 |—0.i0 | 0.540[-~0.30
L2 o0.039 | —0.02 O.iti |—o.08 || ©.244 |-0.24
5.9] .0-022 | ~o0.02 C.068 | -0.06 || 0104 [~0.18
oc|l 0.0t0 § —0.02 | 0. 028 |-0.04 | 0.086 |-0.12 |
o3| o.c0z | 0.00 | e.007 |=0.02 |o.022 |-0.04
o.o|l ¢.000 0.00 o.06008 | p.ooo || .00 0.08




Z-1b 48
(<) k=0 k=
K(k) || To,k (xtop | WH(xo,0) IF,Cxe) | WRxen, D)
g 0.218 —~0.06 0.648 -~0./8
I 2 O. 140 0,0 0.415 -0, 14
0.9 0.078 —0.0F 0, 234 —0.10
a.b 0.035 - 0.02 o.lo¢ —~0,08
g2 || 0.009 —-0.02 8020 —p. 04
.0 &, 000 o,00 o PN Tl C.00
(d) k=0 fesx |
Xk} | TE,Guey) | wElmiod] T (k) | wHea, ) '
I o, 079 ~0./8 0.2.70 ~ 0,60
{2 0,450 ~ 0. (< ©./73 -0, 45
0.1 ©.028 —0.40 0. 097 - 0.3
0.4 .03 -0.06 0.043 - 0. 24
0.3 0.003 -0, - o.at —-0.72
0.0 0.900 o0 0. 000 0,00
2-17
(CL) k=0 bz}
ey | TE (x) W) [ T 0] [ a1 |
3,0 o.694 | —0.20 2./60 | —o0.00
.5 0.482 - 0.6 .o - 0.50
4.0 0. 309 — L 0.94L0 —0.40
1.5 0. 114 —0.(0 0,540 ~0.30 |
{0 0.677 -0.06 0240 - 0.20 :
0.8 0.020 - Q.04 o.06Lo —-0.10
C.o 0. 0po 0.00 o.00p 0.00




(h) k=0 k=i k=n 49
XY || T8 x00) |wrCeeon,0) || 3, xw) | ke, ) 37, (xe2) | ufaen,2)
I_3.0 0.4 -0.06 0.6%94- | ~p0.20 LoAbo |00
.6 o.i67 - a.ef, o.4gzl o f4 t.500 |~0.50
2ol o107 — 8, D4 o309t —-0.12 0.940 | —040
L) o.061 -0.04 || 0.t774 ] —0.10 0.540 | —0.320
o] o.ez7 ~-0.02 0.077 | ~o.66 0.246 | —0.20
0.5 6.007 -0, 02, p.ozo| —p.04 0. 0601 —0 ¢t
g.0| o0.%¢0 .00 a.000 0.00 0. 0001 0.0
(c) k=0 k=1

X(k) (| TX (o)) | WhCxan0) [Tk Ot | wkCen,)
2.0 0.870 - 0.12 2.592 —0.34

2.6 0.605 ~o0. 10 1860 — 0,30

2.0 6.387 —0.08 52 — 0.24

g o.218 —0.06 0. 48 ~ 0.8

1o 0.097 — 0.0 0.288 —-0.12

0.& 6.024 —0.02 0.072 —-0.84

6.0 O.000 0. 00 OD.000 o. 07

(d) k=g k=i

X&) 3’?;} 5 {xto)) Wk (x0), 0) h :fl(a‘( W wR, )
2,0 c.3l4 -0.324 [ t40 —-1.00

2.5 0.8 - 0.30 0. 750 - 1.00

2.0 ©.139 -0, 24 0. 480 —0.80

Iy B, 079 -0, 18 0.2.70 - 0.60

{0 0.025 —o.i 0120 ~0.40

0.8 Q. 009 —-0.06 0.030 —0.20

o.0 0.000 0,00 0. 000 ©.60p




3-18 50
:DE-F-'m'na/ o pevformance mecsure

T x°0)
which will be gevre i§ ®=0 and POSIFV&
othevwise , we £ind

xo) | I (we)) | wk{xie), o)
3.0 4. oo —_—

.5 2.250 —

2.0 f.Oao —

Lg 0-25 0 —

{0 0.000 — /.00

0.5 0.000 - D.50

0.0 0. 000 .00

0F Course this Frob|e\m can be werked
bzs, inspection,

2-19
T he oF-I:-imaI comtiol Seguences avid.

the r-esuf‘fw’w(rj, final states for vavious
values of A aye Shown be low,

A (¥ (o) wk(r) x (2}
0.5 -0.60 - 0.60 0.30
2.0 -0.38 -0. 38 o.7F
4.0 -0.24 -0,26 .00

(a) As A increases — :‘ncf;'cahnccj, Wmore
concern oOvVer control effort — the
control ngznr/‘udeg de crease,

' he (ncreaced

LY As A [ncredses £

e premium o control effort causes
less concern for the £inal state



£

3-04 (b} (cort)

va\|ue)‘/\ence. the Maaanr“!-ucfe. of  %(z)

(noreat es,

3-20
o N
a To, wko) | wr(r) | %(a)
0.0 1,125 -0.38 —-0.29 0. 74
- 0.4 o.1 74 — .40 eI IA 032

(o) With a = —0.4 the syStenr noves
loward the origin (the "desired state)

mven with no cantrel a_pru'acI.Thus)
the system (3 @as/ier teo
the Linal atate 18 closer +to gero
with [ezs expen o/ Fure of comtro !
effort,
(b) with a =0.4¢ the sgs#em o fference
eﬁ-ua.%ich IS
Kt} = (g X(k) +uli),

This SgS ten s Mfta'f“a.é/c‘: and will
meve Quwie From e, @r“f(?r'ﬂ if 10
contvol is applied . The lost o f

comtrolling ths Sg'sf'c-m will be.
{Ham for A =00 07 ad =04
e of X Shou ld

CJOVJ"E!'O / e nm

8\'&&4‘&\"

d the Linal v fu

[# N
E'?rr'ea‘Fer‘ wWith a= 0.,

ke

3-2l
{a) &
%z
JX,(as)= 2.5

o) =05 =3 )= 2.0 ~> uk(i)m =087
Yz 15— UK(2) 7 0.5 —> X(B)= L O



3-24 (cont.) 52
() W¥o)= =~0.8& ~» X() should be 2,0) but
ad*ua”g (s a0 e UR(iI) =z ~ 0,52 ~—»Xz)x .53
— (2] .52 > KBy L 04,

B=22
(o) The Op‘?fn'm&f contrels aud Wi i Yinm
costs For the FLinal Fws sﬁrc?eﬁs of
the thyeg-— S‘éﬂ&i—?— process ih 3~4b)
are identical with those of +the
+wn-s+v.épg. proecess i B4 CCL)j’ /ichc.r:.)
the 591:4'/‘;'0#1 of bei4 (@} /s Cofzﬁr}m;{/
or 'imbedded” th the sciution of
3-{4 (&),

(b) Cu }a&_ £ cartain tonditions are P‘ﬂ‘&‘fd.
For e,xa.mf::l:aj The So/u{‘:‘en o a Fwo
Stage procecs begi/nnin at k=
/s Imbedded in the sSlution of
a f.‘hv-e.eu -«e.*}--a.é‘g..c, procecs begf'nmhgf at
L=0,as indicated lo% the skelches
below.

= Im\oeéclih%

5 T = sk | principle

hous Fov

k timeuwwa-in%,

f:roce.ss
ITmbeddin
> k| privciple
’ ! 3 doeen't hold
L e iy
)

! z 3




&3

crarTER
41
Th,s theocren, can be proved by
following the coraument used 10
provin he fundamental theoren

ol the calewlus of varications (N
section <.1.

4 -2

Suppese that hi) is non- gefo , S
positive, at some pPoint in the (nterval
[tots]. Since h s ec continuous ?mm{:;ovb
then there =¥ists an interval ff:uﬁ,,_']
contained in i, 2] in which h is pesitive,
let us s=lect

Sa) = {%“tr)(’cwt) for telby )

for other
te [:E‘OJ t-’ﬁ] .

Cfea.r'la, this choice for §x Ls o
cormbinuwnus -?1&_;15_;":’;0” . NMow for This
choice of &%

£,
jt’cwc) sxkydt = j i) sxt)dt
to i:‘

which is ?C‘ﬁ'}tf\/e— because thee
Lnfe%rami of the vight S de iS
a_”{: +o and

tive , except
cluays postEive, S¥OoE o e if

+; ,Where Ut i3 zgero-



(5 not r'alenff‘m//&- Fero Ln E*-'o)ﬁaj f:HSZﬁ
)

kp
Jt hit) Sxt) dt
o

will et b %ero Lor all continuous
funcEions 8%.
43

3 5
(a) Flteat)-$E) ::4(16+Q.t) + TR
- 4t® g/t
(t f—At)?’“: #2432 At 438 (L) 4 (4t)*
S5 2. . .z _ At (At)?" J
At T T [k "gJ:J T PR

r Llerat) @ = 2™ Ak #nd (A" ¢ #(at)?
—SA.t'/-é_1 + e
SEFQ"’“{ZJ"CT tecms thalb ave linear in A&
df(t,at)= [\1{:1# s/zgi] X
(k) ¥-C}J*-‘&i§ﬁ~¥(i}j 5 [fﬁtﬁ—&gal
+olgrag lgrage] +2Lge N ¢
~ & (913 ~agd
= 5[},%,13, Ag +(Ag,)‘_{+cf3.,ga+g‘&g; h
+ogihg A AGF 2Lt 2 g 88n +(Agz)"‘_{
—5‘3—?*@%:2@1"'231}‘
E:.{:amiﬂ(j., O H f& the *termg that arc
linear in &ﬁ'IJA?LL gf'tre_s



d+ (g, bg)= Liog te 3244 +E¢ﬁ~r+‘*5‘JJ&§i

(¢) Following the sauie Proceéurq,.
as ln  (a) and (k) g ives

d80g,89)= 12§ #5482 +232]4g, +[zgz+g§fg3
+2‘6—ljf-‘-‘6-2. +[5ﬁ-1?~z +h5;1 5%3 .
4-4
(&) Eypo_nclmg_
T(x+sx)—J(x) and re
U\'\e&r '{_’,c;rm\s ‘ %i L3 HE—
ST Cxy8%) = ic E [ axe) —amit) %) | SKE),
o
NOTE: The sarme resalt .'; %zg;nj ,)éé#)u%;é;tgz, “.2-7).
(b} Aé}a.in @xﬁpqnclinﬁ Lhe Jh'ﬁf{fr'md o‘f A:{)‘
ST(n,5%)= jt Eﬁﬂ.&s) + %, (4)] 5%, &) +L%, () fz%i@%&)
b [k, (6] 5%, +[ 2%, s % IE
() %
i
AT(x%,e%) = ffe K Hsx] _ e“c‘ﬂ dt
to

te ‘
= J; Eg &l m]_excﬂj dt %-f!iéi«tw(s«w)‘l-g 65«&)
o 4

_ éxfz-J} 4t

¢
¥
5T () = L X swie) Jt.
This result is aise obtained by using R'?;io"‘kr

t‘hﬂ_ (n-}:.e:ﬂ,'ra-ncl 0@
taining on(% the



Series =xPansion, 56
+~5
Tkt ry) = f §Uelte 1), R re ) Ot

'ﬁp
f (x ) e Y, K& v 9 ) i)

‘-—-'( KHe) v i, RMeve )8 R dE
Le f'&:% &= o ?f'ves

[{“{—Eﬁmﬁ "‘2)] ﬂ:i[wé W) L)

-~5~ff><*('t) Xt t) ?’((ﬁHJt«a

Ih'éeg,rmé;'n éc"it faar'bs WSia the
‘re%uiremené? + hat ”2({:5) "'Léc)"o aku

ihvoﬁema_ the Cundamental

IE#HMQ_.
(SE.E. F'ﬁ:

blem 4« Z)) Gives the
Euler -&?.Bub{ﬁ{}fbﬂ

4 N1

Ty n at D §(xw), UG 4y
ko

33,

KXiets) ~ 1Kk
Ko = atll;%( ) ) k)

- Mk)
mt B % $E( ), == }%ﬂ) s k)



A (aaan
Tz ;-%"Cx*(mg xa) wﬁ*_zfi,.’) k_)j —o
Rzt 2, oo, Nt
The Jast +we terms are @ {yife -~
difference ﬂ-ﬁf(‘om’mo__{jm to tha

der/vat/ye w/ith Vegfec;{- to timre of

&é/aﬁj‘ ‘-‘.’:‘hew_r.:.ﬁoy_@/ Fabising The Jimii
as AL —-» O ge"b’ﬁ-s *ha w fer @juqf/o/?

*?; () ¥ ) — ﬁ”ﬁ [ g‘ifﬁ (ke o, 6) [= 0,
<+-77
(@ df = [t + 3t r a7 [ 250 0

{:.i = = ‘fa = -2

5—{,} = omt 43 af;J,({,.r).,, Ff

£ is o vrelative (and a.iasalm‘:e) i

2

i‘tﬁ‘ (\"&L) o =~ @ 'E;z_ l's o Y‘e.fa?“f}/ed (a;ﬁq{
a,ésda"ée) max.
(b) @.{: Sek —zé

T o= €
=3 -2t =0 or t= 72

2
%ﬁ = g &t g a2t {_4.&&“2{;

< = (~4 +qt) €2E
%‘{"CVZ) /5 ht'.éza')‘fi/e. f’ﬁ;:rc.}-ar‘:‘

- 2tETRE



b=la /S Q@ maximum (the °8

3Joioa/ Wla.w'mumjj
teo aud E-yeo Are 3/0&::/

Wil hlma,

(&) df = [ag+ 1rpalng g ipes
gt

——
et

Sine e é“\“g’* #%Aﬁz are i'lr"lc*ff‘fdcﬂcl(‘c:‘!}'
AZ"%+?+_?"¥ 'w""DJ 423“”! 'f/‘z"%/w s)
=P jr* = - 377 ;2;“ - 7

ézi (R i a Fo:,i{-iw:. o defuite
o7, : 4 mtcx{h'x_) S

Er) gz, 8 G
vy e iU .
4-8 )
[CY Ewler uqf!bﬂ PR 7’)(*@)-*:2')«:*&):0_
e Forw of the cofution e~ obtaihed
by classtcal meLhods jov Laf:f'aca trans forag
—— 5 x¥E) = ¢ e"‘t + Cz.fft.
= o W) =] =
Mow, wH(o) = © 5V oo, o ,and X (1) =] ==>

Q[GHF‘{‘CZCI*' o, Solwlﬁia these tweo

‘1—73.u atitag g Ives o e
Kt} - “gr?f:g;—- [ ¢ —C j .
(L) The Euler cquadlon Jc ‘ e
o seth) a2 ¥ — jj: [:?'X“"‘('é }-M:Y}f(fy:@

L



4 -8 g comk .) g
oY MAt) - xHE) =0 = wKE) = c et et

KOV =l =2 ¢y =/=¢; 5 xMa)= ~3=¢,6 ke, 672
Sva:'mO:L for < and <, g—r‘&'es

-3-e"? &3
= e O, o ==
Cf él___ éHZ. 2 el-__e_z‘— *

(Q) The Fuler equaltions are
XF ) - xit)=o , =X HEF @0,
Differentiatin the firet equation twice
O.mcf. ch,clllha to The SCCop:jC‘g,C?/f/ﬁ_S g
4 ot
éa-—»gq:_(—g - ?C;;L(‘f:) =,

This diffevential -e.yaa_.'r;':am has the
chara cteristic €quation 54-{:_0)
which has reots’ s=£/,£]J/.The
$o;‘u‘£‘;’om }JQ.S tﬁcﬁ. ~,C.:;y*m

X?“(ﬁ) = Gy éht'f‘Cg,ft'f'C::, C{J.Sf' '!LC4 $ih é".
_D:‘-F{:gr'em{iq‘l‘fﬂa, this twice aad
substtuting (nte the Flt fuler
equatiom fefds

xFE) = Cz&"t—r‘cz.éé*cs cost ~cy L.
From The Spc::.r,ﬁ,‘c?a’ bougc{q'_:fée- CO’IC‘{!%’@"Q

WO =0 = ¢/ +Ct Cy =0, xH)=0D CiH-G=o
Cyp=o, Cj+c, =0.

K{IUT) =1 =» CJGM}?/Z“—(CZC‘V/L +Cq =1

Xz’?&(TT/Q.) = ¢; € -7z 4—(26777’2' —Cq = i_)

L



Which wnpf&j/ Ghat Cq=0 .

Scfv:'n&
Lov ¢, and

8—-;'»/';—33. C = = / .
—/ ) 2 S;'m’v)(f?'?z:)
A4 sinh (.7?72) j There L e,

#: . Stih (t) ] , "
X (b) am . _s:‘{_)?_fq_fﬁ)

| SR sinh(ma)

and Cy=

4

The Euwler eouwation reduces 46
XH(E) — L) — 4= .

T he Form of the solution /s
xKt) = ¢ e+ 67 Lo,

Cy, Cae be —Fomncf b&l— SL.L!oS{'i'TC’q,{:J'h -
this So!uffoh into the Or‘r'é;'na_ﬁ
differential eguation with the
resclt that <Ca=-l Using The

3‘5&/@“ Eoumn(wav c-om‘:{r'r’:;'orfr.sJ W f,‘ni

~2&7%
z‘:.z‘}a-t CL:_ 5 ‘_%________,_, C{,HC{ Ci:.:"’cz_ -

<4 —10

(&) The Euler eq.is The seme as 4
Prob, 4- 8(2), so KL = ¢, e T e, &F,
At f.p"-—f—l') the hq_ﬁu’m} b.o, (s

2 T
5‘?(‘(%*0)) f){"‘(i))_ 19(*(1)M O{.
&*{'J}':'O ~—_-'£D "‘Cf &_”-K-CLG = O

wkoy=1=> ¢ +¢, =14



G- f{p CC_OH“&-)
and the soiubion ‘s

E‘Tf—;f““;,“ [é"‘*& C:O"ﬂj = xH(%)

(b) The Euler eg. re duces 4o
5{0*(‘5) =4 whreb w hen f’n'éea/m*}ej
twice gives  xM)=Ztictrc, .

The natural boum&a.rgf condltion Is

6/

;;?“-(N*“L D) = KM= 0 s

J
Phe) ¥/ 4Cive, +=0 J'af.w ¥ oj=4 =c .
Sofu;’m&, -for Gy oand Co au‘e./c[s
X¥(E) = Lt~ 2 L+ L
CC) The Euler eqs. and thelr solutions
are the same as in Prob 4-~6’(c)j
fhc:.rﬁ:-g-‘—a'/‘e?v

xFE) = € €7 pe, & Fhe, cost FCq Sint

xFE)= €, 67 4y &7 Cyeost —Cq SIMT,

T}qree b? t‘-’i& -r-cm,r fa.c.. -;Cr"nm 4"9(6)

also hc]c] b=t =)
Ci+Ca+ Cj:D }m} Cs-'-"D) C!.}_cz'::o
CidCo—Cx = Q

L ! E—Tr{?- ‘I"“Cz e Tr/z"“" C.q_ = /‘
The F-our?ﬁ’/'} re fations 157;}’ /s

g’%‘; (%), FXa) )= 2% F i) = © 5 3o



4"— }o (QDHT&.) 62
=Tz Tz - 0.

—“C,' +Czé
Sofvim(cf Pov« CU(LZJQHJ Ca 165{_:(6 éq

¥e) = —sin(e)  xFE = sinle),
-1
()

Thtvo duc: hCCIL vertations 85X, S’X.J 5'}5; e, 8%
%I\f‘l?_s

£
?‘
ST = 3 8% ey O (r)
EXLE % 5%+ ﬁb $X_ [ de
*o

( o it ng Qra’um e h"f:g) ,

In“f:agra:biﬂg, LCL], ports The Lerms
con{:cqmn&, deciva bives of Sx Fives

& & b
" (o~
§F= 9 sx/ +§%8?</ +...+§%g§7
% to to to
tp
F |38 s (L2 ~ o2
[ea{é" 7 (Jt[gv% S 3t 5%
5% b dt,

The specified bounclara. Condi tious
fmplar thetl S’XJSOZJ,.,J gg?"y are 2evo
at t=tc awnd ol ‘b:::t—_{:/ So i e "é:cr-m‘s
cutside the EMf:'Egra.; are all Bevao.
Con tinwing to fhfp_a robe Lg, 'par‘f:s)

u_sina, the specified Lcumcfcxr‘gz Ccuc(f‘éfoni



€2

-J'J(C,on"f:)
Q,Fpiatmar the Fundamental t‘hecrem/
o Ehe -Fum:fflme.m%a_/

and callin
lermm a g»r& ds  the Fuler e af

r‘bh order
Z( }) Aﬁk E%Qx"@ )‘ig‘r( 4;2] 0,

G-z
(o) The Fuler e
o
dtﬁ*ff):—"o - t/’lire;ore_
() =
x¥(ol=0 = 54::0

X¥o)= =p cg=1

¢y £3 FCytt gt Oy

k=2 =D

M Y=g => Xy 172G 41 =4

Aiter So[vim(z these, We have.
k) = £+ E.

(b) The Euler E?
I e ) + o =

dtt
has the cffiq,\r'a_c{'e.msf;;c, ej\,aq;éf'mq
4 -2 5% 4|
S= L+ -0,

and Cho.r‘a-c{'E»f‘iS‘{:p'C roots
The Sof {wtion has The Form
x¥(t)= €& E e t&C4Cs e~ Troyt €7 t



4~i2 (cont.)

Since x¥w) = x¥@) = o
’){’*’(OJ»’:J’ =D Lo o
x*o)=2 D =C, +eg 22,

44

o <= c, Coxo,

Do lving 8—"&&5
A= e~t +ap et
4-13

The solution of the Fuler eg,
L) = ©
| s XF(E) = <, E+C, .
KOz 2 =% cp=2
Xt = obp t2 = —dfp S
&HJ) from the trans ve;r"sa/;'%«, Condition
£g.(4.2-72)
sk
Ej“‘;%j'f/z i“‘****@} [enriea] o
we obtain ’)2*(“-?;)3 Cr= Vﬁl
s Ml = +Lt+a,

4-(4
After Simpri -PrcchCf'OHJ“(:H:, Ett fer e.ﬁ,
Eecome__g

XA KK X =~

The [eft side of this woenlinear
dvc. g the exact derivative ol



?ﬁ*('b) 'X 'b) 'ﬁhawe_»{:o re_-, A
= [— x%m*{t):( = - | =D KMy XY=t

m’:
d,t— [ mu;)“] = 5% KK | so

L ¥t = ~ et b,
iz =» cixo ; xH)= tp-s

= ..L(-&F sz-— --L@ -:‘C.,"rﬁ_F Cemf/&‘[‘;’;,
the \sg.r.car‘e_. éf«feffﬁfs

73 ~(s+e) b+ E e o,

The <“ransversal z{-a, Cohc{f{.-{‘cﬂ /ﬂtls
Eo
4+ K¥p) =
.Sofv:‘krg, o oy and *ﬁ-,a 5,{1,/&_5 C,:_g;
tr= S2VTE 5 and
KR (L) = bR pfof
415 )
The FEFuler eg- reduces +o ’X*(t):o)
hehc.e) 'X*"(t):: e b+, J and X¥Dj=g
(mplies that ¢, =&
) I Lindin (’.,) the PTOLIE.WI is thc.,{‘
b E‘ﬁ-— (_‘}"l—és 5')(4! cnd 5'(;,2 a_re. Y‘Q..la.'f"e,ci)-



415 (cont.) A
let us now shew twe wass of  findin

the o\_FPVOP‘-“EOkJEf: re_,lo_"'cioyashfp,LQﬁ
"’“(’X(:i:))t)é x(t) +(E-5)* ~g4 =0,

49, W\(’X*U:.c))t.g:) vaus & f:-%uox[ 3ere,
s must o (x¥p)+ Sxp  Bpt St
QTD Lirst-ovder in S’x{) avid SEp)
Expan cLingr ‘m(%*'(“op)+5!xqe)~t¢+5{@

rves
W2l +2 oK) g +TSE) b ok St

~fotp +[ste]*~ 10 5ty + 21 .
[,,L-s}hce( the foect that WQ%%({:;))@):O
and, ciroPPmézf- second—- ovder terms
we have
aoxkle) S%e 4+ 2 (6p=5) Sk = O,
which (s the \re%u.ir&d Y'e,.ia.'{',‘f(}MS}'HIP.
GO Let us vow Consider o cemetric
CLPflroch,hJ The curve m(’xf.t))f:):‘_“o)
o possible €%Xtrema| curve X*)a,né_

o nel hbom‘ma/ curve X are Shown
Xt

beﬂ W . “/,x
ANK

ol WI?— ,

I ’

= 5tp




415 (cont.) 7
From 1he c{f&a\r'aww L s sean 'i:‘ha.t)
to fivst ov*cle:.r) S¥p = C{Et‘FJ whevre

o 18 the slepe oF the Langont {o
the circle at the FOLH%«' q(*(»f,ﬂ[‘)‘i,{:,
Tﬁ@ﬂ'ﬁ) +o Lind this Slope we ok
that

29{*({-},) SXF ‘*—2('&{1 ""5) Sf[: 0.

Eithey a,f’froac.% le_q,c{_s to T’:/'IEL
‘(“a—::;u!t

S’X.p = o T gz;_p

e ‘(‘lqzx{_‘, EM.B.S{:L‘LU%.(“, ‘é‘}l{'s jCD'f‘ S/X‘P
' N JQ‘!-’I@ f:.cé(.la."f_',fom (4.3“1’8)

a £

g% Chyte) s HgOtte) - g“i(*jf{) D?mpﬂ%
— O.
Per@o'(‘miha, o_lgebralc. Simf}l'Ficﬂ.-F.‘oh
jeads to

(5-tp) ¢, +etp +5 =0 =5 ¢ ==/

So)

x*¥t) = -t + &,



+-16 68

From Prob. ‘Jr-!‘f-) the forwm of the soluhon
to the Fuler e‘z_. I's

z ==
;fg'x* (t): - = Fe,t +C,
Since ~¥(0)= O, we Whave Cz= 0.
Usin the &PFVD&CL\ ca,:’ven ‘n Prob.

4-15, we Lind that at the j:rm time
the 'r“a_[a_Lamq h,fo

a(ke-9) ste + axf(y) sxe=o0
must be satisfied, Selvin this
e uﬂd:iOI/] -ﬁo‘r S’XF) SM_LSI(:} u"&flﬁgf
I‘HE: 'tlﬂe \ooumdcxv‘é,-ucamdf‘(:i‘oiﬂ ejaaq‘l{‘;'m

= ;)H (%,t0) sxp + [ gk, tp) ’X*({’P) (*;@ﬂs‘i
and “-’*”‘"?! {:‘Eﬁmd' g'ves

— 7 Fleg) (Bp—9q) +5xF &)= 0. (1)
To obtarin 0&*‘(&.;3)) we J/fferentiate

< (kY = -E ot (1)
with respect to time Lo obtain

sk(E) x¥(b)y = ~ £+<y. ()

Selving @) for oa*(ﬁ)):e,mn& b=ty
O«.V\C‘v Su‘as't;lfu”t[né, i (T) Je&ﬂ.dls to
(f_gwcarj (t{: q) +?<*‘Z(tFJ . C.'IZ‘Z‘)

Usgih () in (1) and in ‘{:he consgbraint
e gua %:ron_,we obtain



4ol (cont.) 69
C;‘E;“‘Fﬁ; +49¢;, =0
and
8ty ~2c 1t =1L = o
Soivma the se Sfmuf'ﬁqfrleousrg— OL“‘-"’;‘“
4, tp =72, 5o
AEP (L) e mk® g
4=~17

(CL) Fron '4“"8((:.)
%?(‘&‘:) =1 c;é_ﬁ -+ C&Eﬁl.,a Cy €03 t ¢y aint (T

')(?’f'(t):: o et -;-Caeé —Cy COsE ~ Cg SiME (1)
From the specificd initial com:i(ﬁa'mr_s -
Q== CiFCy b, Cumr)
Q= C,+cC, -
] 2z —Cx, (x)
Freom the SFec.l.p.ecL Q&)
& —
& 4;-!—3 c,e” te +Cz<f e, #ey costy +c45m£¢ )
A o~
Frow E:"hi:r £ of Table 4-1 :

S -ffi-']} ="

£
Substidy 'L:ha, [%‘J - Lzyi g_ﬁzj and

wc-{-%’m :::.[:] 5 and Sim}?“{%m&.) a.."efdfs

) - Kt 20 1) 40K b2ty KE e ofur)



4‘“!7 (COH{::) 70
QT(I* amcn] ‘)?f ave ;ouhé bg &[-C{g.r&u%iﬁ.:tih&.
) amd () with Yespeckt to tiwme.
gauations () “thﬁsuccj h (’SZIL) muet be
solved fovr the $ive u.qfqnowng CIJC‘AJCQ‘:‘Q—Jt{.
(b)) Eguations (ar) and (Iw) From part ()
mus'ﬁ-.'l asa-'ih b e catisfiad, .
Fron Cthe Specified Legminal consbeunts
(k) +axF ) +5 6= 18, iy
Using The af)foruac_{,, discussed (7
Peoh 4=15  we Find thal

s*xl; + 3S%zg+5 st,c = 0

==y S'XI:__F_:"‘: -3 3“24‘ "-..‘;T.—.af_{: .
Su Lv..‘;’éfiq-{-‘ina_. “{,hi_ﬂ, E.}(-Fv'e.:s,:,ibr) into
(Tag o
B e e[ @)alsf =o
k) J‘f{m&;‘) A
oauhd C.OE'!EC,'{"ELI‘\‘ ey ms giu«:s ary
a%uaﬁicn of he dorm

0=, (xfiee), KM te) 8%, + L0260, 81, b9ty
Sincea %"K% and 5'{'; ave incicfwnich&'!td/
mv\a{trar&}

£0gh ), B, k) = @ ()
b (?Sﬂ{(tpb x* (), t_p,) = 0. ()



4177 (cont.) 7
Eﬁ,ua.‘f‘fons (DI.)) (m)) CSEJ]I.)) CIE)J and (X}
bust then be seolved For ccy,c5 04, and g
NoTE Tlﬂe_ Cle,f_isioh to Selve. thf‘_
€%, S’><,'F +3 sxz_?_-i-_s-a’ﬁ;:o
I;-c'f" S")C|¥_ 'S G...h(“lui-hrc‘_,\—la,J W c::u}al ,'\cwe
selved fov 5”";._“0\" Stpand proceeded
in the same Waia.
4-18 |
The SD'M{‘I'OM O-F tl’lé_" EU-"-’*’ 65‘ 15
= c-3.[:4-c=4) &e[{;,) ":l‘
The beun cln,v-a, conditions are
x*(-2)= 0 = ~2¢,+C,
'X-*(l):o; c3+¢4
e tjbe, = Y
Cat b Cq =t
ﬂ»i‘\d‘) 'pr'om '&!ﬁr_ We.ta'c"s{’..‘(‘ﬂ.i..S**‘ E\Y'd\"nﬂ.fhﬂ

corner Cend t-lricms)

2t +| o 2t Cged

[I-I—C{’"J'?E D+~c_§~]'r7'
Sa!vfh& thgsg five e?x, Sr‘ma/éam:ausgc'
gl'\/e,s



4—\8 CCon‘t.) 72

o (&) = l.ozgt + 1.077) g:e[_z)_‘aé?ﬂ
-1, 8’7"“}'1: + 1. 87‘{‘) teE‘qu{’JD.
4=19
From the Weie:rséra&s—grcfma.nn Coviher
c_omcli“l:ioﬂ (%.4-5a)

* % — +
B L (), D }—g—-w*(t)%))

2 XRET) 4 Lack(t) = a3t ) Ha'x*(ﬁ)
Since C«L:,r’:O)f:hf_s fM)Dh'es bt
¥ (&) = Oz*(ﬁﬁ))

hepce Hheve can be wno corners,
4-20 )
Since & c:le.{:e,hcls c:h]a, on '><({-;)JJ
Ehe Seluwtion of the Euler <.
I's (See.. Af’f:ve.mci:'x 3, Case i)

)=+ telob]

oy = 0 =5 ¢, =0

k¥ = 3 E+cq , ke Etuﬂ

M4y =2 =5 4c5+4=2.

w\ri{:mg out the Weieretragsy ~Epdmany
corney Gouditiens, we ses Ehat

s¥(Em) = R and sk ) =+ 4L
?aa'kfs-&'% thesge condi tions .



73
RRCET) = 1, AF () - [ then
Cy =1, 4C;5+C4.=2J

4~ 20 (con't-)
(L) SldPTDc\&E
Rnd C;'t‘, - C:.’nt.‘ +C4

=t & 24 or 26, = (673,

t telo,
xF (k) = ) telod]
—~t 6, ez, a],

(1) Sapposse SF(L7) = w1, FH U= 41 the
Ci‘:k‘,‘l} C\Bw'“‘ilj 4"C3+(¢4 :-,2’) and

City = Cyby +Cq
—,
7 '—'f:i'l'i' 'i:1 de 2 = 4 J o 't[:':' i -

O { —t, tealed]
) T‘T"ZJ iE Ei)’{‘i‘.

Beth of lhece curves fau'c‘fcf J’*::f‘)
whieh s c:(e,a,rhé, the. clbsolute
minimum of I,
4~ 2l

faf 4F+ go kP opyl HHSP.
Seﬁi"%r‘hg} dfa =0 grves

ayl - auk a0 (z)
g_af’ + f% a3 (1)
()

%_L*Z‘ [ —
%2 dl 4‘4;44—-—-0)



4-21 (cont.) 74

wWhere we have usted The arﬁ-uwm‘&'
in Lhe text +to eqguate the

coefficients of AYr, Ads, and Af fﬂjﬁm.
E%‘. () :.mr.-h'e.s that 5{?‘[|_T=¥k]-¢o) and
either g,, =0 , oFr f:*._; (ov both),
Hrs L&!* o, (mr) Gives yFo - 4, 5,

and from (IL) 19'**“ q {(net her—es.sm"a,
‘tO ‘F‘lna f*)-

(i) ¢ ¥ +1,(ar) gives YX¥o A
avnd frowm (mr) yF = 4y ky,
For () £=(2.5]"= 20,15, aud for G0
f= 4+ Y4 = 4294,
Therefore , the mm,m.ém& Points arc
$¥= L2 yF= -1 .
4=-22
foo = Yty +45° +1°|[‘é;+3=.+33-5:]
+f Dyr + 42 442~ 9],

From cLC,L-—O we obtain the

necessayr Cond:i:zoh‘.s
sy ¥ Cl+pk J+»f>i =0 (x)
181.* [H—f*] LpF=0 (z)

2+ pF e p* =0 ()



422 (cont.) 7
%f*4—33“" +g,f—5::c:: (1w}
P gt - = o =)
(x) and () Tmply  YF-u¥ oc pla-i
L) suppese. yif=y
Substitating in (1) aud (v} grves
24¥ 1y =rs 2yt =1,
E'lim'ma‘t'uha, ‘6_-?‘ dields
Fogp =0 = yf= 0o
therefore | g;f'::- +2, 00 =1 , and

)

4o & 2]} =sor 7, an

2 =
g = [ﬂ L ov %ﬁf[-J.
fd ~ !_I

) Suppose «f{i‘“::---l ;=% p¥=o
3* gt = s
9¥ rytt = s,
Eliminating 4 gives

(@is-gD 1 9l =8.8
20,28 ~ ’;‘gﬁ" + .15;“:1 g.<,



“ 272 CC.m-l'fZ.) 74
Tt turna oqu that Lthere ave ng

\"'r‘n‘ ‘r'c.@“f.“ﬁ ﬂ 'Tf.-fn;-f \ijuqf;f.” =
thie opnly M:’.s,rla futinme ave

given in (‘) .
_EJEj "”\.:rg.c.ﬁ;fnm w.r the qH-:*-V'Pm*Hw«:*%

5'% i l::?, ra i__l e e e me L
?0{ nt 4o the mv‘fg,l g ‘f ha Hee
ov Lhie <« Fr i fied Cousdrain s,

4-23
I.'V\f:ea,v"a.{:{n the terms in Eﬂ., (4-‘5"-"-39)
that contain S (1‘:) we obiain

Lramq;elwrwg an exﬁr@w\%l cuvve)

%
23

9% N * 3F .
SE‘;? (kt) + £ Uf) Sar (*ﬂ{( S (t) }t

+ the lly!‘\lle:‘fj'r‘m[ ternm in E%,(f«l—,Sw{.t.o)_
‘5,&’.&'}‘“ ('lr.-‘,} =g , B© the terms at f, wanid
Allowing tp te be frec inbreduces
the additional - ermg

gL?f (kste) + 27 (i) L *ﬁ;ﬂ} Stp

Pihalfta. u‘?ha. the trelations L\,' =
Szu.f"( )m SW.’C""/.L’ (f;)géjc)



423 (eont.) 77
and c.clle.c:“ﬁ-‘ma. terms td»t'e::i&.:s.

T T
{gﬂé - (e Eg) + iﬂw—(ﬁ@ ‘fs“‘% (%, t@} Sule
+g 900t + £ (k) £, %) - [;% Y

+ fﬂ ) -;% (s )"ﬁ.;)] M *(‘&4:)} >ty

-}—the it\‘\:Ca-\m‘ n C*’qucb = 33
L e

evaluaked on an extremal
4-24
(a.) Ga = pr L) ety W) + et (8) fant )
s ) [ () = A3, (8]
+ £ (&) Ewm.uq (&) 1 (1= w,*-ttj) A (A, (E)
e a0y (£ ]
2w ) 4 awet) 4+ pXE) -1 -2 et - )
Wikt b2 () pRE) HEE) [1- wite]] =~
2uFE) + p¥E) =0
and the original i:‘FFercn'EI‘a, conditions
ave necessary conditions for OFE‘.WI‘%S'-

(b) g = M w2t) + Al o) - & (4]
§ Rolt) [y 18) = G (]
‘151*('1:\:‘- 0



4~24 (cont.) 78
¥ - pHE)
2ao () +pF)=0
and the origingl de are hc'r_c-ssqr& Loy
OPt:MQ.Ii'{‘Bu
(6) ga= Nrard@) i plt) [ante)- ol ]
¥ pult) (= o) | ()] ) = 47, (1)
1-'7’1*(‘&_) = 0
B¥ k) =~ pRORRRE) k()]
0 = *2"""%%&)" l*(:b>
and the original d.e, equation

Consbraints must be sa Fisfred Lg,
am ofJ”(:f'ma} 'ﬁ'rnjarc'z‘_,ni"&..

—- 2.5 . -
cga. = WALt .?(“&) [xz&-) ““rf(t)‘_(

PHEY) =0 =5 pHE)= ¢
ace hec.essarca, {:or °Ft‘|ma,‘|+a~jhem§
KH(E) = ¢, k) = 0.

The Sofuff'om c:'F- ‘t’[r][s c!.e. is ene
of the +wo formg

X*(t): P LO.S(C;_{:) +Cy sin (C;,ﬁ)jcazﬁ



i (r’.‘t‘lflf,) 7q
f‘l")

iy ol e i) oo , e Ve,
where, tvhe Cive [: cedutien cooven
Fomc'l:a to ©p%0, @ wd Lhe wec ek
solution ‘“"tfr‘|(!f1r.%‘. te 320
Qb eany b v biewir dha Loigc ,-;O)
By e Lo sidayr ! o bens e} y*(;) e
veruire Lha { C_-J*t‘ﬁ,;j N AL LY A

t:h-_-_mlni tia celi b e et gf.l_r;;{j
j w¥ég)d t == 2

¢, wwant bie ooe Ll moone
Thees LIRS C‘.Zcrﬂa(nz_-.‘_.),q Ca cinle. !)
Y =y ey O

(D). 0 =, Oy z;f»;(_r(‘j s bl
Vo ?)m-'f & :

h

¢
b
=
e

C‘Z,.;‘:—‘: :+ ‘].IKT ) By oo i) Z) i

avyd
|
[k oz (rme) 4 -

- -

rt{"[ £ sin (o ()], o |

“ <l M.
o

C¢, e 4—- CM‘/;_ - _";'I' by
x*’(t) o + 2 ..."'.»f’lf"} (hNH'{)J 1 1)2) e,



4-26 80
S g[‘}af—(ﬁ )4 drF(e) 4 A @]t
O

Yo = L[ l) 407 (8) + 53]
+ﬂ@ﬁﬁﬁ%m@@ﬁ0

A%*(‘L‘) = 17*@:) 2f (%)t)

W) = M) 2L (k)

o 2

w57 () = ) gf}aC%t).

Thereﬁor-e)

)= __3“.' &) 8y

oF OF N
aur; oo g,u};‘,@f»i) g"%(*jt)
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CHAPTER S

5-1
(o) Let the x and it toordinates of
the boat be the =
then

KBy = Vv cos B

g&) =y sinpltE) +3(xw).
(B) Y =1 + 4(8) vcos at) - palt) v singte)

+ £l s

) =-pF () 223 (o)

X =0

0= g—(-\*é- (% )= -—10,*&) v Si n,@*Zf)

— )V cospit)
and the state differential

€gs. are necessary cond,/tions for
optima] conteol.

(<) v > sCxw)
W f¥ =0 = pFlt) =<,
FrE) = 0= PEE) = <o
and  /os =0 =-c, sina*t) =c. cos T
Ehevrelore,

—%—)SEH (.;:—{2; —~ a constant "—%/8*&7): a const.
Lo,

C{."J:CT Va-rf‘il, !gs}



5-2 82
(e Y= ) +4 %) 5 W) +a(E) %0 - L)

b path) [1- % ()] %) + Rolh) ulE)
AMCERD AR {mm) - P2 pentwixle)]
F¥ it -2 )= Doy 1)+ ¥ ]
(B) (1) wth) not bounded 3ua_cim{'f'c in

%%f— ((t)=0= u*(ﬁ),tﬁk@j ‘@(ﬁ):_fﬂ%

() Juwf =l

Fovr lfﬁ*’(‘b)léi Jthe Min) mizih
of Wity (s as givén in Par-gru'),Fnr
|f§(’c)\>i) select WE) o make Y
as Negative as Fossib‘e (trecuf:fha,
/@’-U:J} ﬁ*ﬁ’) as befha, -f-e’xeé)) Eha b ;5)

T urtt) +1'Jf(t) wi) with
'c Vﬁ,lua_s ojc u(-{:)z
3,;‘”_3

value

minimige

Ve ec.‘l: to CL&MISSII.L

Pe_ri}ormiwa, this mfhrmi.éo.%r'ow
-1, e A

LL*UC;) =
~piy, Le f:} Ey< 4
+ A 3 /fgz*(#) < "'1 .
53
(t) - fz&) ’X;GZ)

Ca.) ){ pancl ‘ZI‘ LLZ('&) -]—/f.(f) Ay
- falt) IEERCIERORS 1D wlt)



5-3 (cent.) g3
Bre =2 ne)= pAE) 12 pRE) k) oF @)

Pt “'a}éc*ﬂ = ~pE) =pE [ - x@)] .

(la)tc)axGk oo Sine o not bounled,and
}é uqua-{:'ac In . This 5;;»«:5

uk(t) = — fz*(t).
(LL) Usin the Sdme PmasohtH

&) UD of Prob, -2 §'VES
-4 fi"'tt)>1

W) =4-piw), 2 pfl) st
2 G:) < =2 .

as !'}1

t2

() tp Free , m(xtt),b) = 5%, &) +20%,(E)412E =40
See Eh'&? 8. /n Table $-4.

- =415
20

|sa<f*(+:1c) +20 rxf(ﬁc) tiatp -LO =0

HOE be) £ (M), £¥i), UME) 5 using
this definition
}é(*)f{:) =
o
4 5 /# P}"oba 5-3,

(a) Costate ea5 Same &
(b) The bterms in ¥ that contain WE) are



§~4 (cont.) g4
R w) + lulw,

Since M is plecewise lincar In Wtt) we know that
the m-’nim{gih contre| oecurs on a
beund ary. P&ré;armihg the thimfga.{“q‘oh
%fﬁ ld s

~ 1 B i<*f’z?%(‘t.)
Wk ={ 0, —ikpF <
o eXt)e-t

L fzﬂf):m) -:su*u—)so)

{L 17;,*({:)-::——1) O ukEjs 1.
() Dt~ 4 [t e -5 4 [k -F - 9= 0

- ﬁ*(tje) = 4 [xﬁ*@mq

"X;F (‘ﬁ{:j— z

K htg) = ad Lep-2].
5-5 i
¥ (5w, pitl) = o (54,40)+2l alug®)
From the I'aouma'.a.r-g, conditions we have
MM, W), £% () = ©.

The fote! derivative of X with \FESFEL:E
to time s



5-4 (cont.) 84
Rl uls) + fwin],
Since X is plecewise linear in L((‘E)J we knew that

the Y\'\t'himfg,ihg, contre! cccurs on «

;e.%ﬁ;:j. Far ermimat the mimimfad—fon
fe

RLUBRREE Sl ()
WkE) = ( 0, ~lKgFB<
o prwe-

TE 'rfk'(‘v':,]r:-{-i) ~lsuwkE) 0 |
Le .17,_*@-):_1} o< )& 1,

(e E“MQ“ﬂzwt[*?f(&;\—slﬁ[t%-g 2. g=0

- :ﬁ*(tﬂ = a4l xFl)-4
xF (4)-5

HKt)) = ad (e, -4,
5-5

¥ (xb,ut, 2 = (), k@) 1PY 2 xbyue)

From %the I:c#‘».thAr“g_ conditions we have

R, Q_ﬁtpbﬁ* (k) = O,

The total! derivative of Y with Y'ESF&‘-»%
to time is



5~ {(cont.) oL
rs f:*‘(TJ:C?)a,ncl +the solution
cf the fa’b'cx‘éc.-"'&cs-ﬁ:mf:- e o.e. hac

t he {D vy .
(T = (T8 W) g (8) PHE)
1,»(1‘) zo= @ (r-t) ®¥ ) + By (Tt fse@ J) ()

the 503‘ are The compone

where.
sia be — costate Fransition matix

of the

for the linear, homc%enacusj const. coef, sas{:m

{&*(wz k(&) —pH(E) } mi’ -1 [R
A

PHGE) = —3xX*E) - § )T
AC’Eu&”&), we en[% Meed +o calcu.]:d;;:
CPLF and Croz_'z, becaus e ‘F\"GM (I‘:) aboyve

f*&) == "‘Fz.;_ICT"t) (1‘91;@*'&') ‘X*(“t}.

Bé standard methods We Find that

ot (t) = %—(E“Zt" ézﬁ)

0. (£) = Za_<36-z'£- +61’b))

~a{Tt) 2(r—t)
L€ —< -j- X(t)

therelore,
wk(t) = ""['3 &-acﬂ%f) " C?.O”"'@j

(we drop the % on %’*Hﬁ) because the

Op%lmal Com-’:rol law Qf’f’i!'ﬂ-‘a -F‘-ar q”

X&) )



5—6 (cow'f?,>
(LY As T—sco , u¥z) ~3%H) |

57
A problem of The linear reg,mlm+or

type.
(a) M= utt) +pl) wlt) —plt)a X(2)

9K (k) = 0= 2uME) +p%4 u*({:)z-ﬁ‘(’)
ébL, ) — U= f )JDI" Py

) S TR
L’C’*”&J Lo allffYl

The f matrix for this Scbfs.'f:em is

e-—a.i: Z;“Hé; 6..@-!:__ éa_ﬂ
@(i‘) = e at )

~ O

HEV\CEL/ Wi e \’\ave

W) = ) (T) 7(0) + @ (T) H0). ()
Lafﬁ:‘n& T=T gives

KTy = o= @ (T)x¥o) + %z(ﬂf’*(@)/,or
Py = ~ 45 () @, (T) x¥(0).



577 (cont,) 58
L&f%fwg Toe £ i (I0) giv’e-*_‘, ]
ALY f'/“”[f)/}qaﬁ’o ’%E(t‘)ff*/UJJO‘F

3”1’? ; - N .
x ) = {?’DH ~ Pz (t) qpﬁL(T) ?Q;{T')__) x*(0),
Subs+?+u+‘f‘h8, in this €.y pres S0¢1 é’uv&g

[ oat C”q'& s LY ar
el - LG - ?Mﬁ? " (&_‘T } € x(o)
which applies for all 'x*co} s.;we /wruf:& (6.
(b) f*(w ON *(0)
= =Yy (”ff},'t:) (1) %(0)

and
WM = 2 ) @n ) (1) X (0)
et /A T
oot w0 P x (0
= € (g e )
_ h a (Tt}
W) = h-%??—ﬂ_ i X (0).

(c) Frow the colutian of ‘e thfe~

contate Ea.fi’.f¢d+r'ofr5)
iy 3 “ S FL
¥ e 07 g, kX0 O P,

oF
e J= g (T-t) G (T8 WK (E)
hevice . ()

34, f
L’L*(t) = E““-{r ‘_) C a"C:rf___ f) X(_C,)



(:'Wf: A«TOP thf.‘.,, - '}Crom 'ka’i) .{;}F,C‘.'?JHSQ
the exXPress foy Loy UML) /s
valid for all state valuw &?,,&,)\ )
Cé) A‘s i’:”;hr‘) F{‘é/?’j Q_,) iy D

UWH(E) ~> 2% X(0)
6~*a7"meq,7' )
Thf"S IS F&QSGV\@L/@, ;vaccfsfcq//g,
Lince -ch“ t’he_ Ef’ﬂ,fur'{;'ﬂ.d. P/Cﬂﬂ"}"
to reach The orisin contro/
must Le aw}DPfl'ed as t-*T, but
Since “z'i(“T“)—v‘O/ the Secdlack
8—6*-”) waa v i x Yo L & a_.IoFroac,iq
ih‘Ffm'1L5’ to genevale a Won-gero
C"_cn“f'—rof \/L!WE...
24a ¢

. ({,_(‘i’"’“--'fj )
s T=>eo , Flt, T,a)-> LA

which 15 small except that
When + - T we have the
Same vesu H‘ a. 5 Le -Po Y"(?,J 'é’/rm_‘}‘ Jt.S

F o> oo, U (T 0,



°-8 70

==
—Pﬁ*u;) [ﬁ el x )+ Bl & &ﬂ

K@ ) %) +5 8 R L )

DK
Since Y ois anr¢4‘;‘c s ;vé aud
52')6/9%2‘ 's pos.f-f:f've_ c{e,@imH:e

(Leca.use, fi(‘é) 05 fcsf‘['fv&’. Je§;'m;1[:e

Jgg assumf‘friom)) the comfro}
(Fe)= ~R 7 B £7Y
does CE{IOLJGLHC‘O W;!ihl'miafe }{;

5-9

(a) ';:-fjsermn-ﬁ‘ﬁa.'f“img fJ*H:):}S,f%) ’}(_,ﬁ{:}
£ = Kb x ) +K & gx by, T)
but

25 = Al oK) + B W)
= priEte) - B Bl 270



5—a {con ‘.'5)
T h us,

)= [ p)-Blp B W K |3
and
£* )= ~q0 x e -AT) LX)
= |- QuI-ATI 4 ()] ¥

Substitubing for Z*) and FH*(8)
in (I 8[\’6‘.&. the vresuwlt

[-Qi)- AT k)] x*E= £ &) +x A
~ KB R B K] KT,

Since This e@uation must hold
-CQ‘{‘ &“ %*(t)j we have

K(t)= ~KEIAL) - ATk ) ~ Q (&)
+ KE)BEIRTE) BT K (),

7!

and
P = K () wMe )= 1 x¥,)
e ,LS(‘{:_F):H
(L) Tca/ex'hd? the trans Fose of the

Kiecat/ eﬁ'“ atron gffves



5-9 (C;OV?-{:.) 92

.
L] =] -ka-aTx-a +x22"8%]
(‘L—%a G_V(L}uWen‘& + has been omfted
for slm\aiic'ﬂ—&),:}ﬁ% Uus th the
M at Fix icten'f:ichf [gg] :QTS\;T

we have g
[kl = ATk -k -0 +x 2R ] g ®
But @ 'S Sfjwmf_,-f:ric. Se @T=Q ;
R (s sam‘fv\e‘{:rfc} so R7' 1s %umm@}mc

an d [’@J-—.:(T = ,@Hf_ Th&?"ﬁ_s-cﬂ\f&.j

(] = ~4"KT-5"a~a+5"8R B 47.@)
T

we levow that fg[xw zﬁ; gf“({l

A

€, That operwf-ioms of trans ‘oosfﬁ‘ow
and differentiation are commuto-

tive 5 hence, the left srde of

(1) can be replaced ‘:5' = D{’_J
The boundary condition Lor (IL) IS
KTk = BT = . Tn (m) fet K2,

+he 1



5':- 9 (cont,)

RECAN A g ruE RSy
and

Milte) =4,
MHT) G n d % (é) SQ%’;'S}%,L ﬁ-!‘?‘f{" Sqhie
differential ejma%’on with The

Sam e Logm davry <on d:i"”f"foﬂsj’

9%

'ﬂ‘f’)er'e,{:ar&, J Since the. E'CDJLL"IL'I‘O"?
I’S th‘jl.u.e./ we Comelude tbra t
MATE KT = Kk (4,

Since K OIS Samma“ﬁ'ﬂ'c /e

P ——

Meed Solve ou Lar the el -
Wments of K which ile on or
above the Wia.i ci;‘qﬁowa/o The
Number of tepme inveolved ¢
V+2 434 o+ N This  Sumimationy
fs Lorme d from the efamwﬁ
of an arithme tic Progress/on,
The sum s « wa | to ”(”+’)/2.
(e) Tt xi)= 0,k (k) does not

exist (Com%a;ms ('P’f-acqfn;?{'shm/ue.cf



g (comnt) 9z
e lements), so wodifications muct
be wade » For twe ideas on this
su éJ‘cc‘ﬁJ cse the LEEE Thans,

on Automatic Coﬂﬁ—rO/)juﬂt /9’47)
zra. 303 and P 2z 3,

5-lo
Frona Ef. (5'-2_’Z>

W)= Pulep,t) 2N + @, ),
With x*Mp)=0 we obtain

£RE)= ~ o @, t) 7, (L) xFE).
Since

W) = - R B'E) el
urd)= R BTE) £k )P, (i) k)

(valid for all (L) ),

B~/
(a) The state —cos fate e.g_auéz‘ms

ey -1 =] | %
/fﬂ"*(t)] s PR



-/ (Cornf:.)

75
have the, iff-%nsf‘ﬁ{'-f'or? w2 Frix
iéhl‘t-#—tezf {5'& ozt
= ¥ 7¢ -z¢€
iﬁﬁ;) — + 4
3 =2t 3 o2t -2t
a__Je 5 & :1{—6 *zf—ff% .

From the sofution of Problen, 5-s0
- - e -
Wt = 3 &R | 20 t) o
& =% (&~t] —6‘2(&7‘“-%} ’

(L) With () Lree ) Using Ej,{&;—z’él)
g:‘ves

/Fii%g) = E;ou (t;ut)j ;[_—« oy (@;-@ fxi‘%(t;

th «s,

~2(&p~t) _ 2llp~t)
LK) = 3[& & J

e-~2(8p2) 5 e G

XEE) .

S=/2
(c:?_) The ‘Fo‘”m 016 tiflc SG{LL'IL/‘oﬂ 7'Cor
xX¥E) ﬁ*(-f;) s the same as given
bg- £ (s.1-C8), The éoum’arcg.
Condition eequations are

x*(2) +5 xK*@) =I5 ()



S~12 (cont.)
ahd '!Cr‘gm GH{TV& 3 of Table & -

xXz2)~5 % /
[’Xf@)*Z]h;’e (52..) = C‘L[ ]
J

7¢

s

fhere.'po‘re‘..)

pM2) =% (z) -5 ~d (1r)
ff(?-) = x¥*(2) -2 -5, Cxx)
Fyrom C.TE)

d = x*z2) -—5_.7::,*‘@.))
!Oemce_

’{D:f (Z) = %f(?.) -2 5[’)(;*(2)_5-,_ f;ﬁk’(zﬂ
o' J
) = xX (z) ~5x%(, rspte)raa. (a)
Aa n ana.mf/ct =1 c=cp=o0/
to find <3 and Cq We 55{-17371"#"}'“11‘?_
From Ej_. (5.1- 69) (with i;:z:-t)
IFV]{‘o (I“) a_mi CUI“»—) and Seolys +or
Ca and Cq. f’.‘f’ls \’ES(,LI‘EL' IS

Cy = =2,.598 Cqg= ~2,637

3

k) = —pXth) = - te €8 w6 T,



T2 (f'-f\f?“?.l’:,)
g9y

(éﬂj Th =R I "}‘f‘ o -p’f Cog / ¥ /‘ [

ra
Yy
~{f (’zj o ._‘r,,, : E syl
j; Z Jdt 7 /-c‘s-if" - 4G, Co & ‘f,,a,:f ;:jezf/
a

“ o

((:Jhc_r@ oo i Cz““flzrl) ‘
.C LUt o) B
- ted
Su 4’5"{’"71‘“7’;/’*? Lhe valqes Townd o
Cy and <4 ?;'y{-;-,_g
Ju= 16,858 (v) Part (o) of Example. S/-/
Jo= 3.58 () Part (L) of Example Si1~/
J, = Y42 (v Part (a) of Problens §-iz
wWhave J. denoter the cost of Control,
The point is That In (i1v) above
the Linal state /s most Fe:c'z"h'cfsf!)
2(2) must be exactiy L[S é’.:]j;i‘/zag,
the reguired contro/ emarcfég (s
]qréx.cs”ﬁ. Th (V) above we cmfoaf,
chj.ui‘re, that %(2) be "cloge ”
to [x Q_JT‘ /:z'rmf/afj /A (W),: X(z)



512 (Caﬂ'ﬁ.)
. § 78
is to be felose' 4o [ 2-;/7“ and
lle. on the line X Al2) +SxG) = /¢ .
fl 2" )
this cace (s less restiriotive
‘Z.‘f']q,n (H") Ch&‘_’fﬂcf& st”cY‘ :r;,{, For-tﬂ)
but more vestrictive thanw (v).
513
@
= = xB) = g 1) K@) Fpte) ult)
From which
FRGE = L4 0.4 fﬂ*(%:) :
This di{flevential ej.wa%/om has a.
Solution of £he £ova
k({aj"—'—' Cf'f‘“czea;t .
Substituting this solution in the
D, &, CLVJCI{ Eﬁ’("‘ m"é/fy}a CCJE.*[C]E’;ICI‘&K/]_;'S
of like Pewers o € g:a‘ve__g C)=~{g
Since. the fine! State is free
ond Tthere [s #no term In Xt
fn T
/ ]
T?*'(Ioo):ro = C, = /0& 7 J

thys,
70*(15) = —/0 /06 " (/o0 é)_



5""!’3 (CO’??’;:)
M:’m'm:'éaﬁ’m oh Y with r'cfsfc:c?f o
L i;’ves

79

o For pXt) >0

(L) —
urle) = M fLor f’*‘(&)(@,

The 50/“-71':"9"’7 ﬁm,ﬁ;d c?.éml.f(:’ -)C-or*
'f*’(‘é) 'g /ess Thaun gero For

all te ):c::/,fooj)- %emcc:-/,
We(t) = M, &6 [o,100],

(6) Let %, (B2 (itt), y(0)=0,Kylieo)zk
Yz =X () =L 2 )N )+ () W) Hpiud)
Where. i+t 5 eisi!ct{ Sh-ofm ‘f:'ﬁm*?: ’
f(—t) ie a conmstanm?. The DE,
and Selution For -f?;*(-t') aye s
Lound 1 hn ?cw{‘ (G‘t—)J"ﬁ}"MJ’L ic,

/f?‘"(f) = —/0 +zoé“‘/oooﬁf),

Minim ‘3""’0‘1 M with res/cec.'f o W g,»r'ya_g
UK(L) = {‘9 For pre) +pXE) >0
M for f‘i* &)+ p) < o,



§-1% (cont,)

PR gl = ~10 10 g7 008
Examining the f’cs::ifsfc: forms for
,.fﬁu) +~/Fa*(f) we sew That tha
sign of ¢ +p () can change
at most once "E}ch‘r‘e;qcoi’e,/ u*(g
must be of ene of the Fo//nw:'fg,

Joo

Cy

forms

wree) = {1} T} fm,0} [o,m}

@ @ () (1)

2 is imroSséLJc:, because jﬁ;*(%}) %70;,*(”&)
canno F Cfr}ahg,c from + o — .,

(@r) ig impessible because i will
Mod =matsd fgm(:(f)c(f' = K Unless

=0 (o Fivial Cqsa).
/0T

Ty (s net rass;‘LJc unless foMc{?’: ;k)
a  verq sfccm! civeumstance ~~ we
Will dssume that thie 18 not the

case | wWhich means that

AR = {M y tele, ]
O) & (ﬁ“;) .-‘Dt'_)] .

€
Since f, mdt = k| = K,



5‘..“;3 ({oﬁ?é‘:) /&'j

(c) ¥ = P I + [t p 6] u)
5 H —

£, )= . fjof*&) ﬁ%(ﬁ)ﬁ-“ C-{{:Jt

ﬁ*(!oc&):“f = = el

and

- f/oo-v-z‘:
i -z,ﬁ-(f}:cz,.

We again find bhat  pHEtpAE)
can change Sigr at mest orice,
and that If a s:ﬁf’f change
eccars (+ (S Lrom + to
Msfmc? the same reqsom‘n& as
fn part (&, we ru le out all
pesei by bities ﬁﬁbe’—{ﬁ{'ﬁ

L) = [ o, 'E&on /oa«-k/M)

M) t & [/oc-K/MJ /oo] .,

S~ 14 .
() ?‘"Ac: Ricea +i ejma'll/om with k=o

5

O = —~2a é—z% + ’{"’2/2?'

kit —dar kb —~ ‘ffr' =0

the solation s



5-14 (cont,)

/02
k= dap + m;:.}g;‘
T he f@mJmek gflfh (5
Fe —a 7 Varm
The &, {for the closed- /oof:

585%63,;% i s
k@)= ax@) Hax a7z we)
= F [T %

The - S?(?,M s the op‘%'fma,/

59(1&4‘:‘0»1/‘ the -+ S g4 gires an

unstable S4s tem,
W

l

S f fane

‘ﬂrﬁm %/r:; “

f b i sanss q-..w
lecus of Po}’e of ¢logsed- /oc;/o SG?S?"/@M

(&) Ex,oaho’r’;% the terms jn )
Vi reca 7L,z' ej, Wit ,{'g‘ (U :-“,Q d‘“‘lfﬁs
fe;:,’ 1 IE;?_ —~ S0 = CJ’“)

kizky, 48 ez +8 kiy ~2k); wo ()



514 (cont,) 103
b5 #lbku ~Fkyn mzo mo. (i)

Meting That WhEI= ~=7 BT40 x 1)
and that -~ BREL = [~ _é'g_zij)
i+ /s ﬂecas.sa.ra cﬂcf to solve For
ki, and ks,

From (&)
b= ~8F [eqrBo = +1,-209.
Fromw (.III.')
-/
ki, 41bkyy 2o +f'_;_%j = 0

kyg= =8 & ﬁ‘f-f;::fzféj - g ;/[;‘mf

= hzy IR =4, /0
\‘-mv"""""u-—-ﬂ' \m\.\..—-—-*y" -
fﬁ;;:_-f"f“‘f Rig,® ~ 20

771‘5' F’c'{f«"’s 0{: “Lhe. Cfc:::c.c{-- Jcoy

%a%-f'e—m are 1he k’oﬂs o f

- f
AE‘&L“S}E “‘& ’E’j +Lp_,«_ S.fd.}rk.d}-!

- 5%+ 4"5"}“-%;5—5' 5 "}‘"-f}l}}:‘f;
For oia L/)H}‘Ofl it hecessaly it




5""4" (Cami'f)
sufficient+ that rod

4+ 82 50 o kg, > -3
and

442 S0 =P kn > 8

|
[

By = 4 Rep = 42,
The characteristic e ua-#r‘o‘#/ for
the <losed- /oof SgsTen /s

52 4 554 & = (3+3)(s+2)
= Fofe_g a+ 5% ~3, -2,
The peles of the open = locp
Systen are bthe reots oF

s -1

det [SE-Alz | L= stréets

= (+)G+2) .
The optimal controller moves
one of the Po/e,.s to —3,

5—15
E-)(Fahcl\.ma_ ‘&‘L}Q_ E:‘C.C.a?(‘t' Ej,uq'f‘;otq
with Kitizo g:‘veg



515 (cont.) /05
0= -2 + <4 h. (=)
0= kip—ky +4 ki ko Qi)
0= 2k, ~2hkip —2 +Lk,5 . (T0)
Since the feedback gain ma Frix

F ois

e

E o --EHJET‘/I,S —_ ---i—[}clfz kzz 3
we. omia heed To Tolve for ki and

k’<’-7.‘),. Frow (3:)/, ferz = '_“‘".2,_;5u}a,s+ﬂm+ir5,
th.s tute (Im) yie lds

z
i'a?_z +4‘Lizz F8-4=0

I’:’.'z.z_ = -2 * l 4-"{:84:‘;; '::'2.'i:{g.§
_ {+2J~L
Tolez, 2 ]

The Fo\e5 c:-P t he ClDEﬁc{.—fDoF
5%5{7‘4‘3“" are the voobts of

let[sp-A-F]= s+s+ims 4 bz,

2

For 5+agj!;'+g [+ s hacessara,-



5-78 (cont,)

A
and Su-ﬁﬂ;'g;‘g,ﬁ.?l“ 1. ba

£y \
f T N > O :7\‘> ‘Laz, g 7 "R,
and

ki
5 70

'ﬁ?lm::\rc_-pora) “&rz_:: + 2 and

lca”_ e S Afso) E:’r [‘*f ‘"‘F-_fj o

UREY = =, (£) — %, (+)

f"-),&’g}afac;'m& g é@ £ X in jg!ves

p
I 2 2 1 Gy 3 fF Wl Gl HIC e
"L

+ T R YKL,
This is The same forw as the

Pevformance measure for the
linear reé;ula%or problem with
H'Y'e,p[a,c_c_d 103’

B= o ely)



5—_.-)4 (Coh'ﬁ') ;107
and @) replaced 53,
T

Q)= C oL,
Notice. that S%M?H&’]L‘ra, of H
1'mi3\ies thea .H,,/ s < mma.{‘r{cj'
5¢mi-1ar]é. Q) Samhﬂ(—;-{—r{c =% /(1) s
ngme_{:rfc,_ L+ /S mot Cffljf-)c-"C.u Jsi'
to show That since H and @
ove foaiﬁvca semi~definite | H and
@J axe cx1so‘:‘ [aemca) the Fr‘oicie:m
hae been reduced Lo a i nea
(5‘{:6’\:{:ej Fegulator }Or‘ol:)em.
(k) The CJP"/";}'MQ] comtral law followe
directly from the resuwitg given in
SeC,'éth 5"-2_) L.e,

- -
L) = =R BT K %)
Where, K s the ‘SZO!*-A'HQM o f '{Zi'le,

~

Riceat: eg,ua_'}'s'on With /@ Yedioé‘rce,&
ba, Q,} and with the !oobmia'rhﬂm
condition }S(“ﬁe) = ,HJ".

Notice That Tthe o/o*f?'mq/ contra!
law 15 /r’:‘?c’:ar 'Fe:;c-d{:act&/& GF tﬁe



5-16 (cont) 108
sgsf&ﬁw States . The qsswv:/oﬁ’om

that the 55!571':3%) ’s C_qu/D/c:.fe,/%_

¢
observaLLJe, Eniure.s Zﬁ'ha‘/‘ fhe.
<tadte vector can be c:om,ootf'&-cf frona

Lemwieclge ol the 55;5+em omLFmLS.

517
(&) Let X{E)E2 x&)-v&), then

2
T= 4 [[7 %+ &t
o

The D.E. for K@) s
R k) = &) - TH) =~ rutt) ~(de"t]

= - XE) FUE) FrE)
Ry = =K +uls).

ThusJ we have a lf'ﬂeqr ‘regufa.'f'or'

preblew | Notice That the °P+"’m/
control law /3

Wy = ) R = $o[xe-rel
that Is, linear Leedback of the
evror lbetweerw the actual and
desired state,

(b) Df’-{:imha, the E%S'Eem states as
Sug%esﬁaé gives



S~17 (cont.) /09

X (t) = Ylt)— r(f) %, () = 9(4:) — )
ey Ky (t) = g—{};!-:f E% ﬁ)—-'ﬁ(fﬂ ) whie h

\(‘/\C‘«“Q,E“'

f[% ) +ur) [t
Tlhe state Eﬁ,ua’}‘fohs L)e_coi’wﬁi
X (E) = G~ (b)) == X, (5)
K, lE) = 9<3,H:)
: n
o 1) = &t” &( )—"g¥ﬁ rit) .

Becauvnse O-F the DE. :a,+F5{f£ec§ }oﬁ[
5@0) and Y‘(‘t‘))“f:hf:.. last ““-32(-&6‘(?&;’9#)

be comes
N |

N (£) = = Qi g Y8 = e T Q04 (t) Hult)
E ~Ap- \é.;rli! L) ~ . T do Y*(t}}
= ~ldpy CTJLTI{M[g(ﬁ-)—r(fﬂ~...“@o[g6£}~r{1i{
+ Uit

- -Hdh_,, /Xh(f:)'_"“, "“ao N;(‘f)'{"’a(t) -



5-17 (cont.) 110
Hence) the Fl"OE /tm Llacs Eﬁm; ’f&a{kcc:,c{

to one of Fthe linear ‘re&u fator -ﬁéﬁ:e
519
CC"> Le.f 'II.'.* Eﬂ &h—e_ '&‘fh-'n&_ \:"«?_(a‘_ul_'\re.cl
for the wuzsile Y'Gfﬁ.u\frecl. to ‘Fﬂa\c,h 19)
ot it =h =t = (lofb-a])
(b)) For |‘V\“!:6Y‘C,E\D%7f0n to occur ot t=t,
O+ .t =b, @and
J:ZJC.?? = by . ()

SoNM& () for +, 8{\/&5 "‘3&: (lb')-‘fz.j
Substituting this in (T) gields

o+ .1 (b)Y = b, .
Eear'ﬂxma[h&, and sg.uq.r{mgj, SEVES

8’ —100bf 42000k, —i00a* = 0. (&)
(&) we already know {ron the
tex examfale that \'h'tﬁzrc.ep'ham
Can occur only (£ a <8¢5 To
d.c‘i:er\mi*n?_ '{:he VCM[U»E-S cf and b
Loy which in-#-c:rce.fw"l-:'om IS GCcom —
Pll'sh@ci L::eqc-ov’e_ the Wiissile
Ceaches ‘[g/, we Solve () fovr «a



Shfq (C()ﬂt:) Iy

ond b, ‘:Doina, "i"‘m’s 8—\\!@,5&
@ = btV g3

A 'ﬁt:vd ‘{“a..\ﬂm\ajf'eﬁcl \/cdue.s ave S%cwm

b&:kOW(ovﬂﬁ feczible sSolutions ave

EWGEL{A‘&{L>.

b, a

0. O,
0.5 0.4
1.0 0,72,
w0 b2
3.0 .53
4.0 V.74
5.0 .84
5,585 .85

The Ye.fjt—ufra d c[;qarmm s Shewn
be\ow-
b

Intercept
be-?ofe A= b

Wi

E No interee f-“f:

i




5-20 12
Yoo | fl{t) 'Xz‘("b) “ f;(’t) W, UZ) - ‘ID‘;_\L”{?) u;_('E)

%rﬁvkt) =0 = 'FI?FU"A) = ¢ (a Constan 1")
152""@-;) o) = e, = pFE) = et res
M i miaang M with respect G W R 5;\/@

% |
dw =5 T
J

pitit) <0

uf(t):{_o) ’f‘*&')}o
M, pXMu<o.

I I

Since pX0E) can chamaa d
mos + once t he. op fi\ma[ Comﬂ"a/s
have ”f:he_. Poasfblc: Lorws

Wy '_%O)M p _E-M O} ()
Wk = }:M) 075 =1o,-m} (1)
ug&-: fol | uF={-mMi (1)
o

u\%z{'i'Mg ) uz*::"ioz . (ﬂ)

(L\Lj i3 Q\LM]V\Q_‘L&A Ioecamuse, the

bowun dary condi tipn Nm(f’a):o Cabt/r{
hot be catisfied.



5-20 (:Cow'z‘:.) /3
(m) tan be eliminated bLecause of
the constraint ©& %, ) ——

() can be eliminated For the
Same Yeason., L+ the bmkm% s g steim
of the cdavr is Vw\-.-.cha,m.-'cak/) (I')a

amd
(Or) could alse be eliminated because

there would be ho c{.e.c;e\ema\:“{ha,
Lorece without o« velocﬂ-& hm,-ma,

been acquired aud (LY and (o)
would hot Lollow velccH»a, ac.g,uf'.s:‘l!’r'on
with brakin . For lbraking b

c‘uef-le.c.'!-ion ol theus +in SQSQ-SJ(:E)
and () would be e liminated by

the constrarnt 08% ),
This leaves onl’ét () , so

U HE) = JMJ te Leos]
o, te (&,%]
uf) = 2’ o, telt,b)
ﬁj i5 the 'EI'Me: where switeh iy
e

LLCurs (f‘z*(%:)::o).ro #/ﬁa( 1=y
ha+—e, ‘E’JVI&L‘{' 4

i
X, )= 0+ | mdt = Mt -%0)
to



S-2¢0 (Cohf:.)

an 4

*
Xl =0 = sl + [Ty
i

— M(fl“to) ”M(‘E“F-v'&;)

e = Mt o), b= Bt
52 -

T he o}u%:'ma/ fmJ'ec,%oHe.s wust
b ComFosed of Seélh'}e,n-l’-s of The
PQT‘&-looias Shown (h F:ﬁ L~ 20and
Must ‘ntevrseet at the beH'
%=Lz 2. The .Sw;'{—c,f:u-? curve.

IS Shown !r.ve.kou/,

E%@ Xy (&)

LL;H*H:-H %*({_‘): ~

"f % (&)




5w21 (cont.) Tk
To the left o4 the Curve EF-0-D

the O,NL/ma) contro| s u*(%:):»p;)-
to the right of F-0-D W=,

To find the exprecsion Lor
F-0-D we use £3s, (5.4~ 39)
and (5.4~ 40). From (& 4~39)

= S (4)rce = Cr=O.
From (5. 4—49)
2= ~L(4)re, =» Ce=4 .
Hernce The efﬁuaa Flon of £-0
X, (1) = }’j X, (&) ) Ny lk) < 2

% )= L M) ba, ) 22,

S-22

Sithee Far{: (L) cah ive done as
&:’ﬁs,«‘[g Go f)aw"'& (Ou)}, we will Show
the solution For (i’a) omqu,

o= 4 Pl X ) ay p U Fa Pty X, (1)

+ Ay () wlt)
= Lo p )X (E)+a, full) Kt

+ [‘/’LI /IJIHZ) "'C{sznl({lj Q{é) -



&-22 (cont.) 17
MI'HJJJ’MI'%E,M& ;f:‘ t.v'f‘f“j) V&S/Dc.c.‘/‘ ‘7‘/—0 78 3./1/53
=1, o pAE) taa p K ) > o
1, a i) +aa ff*(-ajm

Undederwined for af,q*m-a&f;*wzo.

uH k) =

The costatec 6.24 watrions are
PrE)= h%&}% Grt) = ~ap )
B = -2 00,00 = —a 2

hEHCE/

—a,& -2
ORI . /f&%@)f CoE %ﬁ,

We note +hat a ‘:;fmgu(rx,r memm_{

cannot €xist because

o~|’f’ﬁ(ﬁ)+a_-¢rfﬁ(v&) can on/g, bea Fere
for o Linite time interva] IE €, =C, 50,
But 1§ Ci=Ce =0 Fr%h(ﬁ)=/fa’k‘(ﬁ')zo Loy

all te D—‘o/ﬁ.;:] ) and Fhis ;'mfo/f'as that

Hoot) =4 For te[tobp]. Since this
s a free Final time prob e w, T4
Y not cf,xfﬂfici"f'fg, c:lc:f:cndew‘}‘ o n ‘ﬁ‘/ o
2 hecessdr % that YE(k, 1) =0 y, telts, ﬂ;]’



EH-2.2 (:Cor_;-ﬂ*,) 1
Hewneea ; a.},f)#*({r) oy a-*(‘é) cannot-
be 2«’:&‘@ {01(' a. “@EHJ'}’\?_ bt é"!“lLf.\{‘u&LJ_
The possible forms for
a,/fD.“H-E:) +a, f?ffw;) = 4,66 ~at s et gy ”

avye Shgwh .IDG-IOW.

A L)
. ol 70) A
| e, <O G0,
{c&<o} ST Naeideint,)
>t <, vo > é_
{clyo}or{cr(.o) 7
—_‘—‘_—\"H‘. oF >O)
\\lq,Cf]t.laLﬁB
£{£)

Homese b 9 face, con
barey ) »ia,e,) tanc ! > lgue, )
/ N
>t
- \fﬁ

we See that the C:F'ﬂ'f'manl controf
Cavi Switch ot most once ~~ this
6lao follows Srom Theorom 5.4*«-3_;
hemce) Lhe f’o:s;bﬁe. Forms fovr
th e op'{;r'maf controls arg

ke geif, T, futbor Tromi]




522 £,
(con ) s

._"Ln‘i(‘j\;ﬁ.}iﬂr' {\Jrg‘ S'é’d {;a_ gﬁ_mf??ﬁf‘oﬁvﬂ Lf/r'z{'ﬁ
wit) = £ 1 g;‘ws “

I !{'&“‘ﬁ (et
Xilt) = T4+ 6™ ﬁ)) el = T4, éi (¢ f{—)

At 4 = %43 %f(tp): ')(.LH;-{;) =0
@) = 7 2t EE) o
wlt) = Flke®lE%)

SDIang,-Cor (-(:"f.ﬁ) ‘n (T y.llc:u_s
Eetp = o L (E )+ 1),
Subet 4‘“#;“&‘ 4 (s (nte () 3,,'VE-_E

Mot)= 1 + £ %%-»evu(i'?{;('&)-f—:)

_ 4—-—_—1 + e E«g(iﬁ({(ﬁ)'}'})azfa’

%, (5) = F 4% (Exle)+ ')QZ_/@ .
The upper 3igns C‘!‘J\f\r“c.sf)omcl +o
Wh(L) =~ . This s the 'Eﬁfaa}('fldf)
of tha Sw/tebhin Curve « The
Curve and the. c,a‘f-fmca/ C/o»m‘{;—a/
law ave shown below,



5-22 (C.cn?ﬁ'.) “q
% (t)

*_
K= U=+

% (&)

Ie fﬁ:’s case The re&rohs W here

W= +1 amd UW¥¢=—1 con be

Ql.t:.'!'e.\*‘M]Ht,CJ (‘15 i = EX&LWJT’IC 5.4-—4)

L:% e Xawviin a few ‘EraJ€C+or\'e§

which begin offthe aw.frcfam&
curve. on t’\cu/e L =

5~23

(a) Let the states be %2 x %24,

Xay = g Xq g—(‘t) ; and the Controf is

L/L'—é/@- The state c,@,uq;nt-zms are

X, (&)= X, ()

2,08 = T cos wl)



S-23 (C,o#:'ﬁ.)
(B =44 oo ntt) +plefE | cos uey
+ Palt) X le) -Pw]%(t) E“E“J Sinuls)

The costate Ejaua_-l-fmg are

120

/F‘;*’k%) =0 => 70,*({:) =

B )= g = =t v
M) =0 = pFiH=c

B () = —pFe) = R =—catros
The specified final states ave
X =V Bl = D, k(i) = 0.

Swnce the £inal state X&) /s Free
and There s veo teruy in T

‘imfo'uva.‘ﬂ& 'X,('E_p)) -‘Ffe(t&):o, The other
\:aun&ar% con d{tion s }E(-*J‘f:j:):a

(-C> The comtrol which anim:’ges X
is  Found from

-%-\L% (—)k-f&;) =0 = :T"ﬁ ;Fj‘[—{:} E’ Stn u_*[‘&)]
+,F4'f(-e) [cos LL*G:)]}

Cos w¥) fz,%—(.é_) )



Ze2h (Cont,)

or  BIh UML) = _ff%(t)m:
LCprw +pp4e)] 7

Cos tlE) = JM _________
Lo +pi )
Frond (fv)) S/ihce 7‘3}"(1’{3):0) ¢, o= O/’
t)"]r‘_’:; {.W;}O /F’C’,S ?{"/’m 7L 792_*('&;) = C, {G. Corzs‘h)'

To detern me Co, Cy and Cq We Wou /4
have To subsd/dude For ) in
the otate ﬁ’?\“«MQ‘ILst (in terme of

€2y Ca, Ca ) y ['ﬂ'!:t@rcﬁe and Sef

X*g) = v, %FHp)=D | k) = o,
Thaen we must Solve these
f%i,ua+£oms (whict, will be nenlinear
fc,aebrm'c E-wam‘-r‘o»;s) to  obtajy

Czy G and Cq,

() Mow JT= ~x (k) . The cosda te
eauations and FH o‘p'/‘f'PnCL/ C-O'?“’é“’p/
(in terms of pFE and T)‘F%(ﬂ) will
be as found <arlievr. The boundw{c{,

conditions ave

$¥(4p)=D PR = =1, ) Pl =0



s-23(cont) rz22

With +these boumia.ra. cond/ tions

Cym — | )C-z.::'-—'t_f: g —c5-51g_+-c4.=0,

The frOCQ..J.U,l(e, to Selve for

Cs (or C4>J sinee B g /uo»unj I's o

su{ss-l-j-}—u‘f-e_ for wk(#) in fhe. State
wuations (in Ferms of Cib)) f'miac?m%e)

set

0 (4z) =
CErId, :c!ve 'por Cé.

5~-24
(a) The so Jution o-? the state
E.c‘j«cwul’om (5

x(t) = Q)| Ko+ _[ Pl-) ul) ,.]
Wb\ere_ Cp{f) e 2‘?{:. SM'F.FDS\‘.’_, '&LTC‘LTL G
controfl s found which haa fo e s X(T) =0,
then

0= % +J wl(-7) ulz)d T
oY
-
= pr-z)uedT
o]
w ke b 1mP|.:'e:,5 th&+
-
| o | = )fo w(-z) ulz}dT

But

A



5“2—4“ (COJ"} ‘ér}

- - 123
]jocpCht)uf'E)cl'E/ ﬁf fcp(ﬂd]fui»:)f&'g
and  sivce  ulty! & |

-
\'XO\ % j‘o[(PL""C)[ 4T,

Su-‘aﬂ—i'i'wi'?n%, e~*" foe @w(-2) and

1IH+E&Tm+Ina, 3”&5

(%ol < & [l—é._ﬂ])
or

2ol =1 2 ~&" T = €T ol n)

Since e-—zT‘ > O faor all Dcl'm’{'c T) '{:I’lr's Can
Okt ta b e Sa,‘i*{.s 'p:‘ﬂ&. }.-f-’

I'Yo[ < I/;7_ .

An 4..“:&.rn<x+“/e. Q!bf?rbach [s +he
f-o”owfv\a’_:

Assume that Xp< O, B(b]u fmecc,-f-;g;,,
of the s=tate ij.#{om [t s clegy
tha + r £ X 185 to be Fransferred
to gere , then (t mugt be

Posst:fE. to make ')E(‘&)>O.Ih

—pau_,‘{") . '):COJ<0 them x{t) wifl
be getting wmore he%q-hve_

5 h
P e,mcej



S-54 (cont) ) 124
Jf the control cannot wake %(0)>0,

the control cannet brine the
585']'::1«4 to the omg,{n, There_-ifov-e)

%(0) > 0 |, or 0<WXg +U(o),
and This E'M‘D“eﬁs tha t
~2%e & U(O) |

Since. Xo £ 0O , we fAave

- 2%o < 4 ov Xo > =1l

Similar reasonin Loy o >0 leads
to the conclusion that o< Y
t’herﬁ_-por&/

Yy ixp< Vo, 00 Ax]< 2.

Both solutions ndicate that £

[ %ol 2 V2
there 15 no admissible controf
which trons fers the S&Sf‘em +o
the D‘f‘faffﬂ,

Uo) We now have W u.\«\cou,P\e_ci
“lple e %aa Ltions which thaye
t‘in& ‘an\u'l".‘olq

£
KoY = &aat[x¢a+f£)5-a¢'z Lu‘. L{(r)ci'g;jlJ



5-24 (cent.) 2

fow L:f)ZJ..,J M, Let us =u pos= tiad

thevre 18 a contro/ which makes

'X‘:(T):O) L'T-IJE.) ...Jh) Chewn

T
= ’Xi. “-J E"QL’Z l:: L{(r)cf?: o
L] o L. P
T ,
Ix | = [ L e_a“T{DL u(r}&'t'
T

ff e b Juw | Lz

o4

Since jud)l £ e ®T 0,

) 2
| Kio] i[g:ﬁna‘t J’E] “et.) or

%] < ~L£—Li‘-r [é'mT-w] )

IL a <o 5 and T Ffinite J this
implies 1 x_ ] <. Mow suppese

that the fa.\raes*}" a;, is a; and

that a3 0.Tn fthis case

“:)[l - o er
e T o L ailm%]_

B [ |



5-24 (cont.) /124
Since €77 0 for all finjte T,

this lm?ﬂes that

ayf %l
—*—m“‘- <! P X tha:\‘ oml\d.
-{:L’IOS&_ 1*’\:‘1'54.\ 5+&_+&S w.\’\fc,\n
Sa,‘i-is-f—&»r
b, |
x| < o

can be \cr*ou%!ﬂ't te the or{%;h.
T Summayy, & el of the

efaahva_luas (a,)aaj . an) are

> all initial states can

be transferved to the o'r{a,in)'

(f QG Ay Ave positive

then initiol % 4a tes Lov whieh

n eaa-‘rf ve

| el |
i'KL°1 2., --..C.f.:_ 3 L:}JZ/ "'JJ

cannaet be trans feyvred to £ he
o‘ricc]uim,

5245 _
() et lsI-pl= Aatr -rJ
2,

2 S+

= 3* t23 +2,



5-25 (cont)) 127
The roots ave = -1{k]J],

(b) =1+ PilE) %) -2 8 ()
~2 pe (£) %, () + fl(t) k) .

T.he \*C-Fow(&)

+1 TL%(JC)<O

uWh () = 7

—1, prltlro
Undedermined , ) =0,

To =heow That a ‘S'rnazufar m-lrevmlJ
Lo, aw interval ['1:|J£1_j suc h that
'f’:.*(%):o) cannet exist we observe
that b IS Mecestavy that M@ 4)=o
Loy ‘f:éf‘ﬁoj*’%&j, T he Costate
ej-ua1l'r'ohs ar e

FiF )= 2 p2 ()

%f(ﬁ): — ¥ ) +2f§*(t),

T there (8 & Sr;ﬂéf?ia/d.k :’;—;*ewvmf}

['&:Jtz_] such TL:I’M'[L fz*(f):o £fov
telt)t, ] , then 'f.’it—({:)zo for
ke [k, ko], But, f Lhis is the



- g (Car} t.)

case, Taf’"(t*}:o For z&é—fé{/ﬁz_j
(ba. IHEPGC+EOH oL the sSecond
costate @ﬁuiffloﬁ)a However, vy
/Fi‘ (‘1:):: /f;%(‘é‘)f—'"o For te[tu‘&z-])

then Y (¥,t)= 1 for tels, ta]

Since th/s Vr'o/q%es a heces sa_‘r‘a,
condi +ion for oPh'ma/;'ytc?J o
E}ﬂ&u\ar t'n'{'e_rva.} Cammot <xist

128

ITPJ fhar&-Fare_J an Ofr?“x'ma./ Centrol
&stt’.s) i+ s iaah&—- Lc:.mcqu

(C) The e,;'gemva,jues -for the
Costate 535+e‘m of eguations ave
Lthe roots of St-25+2.These
efaenva(ue.s are A= b~Jt, Moz 141,

The trangition mateix for the
costate Sasfe.m i's o4 the form

{“ief COS(.&"'FI) °<3et COS(t‘Fﬁ&)}

*
dzéfCos(ﬂ/ﬁq_) doC cos(t+fpq)
J
and

TJ?“* (t)= /‘D,*(o)az;éf cos (t+/32)
b P04 ET cos (B 4a,).



525 {cont.)

"-*z.)fxq.)ﬁz_ and B4 are Constants,
Since The Cosine terms Are
Pe‘m'odfr’_J fﬁ'(t) can cha.v\a.e, 5!8,3'}
an wnlimited number of times.
5-26

Th the paper ”Des[gn of Quacgi-
OPfJMa,] Minimum— | ime. CGHJCMH&\"SH
which appeared in the JLE=Eg
Au'i‘oma,'j";'c Comtrol

Jan, 19LL 5

2.9

Trans,

y Vel Ac-n, wvo. 1,

Fow. Smith states that
tfne_ 5W'\"|:C!'71Hﬂ .Su.\-—F.:Lc.e_ i s 81‘0’9,14 l’aé,

3 2 ]
x .
Ky = “{“éf’_ +J¥ZX3+‘[? — A {

i
- J
\A.J\'ﬂc‘.rc: d= 5’3”(7‘(2_4“ ”‘-:,|Xm:’:_\
2.
527 |
Oh'.&_ + he e(‘,u.ﬁ.‘rl';'ok)s which &f;f{:r
from thoze In the GXC&W{IDTGL wiltl be

Iven

(o) bLet Xs(E)£ ME) u(H)E M ()

%o (£ = %g(8) /%, 1) - ok /x%t)-ﬁ“f_@ Sin U (&)
5
')f_q_('t) = -’Xﬁ-&)?@(f)/x,fﬁ /é'{z((g Cos W, {t)



£-277 (cont.) 130

(b) =% ke uFe)
(£)= TR sin u )
fs ) ’Xﬁt} A=Y
* *
~ kU
XE(t)
(e)

P ul )
xZ(¢)

¥ —k
‘%‘UTI' (4t) =0 = cos W)
bops(e) uf @)
+ 'f)‘f'(t) Ua
¥
xZ (t)
TD Mrnlmtag }{. W;'{Tl\/\ TEFSPQ.Q'E to

Uz , et

Sin u|¥(t).

— £,
5(?‘5(t})£({3)) LL[('[:)).é -k’)f:;s((t)) Sin thu:)

Xg(E)
Then
s(x*@), £%(8), w¥(8) ude) < S(x¥e 1 1gul
whichh wieans that
Wry= )~ 5 st ), 2% (), uf) > 0
0 , s (gg*(ﬁjﬂe*-(t)) ukeel) <0
Undetermined  S(AXY, ), u¥) =0,

cos w, (&) +zf5(ﬁ) .



5“-27 (C-a"??ﬁ'-) ;3[[

(cl) meiar Ccmc{i"HoHS tre The Sdime
a3 ih Exam?l\: S.0~2 except

fgf {(tp) = ©
because M[ﬁ;) is free,
5-28
(a) Y= 1 4 f(‘l:)a,'xﬁc:) Wct; wlk)

PHE) = —a ) = Pl e
T he chsila]a Loyms for /[Z)*'('E)

ave &L\OWH lae[ow.
*(&
pF )

Minimizin MY owith \re.s;aec_-i- +o
%{ves g &

= )y o
u*(t) = . f

1, f"“@cHO
Mné:"'efMina:b f*('f:): Q.
It is c:ms;f% Shown that 1"*(-{:-)



5-28 (cont.) 132
Cannot = ua/ 2ero for o Lfinite

Lime }n{erva’l‘ihencaj o Siﬂgw‘lq\r

intevrval cannct evxist.

The Foa%ﬂﬂ& forms fovr the
O?Jﬁimal com trol are.

w= {1y, U3,

—B& 'msFec_'&‘iom ol +the 57‘-4,4':2
& L{o.'g,‘;g)m JI'{': ;5 C[E&LT t{r\a,‘f: 'f:he.
time - optimal contrel law /s

~1 3 (&) >0

u*(t =
) +, % () <0
0, X)) =0 .

(8) M = Jut] + pl) & xCe)+ pEIULE) .
The costatae e vations are the
Same o&§ in pay (“*)5 hanc_a) The
costate &clw’}‘i'OHS have the 'Fovvh
Sheowwn Freviousl%.
ant\mn'éAVta, Y wikh Y‘esfﬁec{“ to w
gnves 1 , l‘if*(i‘-)
0 —1 < pHE) <)
uk) = ) f
o, PR <!

un&afevminai) /F*('i:) - j'w-] .



5-28 (con f:,) /22
Tt can be shewn thadt theve aye
no singualar inbevvals,

Since *‘"(;t:) Cavivin L chah%e 5

+the Fossilplc; ?orms feov the @P{”:mai
c:::m‘i:v"oJ a¥e.

w=d-nof,ivet fot 1y (o,

The Liret three peszibilitics canmot
be of)'b:'ma\,i be cause the sgségm

cannet veach the origin
at the end of an interval of gere
control. This /5 z2een to be the

case {rom *the state e:g.um“r'am
\U[‘t!f\ L/L(‘t} =0 ; t-I']e_, Soiu’“}“loh hl‘.‘n\.s th“i

—{:O‘er
.é"" ]
‘X(t}:’x(fs;)éq“( t)

2
and Since @r0 ) ix(e) izl for by,

(the Saaﬁcm Move s Fur\.har Lrom
the erigin whep Ww0), Henee, bfr
IHSPc:c_*!-aon ‘f:fq&: Of‘&'fh'}q,} c,m;{ro/ faw
S
—1, for x>0
*(t) = 44 I 9(({'_)(‘0
, tov

0, for X&)=0,

Wheve £ is a55 Uuwie o Fhat  Xo i<
sueh '{Lha\‘% o&cing,‘g,'lg\a cenlrols can

-l:mwjtew the statle te :,i,f"":’ (55’5"
Problewm & 24),



5-28 (cont.) 134
(c) For those states for which

an optimal control existe when adg

. : | 4
the time~optimal sSelutions ave
the samwme Ffor a>c and Loy a<o.

For those =tates for which
an op+fma.l comtro] exists when aso,

the -Fu,e_/-—o tima] Selution Lo asre
ie identical to the Lime OPHMQ}
50]“‘\"1‘014 Lo ado and for aco, This
fue | “0]0+:'Ma.l Sofu.#fm—: 'S wite.

diflevent tham Ethe resw [ts obtiined

Lov the -Fue,l—-op"'}ma_l @robfam
when a< 0 (See, Exq,mfﬁea 5.85-2.,
5»5"3)&1'1& 55’—-4—), The QLIIF4EYEHCQ
s cawsed by the Fact that with
aso the sasécm /s unstable and
Meves dwa -From the origin when
No contref 15 RPFfI'ch‘ thus) Coas ;274
incceasss The fuel raﬁ.qire_,d,
5-29

(@) Y= [us)] +.p )% lt) 0,6 % ()

Lo @) % (b) Ult),
PrE = —2E ()= el



5-59 (cont.) |38
ffﬁ‘(t) = - ﬁzﬁ' (akjt): ~f ¥(t) fz’*& w*E)

(b) The @:W of the state egmq'f'om;

(s as assSumed in Eg (§.5-5) "of the
frexf Jﬂence. the forma,l contro |
b s éumn l;a, :j (5.5~ 14«) Ehat 15

L el ate) <~
0, -1<ff Jerpy k) <
1) \ < f’:’f(’t)%z_ (.t)
ndetermine. 2 * o
| Undet I HOPLGEESD

5-30
Y= A+ 20w %Hﬁ a (%), +)
L=

b{%(‘t‘) =

+ o) Blatn ) w(t).
f‘"(f) Bgly k) can be wieitren

LE7®) k(i) | T (X D] )
Whgv’g:, k‘- s JChE; L'E\q f—oiumn D-F ﬁ.
Then the terms in Mo owhich invelve

W ave

thlﬁ'ti, ull) + £ b (x6)t) Ltitt)] _



5-30 (cont.) 136
I4f Ehe contrels are Neot constrjned

the E"X’{:‘V&’_hda I Cokr'zl_‘_l"ofs avre 'poumi

pr@kﬂ
T
D=2 (% t) = b (f‘:)g{;(%"‘(%t})
O\"’) -
%y o 2L (o
w () = P AR O) :))
L.::-IJEy ey 1,

NN —g: 1 h e Com o Is ay

i

connEraine SY e
¥
e ), t=ug 0, my
¥
-E \{’3\/'\) T l:,
L T () ft(“*‘-‘ ¢ |
.1t JWLL J 27
U ) =

! RV
|+5) QTLL’ﬁ G:’),Ei < -

SR 'ﬁﬂ('?:)fg-

S ’L‘FLL ~ L

5-3]
(o) Y= i+f(t)%z(t) pult 8* ,Ka{t) ELHfg (yute)

’f); ('t) *)‘&1) —~ 0
plit) = - 2% % Grgt) = - e



&3 (c,ame,)a}é b ke a7
Py = =2 1) =T 5f% &) .
O%g TS U*CE) .

The bowundary <enditions are
(ko) =0, 2 (k) =0, pFE) = O M=o

(B) Yem UL py () X, (&) - o ()0 - 27t
| PrE) X&) - polblg 1‘2@}“&)*}5@“(”’)

The costate eauvativas awmd bouadar
C—Ohdfl 'é!d”’-‘ﬁ are as e R Fcu'f_‘ (CL_). e
contro] which minimizes € is giveh b

~M 1< pfe) - R
wWk(E) = ) ers <)
0, i) -ApTE)/xfy <
Undetermined, PXE-kpXuie) = 1.
Bu alternative Formulation is to let
J = - /XS&-F),‘« J"’I"S’ this we hove
¥ = pilEl ) ~pltig - %u(ﬁ)-& fule) wt)

The costate e atisns are QHCHQH&Q&)I
however, the = xpression Lfor the of"‘"i‘ma,f
contre | /s as 3:‘vem ‘n Eo {5.4-25) of
the text, [ h= éound’ar& conditions are

x¥* () =0, D(L*’(-é‘p)zo) .f_a*(-&_p):—i))éf*/tp)ﬁO.

4= -g- ke[ (o)) | . |
Integeatin botb sides {romy © o £ grves
C(L) = A(o) =g = b An(mE) mE) .

chéa'na_ ‘f:f_}c) and 5°lv«'na, Lor m {te) xa‘fw_s



5-3f {comt)

mite) = mio)€ z (o) ~gte) 38
o ey € %o}/ le c —gte/k
mike) = < e"g”‘f’/‘é . (=)

+his tresult we have used

A 019+"qthlw
the "paca'{; iﬁa{” 9(,(‘&,&)30_

E?_ (I) ¢learl Shaws thot the
lavger ‘Eg fSJ the swialley the Final
wiass 1S . This fMFHe:; that fuel ex’aem{;‘_
ture 18 a monotone 1'mcra15:h2, fanetion
o+ the -F:'rm.} {‘:'Imt.-..)' !’\em‘.e_) the
iRl ~ £ e and minimum — fue |
solubions are identi cat.

5—322
For the mMnimum-Eime cage there
sre at most (n=1) 5W;+°h;"‘5'5j hence,

the Functions
T .
ﬁFX(L-t)bL ; LL”I'_,LJ,,,JM

have a+t west =1 Seres, I'n +he
Minimem — fuel cage we are (nterested
in how 'm&hg, timeg

£ by
prsses theough +he values t{, Since
,’F*T(_-E)bt !'\a..s :‘M[& (‘ﬂ-l) }EV“OSJ it (s

Sean that ,ﬁ*‘r(_t) b olso has at most
(h—i) maoxime and minime (See

sketch below), The doshed curves Show



g-22 (cont.) /3
how The ﬁwnc'{:fo*’is nu s baha.ue_ G5 -,{«mi
lfor variows values of w,

Tl . /
ﬁ*uﬂlkl' n=i /

\Mizme
!
Tt is not difficulit to <onvivea
oneseld that E£he carve Shown for h=d
;@_l,_i_s the W ol Xk R A FOES:L{E— i beys of
switchings (..’L), S;MIIO\T‘%J the other
oscibilTHies shown \(‘grre.se,n‘]L situations
in wWhich the WoaXimum himber ©of Q.‘r‘as.g}hﬁ&
ot the el Pmni'.s. oCelr, Cownt:a the
wi J.:—ch;né,s i—kar"
leads *o

W A KT wumbey of S
the Values of © shown
(an-1) s the wpper beunt oh the
CarFio} 5w5+¢h5m85,f‘&

be olear thea ¥ this
G‘..Ff}lle__s Lor 161;’8@:\'*

wm be Y o+
s hou 14 e lso
U.f'raa:r Laaunc]. m}?»o
values of .,



£-33 " 140
) My = A+ %(MLH:)] +»+3, (—&\[&(4{{-{:}{;
S ACICAD u(t)]

¥, = 4+ £ T(4) [@Lx(ﬁ +§C?\<.{tjj-f:)u&__-)

Ha= Zlu W)+ (f)[aim[ujt)ww)t) p)]

(L) Tn all three casss The costute

e.cbuua.#fons. Gire %r’ven ba,

/P%(-f b'x #3* "@)i@(i‘m €) +3 (e, k;“&}]
9

5-34
(a) Y= A+l wcﬁl-rfitt X, () - afz,(f;x,,tt)irﬁ&m

Pe)= -y = 0 = pie)=<
A = -2 (k)= = —p¥E) Lo pEE)

"""-—C|+'befu (.-t)
*
-1y F k) > |
Wﬂ“ﬁ:): 0) “]4-'fz.*('t
+\) ’f (t)d_]

Undetermi he&cl 'f (‘f:

UD) The soludion of the Second Costate
of the Form

1‘:

arﬂ.um‘{':oﬂl s
/f,_tfmc,_+c € T



L34 (COI’} 1&'-) <
“B% S’Gtm‘i“ahiha, Ehe Possi'lafe. formg
Jov ?.f’f (k) E /s Found that the
caﬂgf;'cla+es if‘o'r oy %;mml controls f'wu.fe_

e Forms
W= 51;@)@31 1+-J}){C’;"'lk){0)+l}) %—boﬁsgj
1"") O, "}.

{¢) Since *E; s Free and ¥ deozs mof
::{c.f:e:nci GXF“C'E'HS- o ‘EJ Y ois i:le,r:-h'cqﬁg
aEvo ©N an extremal 'z’:r—a.J’e.o‘f'orét, We
alse kuow that V1§ pig = +/ , then

u*{t),,al'tkw h bndeteemined, is noh -
positive(se< &%, (§.5-14) of the fext),

Tt alse can be Shown that in (T}
E&-hf, expression for f;“‘(;b]] the value
fovr o (% e /o, Usin these vrelakion-
Ships and ass‘umin-é, +hat Tﬁf‘(ﬁ:}m I Lo
o Finjte FTime inferval, we have

Se= b i) v endi —andE) £ u¥E
'Bu‘*:) Sinee ;,‘k“(‘{';):: [ oy a Linite time,
M‘Ee&'vd—ij c;_,,:;c::) CL:C;/Q_=| =% c.;::.o;..)’
-&:hus)

Y = A+ [wkwy |+ u¥iE),

But we know that for ff‘({:jz,b
Wk(t) £ 0 | therefora [wWHE = e W E)

d
ANE Yo iOJ a coatradiction,



£-34 (cont.)

Tk Can be Shown in a Similay mmhﬂmlf}z'
thot /FL*L-&’) cannot be <qgual to ~|
for a nom-gzero time intevve l)'
'f:iqu.sJ Slma,u,'cu" inteyvals Carnnot c,x;‘sﬁ

(CL) The Fror..-:,cl,u_re_ here IS ESScn-)L.'qu(«.f,
the Satme 5 thet wsed fh Solvia
Eﬁcam;ﬂfc. 5.5-4§ n the. text, ﬁi'mf)a/
conaide- onl Ehose trajectories
which Eerminate with an interval of
w=-1, thet s, U= EWJ}J{OJHr})%J%-J}
The results obtained n Ekqmpfc '
5 4-5 of the *FexF can be used
to 3:‘1«&

X, (L) = af’;_ L (f +a fx,,(t)) -4 x @ (=)

as the Eﬁ.ua;l-;om Lor the W=~/
tra fector which passes fhr‘ou.ézh the
or:‘gq'm , Egr. (ax) also describes The SW.J"IL}/)”E%
curve where the contre | <hanges
From O te -1, Nex'é, we need
Je.'l*ermine,. the Curve wWhere
switehes Frowy +/ ‘o f. fr:"IFS"Lj Wﬁ;
gelve tThe state e€zua fonS USin =0
ta obtain ‘% -a_(i;-t) 5’

x ()= ) rELI-€ My, ) (@)

%;_('E:..) = 'X-;_('!:;)&Ha-c.éz'_ f!) . (m)

Tw the expression (T} for #¥L) [+
can be shown that czzc_jri/‘a_(‘ L
!



5—=294 (con +.)

143
ﬁ'he.rer-pove,) W e que.
z
pE() = NS (x)
fff (t.) = %’_ +c35“f"‘—_— +1; (er)

{:l refers +o +the +ime when
switches £rom the vealwue +1 % O_;
and t, is e fime when W
switches From © to |, Sihce ‘/‘-31
is Free and I does Wot c:fepeml o
+ 5x}:)fr'ci-H&)w€_ leow ‘H«m{‘ Y
wust be e Yo D_; a!’lkﬂmé:;ejq/
trojectory. , Usin bis now fe )Egs‘
(:-.z)JamcL (%t!:)) G.HO?; the ja“f’w"ﬁ-g;‘:_
Fhat w¥d) 20 and W¥E)<o we
ohtain

A+ cixe (6 + &% ()= o0 (XZLT_)

AT+ oo X lE)— & Xy (£2)=0 . (SEU:)
Our olbjcctive is to Solve for X, ()
in terwme of %o l€1), We begin 1’3’
solvin () and &L) For (Jc,z,-e,) with
the vgt.su.H' ¢ ma

t.—t, = '?"'.{_ ‘Z” ( e, +a/ -
To eliminate ¢, we Solve (wz) te
o btoin

o, = - N— axlE)
o L*F:i)

b




- 24 (C..:mﬁ'.)
E"fu*wmq*?-;h& <y &rl/c:u |44

(tomt) = L 20 (.i\_t%__;?\j_z&))
J

whlch.whm E%LS‘IL-"ILLH‘C‘Z.A. i (Ir) awd
(1) gives

3(1&'2_):7(1(‘&:)-!*}&.('_&1) - }\(Xz.(‘é‘-f)
& a-[/\%— LA, G;;):l
wolhy) = A% &)

/\""Z.CL’XL(T&J)
{/Ls.'mg, (m) we obtain then

k)= g e (el By dat

At 24 [ & )\'Q&X;{ﬁ,)
oY

= x &) + %é') E - ___ ,,,,,,,,,
/\+z&’>< (tf)
J
J

7(;[‘{:):1"“—’}6&(‘&)-}— ,Q ( a.)\"X (‘!{‘)>

M-za % )

This e%**"*“” which applies  for %0
is the oudc»ffxf after vesulf /

Usin sivallar reasonin :_wé Can

be Shown That G SW:HLtﬁres Froma
—] to O Where

X (el) = =gl ~ L (1 an i)
ch{ "E':Pm,+ SWI'{“CL);hg #J—QM o) 1[:0 o

OC Curs whe,r:,




s-249 (contr)
y L/
()(f ({7; ):“ "_{}_(CL?:_(_%.‘_{.«} ";L{"E/é“(/— CL)\ )Xz(é;f)

X:Za'x?_(ﬁf
These. las+ -+weo Qw;%a%m% Curves
&Ff[& for %L <0, The swidhing
Ccuvves aud The c:»fojrvim.a/ com'LrO/
Jaw are s=hown below.

2,
\ (¥
UKz — |
¥ = 4 -
k= 3 ~—
S~
\

5=3% . , =2
(o) YE=1+pE) X (£) ﬂo{'f’z_(“ti)'xlt'{i)[?(1@-)4“)(4({:]

- o f 2.
Fo ) Ul HpslE) % ) —pt %l idee) /

+ zf’-q-(f:) Uy () } Let ﬁ(ﬁ-}é‘[x;“(t)atma(ﬁﬂ
15,*&) = - g% (%) =0

~¥a
[ v . *‘
fz,* ) = -_gmzé (%) = - L&) wﬁ:‘%{ﬁﬁ )]

a o=
x50 [anel) ™" fupter e e |

]



S':is(rom’—,g}é ral
’{93, [‘E) — —E(*)t—):o

fa¥ (&) = "3t =~ e,*(&)wfﬁcﬂz X "wﬂ&“&?

ool PR () ) X ) [ axe]
[ ) '/
(B) oMepd= & pXgp) =0, xflg)= <y
AFlg)=o ) (%, t)= O.

() Us, pF

Dt
NV

-
Let v = [f,_*(ﬁ) ff(e}] swe seek the
adwisa ble ,U},* which Mfm'miz,-gs

)

-
Yoo

Asswming ¥ #0 ,the admissible controf
that m;’m"m;’zes g"”,{a_t has ‘!‘:hg far&es'f‘

b&SiL:‘ﬁ- Q"‘V'IFII"I'LLJE.) Coe,y U;?‘G-‘)+L{j{ﬂ=l

P
ond is directed offﬁSiﬁ-}& £o X, there~

o <,
ukE) = —cos ¥ UFE) = - sin a-(-&;))

Wher‘g, i *Zf)
y&) = Tan [ﬂ;f—’i—@]



) e
4

e
N

Uy, fz
“S Aduissible  comtrols

-4 fie in I:Jo)(

BB ihsfw_c,-{-ion I+ is Seem that
(exc:eF+ when the angle of X is 457 /385
225°, and 3|8 ) the maximum rroJec-Hov;
of a vectoy & onte ¥ OCCUrS when
U fies at one of the Ver%'ces_j'tk%
Y +hat W,,h:m;é NTw ies at the
uFFeaa-Fe- vev{'&x T he Man-rm mc?, Cmn"ra/

! >

W)= G0 ST Ipejpel <l e
o g, \Fﬂt}/fﬁﬂ\db P 0
[o T, |pief gl o), fn0

o OT lefw/piobl, e
(e) Part (&) controls must be a+t
[east as effective as Part (d) c,an%r'afs)’
a5 seer ih the Sketeh below y vy
admissible control for J‘Q\rt Cd} (s
alse admissible for part (c) ~~ Ehe

reveyse [% Mot bruec , however, Thus,
J".—_ & J.d .

L



5-35 (cont,) 498

" Adwmissible for (d)

<§€1Admss}ﬂr_ for (&)
5-3%

we will assume, as in Example 5.5-5, that x(k)=0.

(a) Y = |uw] EpE) L ) 4op ) Uk
/Fl%-&) = - “g“}fi bht)= 0 =5 ’I"f{t): <

ok LN
fz () = - ;\%; Gkt = "’]’1%("52 =7 /ffﬁﬁ')-'--‘- ~Crb+e,.

(L:) IL& there ave no ‘E_‘.sh(?,wio_r-

ntevva la )

~t, )
o, )]«

‘1”!) "F’z*{'f?) < - ).

W (F) =

To show the existence o4
nonuumz}—ue or=+“a'ma} Controls

we ficgt Lind a lower bound
on the fue \”ﬁ-fi’wre_,d, to transder
the 53‘5#9“%1 fo the or./?,;h,fcr‘om

the Second S fate f"ﬁ.fra"r'ﬂh



5-3¢(cont.) N /4.0
%o () = Xy +J ute) dt <)
o

i;quJ we have assumed "t"w{'; %2t)=0, hence,
£
fjutt)it( < Y[Mﬂj 1t

el =
Thm% £ we  camn Construct a CO*’*‘{”/'DI

5i8mm1 which satiz flec

)

t
b, b= [ Vaw dt, <)
thewm Tthis contre/ s{gma} 's Fue

of{‘f'f“h&}. Te detberwine swuch a
Contro{ We Worice in (I) that i
Ult) dees et change Sign | they
(L) will be sakisfied, Note tEhat
tg s pot specified.

Acfua_”éf,J L+t is het diffieult +o
é]’,e\nerc\;{‘e. Wio OP{—ima,,l Contro I
Fov t‘:yaMerJ{ we assume, that
oM, & & [o,+,]

O_) te (ﬁf/l‘iz.)

OdM?,.) ﬁ'& I‘&th_acj
1t can be shown +hat
% H:JF)::O = ‘Xloh .3‘_. "’f,fa”?&oﬁ; .;.,«.4‘{;;-‘}:‘? - Mzﬁzﬂ%ﬁ
*Lum tS + Lm, > (1)

%lig)=0 = Koo+ Mt +M2£j&—M£’:Z . (=

(wlE) =



&-3, (comnt)}
Suppome. K= [4 =717

..Ju]DI’.‘roqe_ Ko & L . I$ woe l"’—“*‘{:“
Mi=M, = & and f:;:_!) () ond () can
be. solved for .= 7 and te = 8. Similar )
5 M=m, = ‘25t =2, solving (T and
() 8"\’&5 t,= @, '&{‘,-—’: 8 Both of these
control sigrals (and mang more) veparye
the minimuim fael fossiL: =

go

) ancL l‘leﬂoe_

ove or:n‘:f' me |,

(.C) Consider The zékad'ec{:or 5 hown
beilowfj- the ;';,,1-1[.;@( sea,mcw/‘ Cof‘r‘eSf'MCLS
o ) =—1. The :;egma;ﬁ%: B-C
Yesulls from bLU?):‘-—D‘) and C-o \resui‘l{is
-Fr*om Ultjm=tt, Tt rs eaci! \/E-ra‘f:fe-cf.
that the fuel V't%«&l'rczcl {5 ez,,uq_f
to

]'Xzo, + 20,
In the linnt as od~>0, Fhe Vvegulred
fael a—FPrca.c-he.s the lower bound on
Fuwe expe,ncL{'Eu.re.J‘ howev&r) s v(.-v‘"DJ
'f:_j';*-? oo, Tﬁ%) the Fuel Y‘:Eaullracl cav
be avbitraeily clese o, but rever
Q%&{V\) the lower bownd.This
means that o minimum-§fuel cortrol

does not exist. X, L6)

h_:s % k)
ol



E~3( (cont)

(d)*SIMa«ufrxr fH‘F‘erv‘fx[S\C‘&ﬂ exist ;‘F
. (ty= &) For o finite +ime interval
This octurs tf C=0, Caxmid  an CL)]-F‘SU)
tne comdifion that }‘6(_3&‘«)-&,) —n 1S

s bisfied. This indicates that
Simﬂ-mh\r (ntervals Can exist +he
controls ﬂ'—")C.Y‘a__"é‘ﬁ'_.c{ ih pard (b) ave L R
foct :»ihaufq‘r- an d optimal,

5~ 38
(a) Y= 4 % () +p R +p e Ut - f () lE)

157

FE@) = - P ) = - ) (T}
’]oz*lﬂ = “%ﬁ(%}t): -—zf::f* (£). (1r)

The L:ou.hc]a,rud, corditions are ?'(VHEF):/Q
(Q) M-"Hr'#ffif'gﬁ,ffbr) )€ W."‘{_L,)[L Yy oS Per,,{" ~E—-o

A Zu‘ve,s

Si) sl phE) g )
(L) =
whE) =7 J ﬁ*({:ﬁff""(t) <o

Undetermined, /f,"“{{:) -/fz*(«e-) =0,
A skngufar- Lmﬁerval can €%xist r’f
«io,*u:) —~f;_*(~b) =0, for tele,t]., (W)
Combined with the hecessavy CoudsFiom
thaet Yl bl=o0 For te Eo,-&fj) Ey. (Tr)

imp\\e.:. that



5-38 (cont,) 152
T X rpN W mo, for Eefh, b ()

Diffeccntiatin (T&) and Se!f‘ll‘f*’?c? the.
result e%u&f o % ero C?’We's

XHE) % FE) + R ) + T e = 0 L @)

Substatu_tina, the expression f’f(t):-ﬁ?é)/zm
Svom £4,(IE) and the ria.h"{: sides of the
state and costate equaitions for KF (£),
'i_f‘(t) and fﬁi*(‘h) into E%.fr))a i{'mrmn&,in& g-t‘eic!,s

2% 0E) )M+ (E) 2o Eelte, )]

Tk [anre) txFEl=e

candidates are

H’E-Mt,ﬁ./ +the °
(R = T G«’) R

N¥(E)=0
From The s o te az.ua,_‘.l-z'oh.s
g Fd) mo =2 AF W) =0 = WHE = I

Lbat “his %mJ:a+org, Culwf-tg‘ivs moves

Lrom +he desired fina !
‘gfh) Gt.fm_/s. +he.

COV\W O
s4ate (the o

verbical ax/’s,

of"t‘i'ma.].
on the otheyr 5in wlar 5«:@»1&«)-5-,
A

PXI*-“G:,) = ""l'}‘f ('L‘)} the s+taq te eg-uo.ﬁ‘o
indicate that
0 = ~ax ) = %[ E =

ence L€ cannot be

~2% ¥it) = auke)
= k) X ),



5-"'38 (Con'ﬁ.)

quus)

is3

whCE) = ()

Whether o¢ net this sin wloyr fvojec—
-i::n\*‘ar 5¢<CJ!ME.H"4:‘ s a pard og Ang ofi;'m[
Jc\m,\]re:c.{:cr(es must be dekermined by
Fucther \‘hve,';_.,{:.‘&q;kibm,

E~40 i

X €)
; %
aCE -%;(%t): 0 = p¥) = ¢,

PL = R Gt) =~ ) > pAE) = —cene,
'@r ) = _%%ﬂ = - RpiNtt) u¥e) / ¥ .

A smau*ar {nteeval exists £

M)~ P _ tel &, .. T

T:& ‘_f%j - 7 e C« }
Recall that ko 5 ’){;’EQE)>D. Since "{J}:’. i's
Svee oud £ does net appear explici+f 4
}E.) %.(*,t),—:o)t& Eﬁoj‘t‘:_,;,j‘ T‘Au_sj £ /s
Satisfied

L+ pHE) %) ~g PG = 0, te [t en] ()
Sine e CIC) holds fov a £inite time inter
Val , the derivative with vespect to
time of the e bt Side I'.‘uf- {(Ir) mus+
C(l?.c t:e. 3&-?‘{:‘ F‘Qf" 'f:G: Etu{?y’z,j) !’ICHCQ

P ) X2 M R~ g B M=o, el b)),



5”40 chﬂ'ﬁt) JS",F-
Su bstituti ﬂg, zf;'.*ff) =0, sf@:}: ~C; , an d
’%z,f{t') = -3 -k LL*(‘&J/'X‘%*(-E:) 8,? ves

W, - . -
C.IE—%- _.k}*.&(é]-i-gc. o = ¢kt =0

be caus a. 565*(_“:')?'0. There «arve then

bwe Suwlcases ho consider,

(LY Suppese C1=0, then (IX) iwp{\‘e,s +that

fﬁ’(-t):: :1/3 . Since x3*(4:,9) s ‘Prq.e.) fg"{ =0

Using the Fact that WRE <0 and
*’(‘b}?-' f/g v the thivd coatate

fj,u&‘[‘;'on g,f yes 'f’;: (+)z O) teé [‘f:o_,'fg_],
This IMFI'le._s +hat ,Fa*'(&)ﬁo for .&E&“Jt?] .

Loo k.lha, at /rﬁ.e) —-[fg,fﬁ“[—&j/q(g@(&):{ we Sez
+hat since T;gk(t:) £0, X(H) 70, /)(_3"'({-:) )0}
—~l¢f§f’({:)/’xf'(1:) <o and hence

'[’3*(‘5) - iﬁ*—(@ £ 0 _,; @ cen'{'hacLi'C'l'foﬂ

%K .
which imfaﬁis that . sfhgu[ar (nterval

cannvh e.vc{st.
Ll SuPrase. UML) =0 =D /f;;f(-{r]zo and xFly=0
which tw Twen taplies that 103*'({2335{3
Z:t\: xF) = <4 :stcnr telt,t,], Hence )
held only (£ pX)= o constant=q,
buk this implies + hatt /':».*H:}:c,:o fov
{:e[_-t,)é:-,_] avd we have alvread Shewm
thet a S[H&ul&\r Laterval Cannot exist (£ €,=0



£5-40 CCDH‘&J ' 158
OLLY‘ C—OHCIQ&J’ID&‘I 15 fﬁen é}lQ.TL [ 31&34_{@.—

{_I,H‘EE-PVQJ CC{HHG'& E:sté‘;

5.4 |

(&) Y= N+ W]+ () %) +pult) uty)
Asiﬂau.\ar Interva| exists (& fﬁ%)=£[,

The costate Eju‘d‘;bas aye

P = ~ 2t = 0 =5 preE =<y
AF? W = "% (st :"’1"?‘(4:) = plit)= —ct +Ca

TE oFy=+4, te [b,4.7] | then ¢ =0,
=il = pH =0, te (ko tp |, But this
implies  that XOat)= A >0 which cobradicts
the Necessary cond/tion Fhat }6@91’3):5
'fhem-ﬁnre.) a sina,ulmr interve| cannok exist,
(b) Y= A+ 1w +£7(0) AR +£71) b uis)
T4 /lg*-r(—’c;) b, = +41 , a 3l'ha.ular interval
exists. If p¥lp = 44 = £TwA =0
(as tn parkt (a) of This problew) Then
we love Yk t)=A 7O whieh conbradicks

the ne cessary condi tionm that Yt )=0
in which case « stngufar interval |
cz.cmm,J- ax:’sf. I+ doern Not sSesm ]305.5{ e

to shew that in genar&[ -:[2,’*-(?&)}3:&]
== ,rEarT‘G-.)A =0 . We <an, however, show



-4 (cont.) I5e
as L Se.&”(:‘i'oh ) G f’hm—}‘ [N 'SI.M L\,iﬂ,\-—
LV\'{:EYV&;I cawy exist on fg Jl-F & ther ,‘9, .

Cielan! . lamg] |, or bebh are Singalar

Notice Ehat this (S Hof A seftrcient
Lor the ex/stence of @

Eiﬂabﬂlar inderval —— (n part e A I3
but « 3En5ular inteyrval doeg

condition

SinguH\rJ
not exist.
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CHAPTER 6

£~1
(c) The desired vealue of 'TE’UZ';) i 5"«’
Noting {-:Lmd-‘ pli) is o Funchion of gl
we tah wWiike

2lg)= £(pl),
Ex?am&fh in a Taalor series and. retain-
ing. terms of up to Liggt order al‘vr.s

#70 = 2% [ -]

The mateix 0%/38 s the same as the &)
Mq?"rl'\( dencted 193— fp('gwlﬁ))ﬁp)-n STEJ'*’
WT\HH&J we will shorben this e .
Since we desite +to make ;ﬁ(ﬁ:):dj
we  Set $U+‘}{Jc4_)-_—-g fn (X} and selve. for

ﬁu“)[qm) with the result
7IQLLJ,.)UW): fﬁm(ﬁ)"[f;&j-l [:pm(%)“fil.

UD) Iu this case the desired value Q:~F Q(ﬁp)
s Al i), so we sef g0 (k)= af k),
For the dependence of X&) on ﬁ(&o) we
have The ezfmui;'on Qhafoa,ous +o (I))

)= e+ LR ] L -]

N "t Ir
Rc.plac:'mg, :TQLLH(-&;.] in (z) by 2i ?S“”(’C?—) )
and using the H&H,- side of (&) grves



[ (conti) ]
ap 1) 423 LR T [ () - 2%

- fLU(‘E\‘—) +[r;'u] [£L£+‘)t‘{=°)‘£tb‘)(*ﬁo)j’
Sva‘win& for i?dwl (4o ) gi"ves

) { { Ha=lia . .
£y = £ Pl 2l - 27] [y -2 5%

(¢) Hepe, The desired Final tostate /s ;‘3-%(%,(64%
Se W e set

L 3h
In a:nami +his le be a houllnear

relationship In ?.E“H)(i' ), Althoug i we coud
substibube the vight side of () For

L) ['Eg) , we will St sith'f;-a, ma, Hers Lg,
“ncm-{pbjh& ah (%‘H"J[t ]) abont the point
%LL}('&}) clcma, 'Hnls %W’&S

:P,LL'H}L'#) Dh (K LLJ({Q) ['b‘ - ('&‘“} (‘5 ﬂ [’2&“” _2&{(,,_21.

Suivs%i-lmlcm the \m&ln',: side of (=) fer
%(t‘+|]&?’ and ugiha {x) 51@34_5

‘ W : .
2V + 7 [ - Vi) = 5 (1)

4 [.5 C %(LJ Léf)ﬂ L) [ ? LLH)&O.)":PLL] G“Zl‘
Solving for *Wf'} (o) we obbain
ﬁhﬂ)ﬁ“ #["‘](ﬁ, { dxa(,é.d@;)ilr pr 1} [£ {g‘) “’(ﬁ))

c:r}



~ (cont.) /59
(z.{) To obinin The resuwl|t of part (o) salef.
tute 5}% =4 , 2 b"*” { & (IE')

To obtain the— Y‘ea.u.H: SI‘VQH i FCLV'E (b)
substhife B apy, 5‘{ =2 in (IZ).

To  ohtain EB" (¢ 3~ 18) of the text
set _@_\_/\__,o YU _p in (1),

% Y S

A~

b2
For a \reau.lq.-\—cﬂ{' Promcm with H,
7@(@) ) and The veduced D& ave

()= ARIEE +R OFI

g% = gl +& B g, (x)
Where pig & ~pIRTEETE
Elk)= ~Qt¥)

&) £ ~ATH).
Tiﬂca SO\LL'HOVI 94" () has the —Porm

xl) Lot | %&JJ [ ﬁifojil
“é@] ol eutd] 210
henc e rg(-i:;_) = P, () % &) +fu({7&! ,ﬁ“”?}

and
{
EF(&F 5%%) n.(-éof) . ()



-2 (C.on-i'.) res
fzax‘é 3{\/&5 -

.g}.i) L-{;oj = “[ffzz (i‘:,sﬂ] fLJ("E"F) %('&o)_fﬁ;}
u%lv\@, (IEJ LA (B,‘Ea—iﬁ,) {-;g, ,.g.h,‘é‘ ﬁtﬂ&aj
5!‘\;&3 -
po=-[ 2.8 o) 1)
bt his eguals 2% (ko) , hence The
Prcceiwra Qﬁﬂ\/e’,r@e,s fy one L“ﬁar*a.“l-:'oﬂ
srg-_ém,q—&las.s of Fhe <holce of ﬁwc{“).
6-3
Naotin

wike) = £ (R,

Expanding in G_T?Léj«for sevies about %LU@;‘._J
and ‘t"?._-\r&'mi.n% Ferms of up ko $ivst order,
we have

(0 (= %Y L%\ J{ ;%_— (8 Uﬁ’ﬂ P BR
2 49 <57 1 1a Y -2

Since the desired Snal state va lue
is %-{- , we set ?_S,U"H) (t@) = Xp and 50}""&

Lor /12@*"(&) Lo ohtain

£ =g - 30 ] TxPug)-2e].
(-4

SMP?Q.'::E- —{:hf‘-\."‘" ;"I 't;‘le_ Fe—r—@crmay\ga wne,a.Surea
h =0 J f-l.l"td _EI‘IGL‘[L

that %[ﬁp) s & fon er?[*f:o) we Wrde

b
b



{o..-4_ (Con't':) 16/
5, )= ”>Ca§ s nn, ¥ell) = qu avre :;i:e,c.{ fed, Then
frHLJ:‘;).: O, i, Tﬂ “25‘-) - O, NO‘HHC? that the
eiate and costate vajues depend on
.,43:'{: we weite (alte usinél. a Ta,g,(or sevies)
o T
L . L i
xls) = Bilplk)) = )= %, ) +[§-E(g"?mﬂ [g‘*wm;
E!_efeagter} we omit ;én(te) in Bﬁ(éu[ho})/c},@) " = U:oﬂ
NN R

S

aci.-*@: i) WP lgl= ) *'(%%11- [ (g ﬁ“’(ﬁﬂ
. oY R T .
) P11 i (3T iy

': 4 ‘ h i L) )
Bl=5, (el = P )= AR -a{%l AT 2]

! Wy 18] @ (i}

fet 272 [aey L v Pe), 5% (), oy LJ:,;BJ
then

O .. cﬂ: desived value
Sy, of .

From the series exPa.nsfon.s wr( tten 1n
matriX  Lorm wWe have

g6 _ %LL) 4_:201) [;}ZU:H} L%)—ﬁ““w‘l

W
Where the Hiret ¢ rows of D Gu&e).
the flpct v Yows of the Mm‘i'vt;‘)( EK

and the lagt (h-r) rows of "D_,U'J are

%é:: [’xi%) ...J"(r‘FJ



6-4. (C.OM'EJ) . )
the last (ner) vows of P s i,

é{.H-!) - EJ and SO-’VE"}E for ﬁtt}l] (‘{:o‘;

%iva.s

(L) (& Lyp=l |

£ Gel= g R 29z, T
Tﬁ"lu.s/ s.a[v:'nccrl. this Prcé/,g,m P Sf‘ﬂqﬁlg

a MQ‘J“I’\?’\" 9.}1 usin Xpme ﬁn'ﬁ'ru'as o4
. . ()
EFU-J avd gome entries of £

-5
%)m-i'e@raﬁ'm From te o t, we can use
the J.qre.mg/e.m.e. of X&) on %(‘E-PJ to :Jerhfa
the Ltera tiomn E.ﬁ-ua.f‘l'or} . Th/s d'ejr:enait:mc.c 5
indicated ba.
xle) = § (x ),

Expanding (n a Tayler
‘J‘e.fa.ihin a'omi%- terms of up to Fiet

eyl "-‘U‘"d

order , we have

53‘&{:3»'13 ZC_L€+‘)[£Q) = X, )‘t‘ke_ Specf{lfe«g
{(and hence desired) valne of 25,(‘59)1 and
Soivm& For %LCHJ (%) t&ielcis

(o) 5 . g
X )= k) - [;Ki (% w(e%))__l [ Y-, 19
~ h!

To gev\e-r:uhe. the nxn watrix %(%Lﬂ)lﬂﬁp};

we Start with 't'Hg:. ve duced &i#grgﬂ%i‘aj
e%.ua.."‘ichs



D) ez
Sz (% tk), o), £)

£ = - 2% (i) ), t)

and take the pactial derivatives of
bobh sides with Y‘ts.l:e.cﬁt' to %(’E?).

Interchanginag the ovder of differentiation
o the lebt and uSinEj, the <hain

vile on £he vight 8-:‘\/‘:5
ERLL _[& yxe [29¢] 28
Lol G Sotelse @
4 [Bg&) ,:__[ae-}e X&) 3] el
dE L axis) RN axly)  [Pxdpldxk)
?'ﬂ: &rauman-zzs o4 the Second pa.r":Ic\.[s
ef M have beey omitted. The Lound’.a.wg,
condibions ave
M = 1 _ai(f'ﬂ. = D (aSSum;fg,
dxbeg) T K (k) ~
n=o 'wn the ?nv-‘}avm«.nce_ Weasuve), The
Yok x a,{/b% appesrin in () s
33@0)/55(4;;)) the Solution of () at t"_'to.

(ta) Selact '3\{01_4;‘;) = Q be cause T indleades
& desive +to bring the state hear
the ow‘afn .IE he sustem (& <entroll-
Qble au 4 Hhe Fena_l'{:' on Cantrol
ehfort € XpPen diture {3 net toe severe,
'W.c. would hope that glhy) would o+t
tast be clese +to the Gi"{&ih.

Z.H:):.:

{



b~ b
Sulo&-\ri)r\.\%'e. the %{Vep\ &(‘bj e b j(‘.'kr\ﬁ.{b‘?

g G d  See (L7t vedutes 5 an

\,AE’_’WJG’]' "!‘;j_) ti’\aﬁl‘ i:S')
d Tyl £ iy + £k (=
" [g} 1| = e gl F L) )

Pevforwin the diffeventiation S ndicated
on Tthe left 3Evas

4. R e d {0 d )
s l:{ft&ﬂ“ “ Jt[% () + et Cgfﬂ:[z- e *;gfﬁﬁ.ﬁ;;,
But, by definition of BMW) .',J’%P&&)J
d Hi - R .
2 [% L(_-{;)—:I = RWATW) L=y}
4 TMarepyli= Pey + £ e
< ]:;g,(_t)]_. ple) 2 + LW .
Thev-e-f—orey
d - Blys o g D ) 2 1D G
CE%[%@]_,Q,Q&J% (h oo+ cg BEIZ T XGRS
— D) [egt e+ A ACIET
A
= D) g{d:} +£U-)j

which s the w‘a!ﬂ‘{: side of
the :SFe..c.\' Hed %L-&J (s & solution of
the D, &,

&—~"7

We ger\c\r‘cd:e. the n homoa,eneous

(I')J ;\r_nwj

solubions and tThe pacticular colution
to the ‘\'\nearia.eci reduced D.E. a5

L'Lsué\-l Y TP\E«Y\ s



L=7 (Com-ﬁ.) I~

sty = < ZME) F e X B e te) 4T e
£8) = 2" gy i) 1 ). o)
s ;E&{-) were known we would solve
Sov CyyCay aen, Cr and obtaln the vesult
%:\’EV‘\ A E%_ (f,."\L—%S) of the +text,
Here_) since, %H@) = %; IS 5}=@Lc.1“5}l;e,ci) we
have. From (I)

%H::F_): %:F- - ‘:%"H(_E&)j ?\{IHZ-(%C)I: -‘»I: %Jl‘ln(_t&-_‘ﬂ EJ +?E'P(‘!Z;‘).

Sot\/l'ha. for g} we obtain

|
t-8

We Sﬁnarf&'\'e the w L‘qcm,b enecns So'u.,’l'r'chs
and tThe ]:‘Qu‘f“JCr'c.u\&r olution asz uswl
o obhtain F) and (,".DZ) fvem 14 f:fLIC':.

solut iom to Problewm &— 1. Suppese that

%) = Xig 5 Xalbe) = K Xplbg) = X e

T
f“-}-i(‘t‘g}) = ’rr*‘l,} 27T "r\'\ (%3:(;): ’r'ﬂg_

are specified Values. Le -
2ty A E‘XLH:) Mo bE) oan X ) sz(t) /rn(‘ﬁﬂ)

then n of the e_cé_ua;f'fams ) and (7

tan be weitten at t=tp s

Zl)= c,g“’(ﬁﬁ + et Cn%Hn(ﬁQ +’%P('&5.) .



-8 (cant.)

Evera'ﬁh;n . on the right side /5
lenown ex c:r:.fi'& the c¢’'s 4 oen the feit
Side i(-&ﬂg]: :f".p (the sfecf-ﬁjac{ vafue}_

-
= Hic, N1 oMz N LW P,
&= [% () 2™ )} - 2 h@{rﬂ [‘Eg"% ),
-9

For ‘Siw\Plfc.LJ:%, ABSUwW e \;11: Q} then ﬁ;g}:ﬁ

164

Sinee. the Final states are Svee .
Tn this case The reduced DE are
linear ond homoacheeu:;J Ebat Is) ‘t‘rg}
oxe Ok the Sorwm
K (k) = AlE) x i) +DE)£E) (x)
“ﬁtﬂ = E[&) xt) + g8 ). (=)
Uz ine the Yeasonih of Problem 6—L
we an Show that
M) 4 vee+ cn )+ 57T ()
ls a solution of (=) and
CL MY L v P HQavn
istfo* solution ognﬁ',(n)(.)+/1€ L_J_ (ﬂ
")‘(‘H(”(.g})@mnm&) '8 -Hne. :Solu*l'soﬂ
cf () and () that setislies the
boun dar Conditions %H(M')("Lo): Xo

&.WC‘[ $’H’{ﬂ+1) (’kb): ,Q . rka ofhe.r 4!

hcmogeheous <o lutions are 3%6\’&4&&



4-9 (cont.) /67
as usaal. Now’/ 3ine e ﬁ({-;): L we can
set the %.ua.nf:if:a, (1) egual teo 0 and
solve Sov £>Whick 8.ive,s

¢ = ~ E:BH!U_@:' . ; ﬁHn&;\] fH(m‘)(ﬁg—).

Loy 't‘hesa va.fua'_s ot the o’s the
specifted bouwn clcu-g, condit ong Gre
saTis §ied ba, a solution of (z) any
LIE)J' [‘}.:mce_-./ C. Sofq-‘w'on IOG.S ée_e.,n
cio{:aihg,,;{ in one f'{:e,r-a_'l-icn,

6-10
The sfqr'ﬁfm& Pmm“i: s t‘imz eg;ua,-p(;ons

%) = ¢ KM (k) § ean + Ca 0 ) + %7l (3)

«P(‘cg,) = M @) +. .+ *”-ﬂﬁm {eg) + ﬁPU:;J (T

The (tevation index is undevrstood
to be ((+1) . we will assume that xhe) is free,

(-Q*) Since %H:;_) s Fre_a)fhe Final co-
S'f:a."{:-e 1.5

aE(w*) ('t:;-) = a2 %{CH) (?‘3{2) .
Muljci[:!a.[ng the V‘ia.h‘k side of (T) L.&
:l-fi and eﬁ.uq_‘!‘:'n tlis to the r‘f&ﬁf’ side
of () gives (after rea.rv-amgina terms)

¢ [@H'(’@)-—Z.&%"'&;ﬂw‘ e [g""{tﬁ-—z i },H”(t_,;ﬂzzﬁﬂﬁ}. 1@’@)_



é“"fo (COH'&.) ‘("‘;8
Solving Sor CETe, ¢ n.eml” gives

o[-l ] - o]
P 5.fl-
(L) H-eﬁ; WE \’\a.\lc
{4) Yh it (ki)
£ =5 () 2 2

As in the sofution te Pro b lem
t—1 ,we equm:l ,f'(-&-,}) in e Taalor
series to ohbbain

(W) b6 S . -
’/F, (JQS_) :%(@)t@) 4\_[%;‘:‘; (%L’-)(;E&il[%tmj (ﬁ;)_%u}&ﬁ

A HpW " .
= & + N [ x)eg) - %9 (4]

e

— ! : (c+
= 200y )+ 1) ()

2%
Substitutin t he ‘t"{‘&h{: ~ide 0% (r)
Sor XM () W (r) and e m+:fc1)1 the
risht side o% (za) to thie Y‘fﬁ.h‘b

side of (T aiai&s

() .
T P I CER s Fa
SR e b Cn XY+ AT
f?cumnaina, terms and Selving for & 5:‘:/&5
¢ = [eHea-Hil -] (2 -4l
i) -2 T |



¢-10 (cont.)
which is Eﬁ‘ (L.4-38) of the text.
{C) To obtain the result obtalned in

pot RN sabstitute
= Dh&) ()
=2 ) B = AR X ()
in o (UZ) Te obtain E}. (4-4'“35) of
the text, substitute
(&)
L= R For %‘% (sinee = ¥yl
and M:g ! hdo &”}. (z=).
6=1!
We \’\qvg o, two-— Fo'm{: bommdm‘éwv’a,ue
probliews of the Sorm

Kty = Al () +D ) p&) + 10, ) ()
ﬁa_(t)-—_ Ef) xl) +& (&) pIE) + m, (£} B
Whieh 15 similar to the c’-j-ua.'l[':'oﬁs
2vcountered (N the Hirneaw “{:mck_inc?(__
problem. wWe Foa:(:m’q%g that

RE =R xw+aw), ()

LJUL"eﬁ\"e-- K (s a hxn ‘r‘ea_i Symme £ri o
h’\ﬁ:rix and 3@ s an “n vector,

Df\-F-Fﬁ:ren'biaﬁwj, guung with rcsfﬁc:f'
to Eime 3[31&5.

PE) = KB K R ) +58).
Substifuting Sor A& and X&) From
) and (x) Seliminating R by sabsti-

1697



-1 (eont.) 170
tution of (IB:) and Cnllcc‘{:m& tevrms a,ie.li_c.

0, = [Ew-KW- kK WAE)-K &) D] K@) | x @+ i)

- K - §) etk pells @) . ()
Since. this eguation wugt hold foyr all
?S_U:)) W, ) an ,1@2.{1”)) {T‘HC- COQFF-FICJ‘@,H{, a.ﬁ
% t) wmust be 3ero, and the otheyr terwms
must add *» &S0 fhuif

K ()= E ] - K ()4 19 + & CIK (6~ K () DK )

and

= [el)-Kk by DELRE) - K& m, &)+, 68
Assuming that %le)is Free, the

bomclcurg, conditions For (T) and ()

ave

iuﬁ)(ﬁ) _ 3h ('X“’(i—;,) UJ({;P M «(m)(.b#)

{see Problen ¢, ,J
Erom (EI) and (If) the ‘oeunia.ra. cond i £long

for (&) and (ur) are
Kg) = 2 22 (19 (7m)
o 4 |
st)= 2 (W) -mMxYig). (1)
To obtain 43_(470) :h-ﬁ-agm.#a ) and
o o teo ; the bounda
G $eom ty * wsin u:.%

condi &l ons (‘mn:) and (I, Then, from
Rtb) = K () K (o) + 3 o).




The veduced D.m ave of bthe Soem

KlE) = A L) X&) +Dtt) 1)
;ﬁ(ﬁ):: El) x(t) + S plE),
or , delin g ze) 2 [ x| ﬁ’-(fr)jlj we. have.

Z)= Q) £ &) ()
which hag =% solution Oﬂp the POY—M
Z (k)= Y[k to) 2 do), (=)

w hare Eg(‘&)'&o) 's  the Ltrang, Lion

meatrix for The system CI),X(IIJ)éa)

C‘.o_.n be detecvwmi ned b% in{e.ara:{-ingf

Y= ¢ ¥

w:;“h the inikial condidion \f({r’):£°
We., alsc lenow That

A= LK) X&)

Sov all 'EJ K {t) /s the. g o fwtion o f
the Riccati e.ﬁ.ua.,f‘;‘on./dﬁ = te W

ha.\/&.

to) = +5).
£ (k) = K lto) % (o) _

L we se (ect gciﬂ[vég).-_—[:loo,..@)

then
Ry [ta)
(1) i
R (to)= | 4, o)

jZ:wI { o)

Caz)



6—-i2 (Cani’«) 112

Moyve. 8,:.»1&\(&!/5. , For EEU{'&QJZZS oo 00 6]
“oiciad!

we have -

i) E{g({'w) )

£ k) = by (t) |, The (th coluw s
: of K& at t=to.
‘rém(%a}

T$ we can §ind the ’,ﬁu} {50
which ccrranonds to %Lcj(-ﬁu))f‘ée matrix
W {t) will be lnown at t=t,

%&J-)j} - i)n(t&fbﬂ) i ijrz(%’ac}f") ?“Cjéf
2 [ 1y k)] Bl te) || 20

which imfh‘as that for tha Sf&cil-pl'gd
value of %) (ﬂ.e. %5)3

Ko = Yl be) K te) + i by ) 2706)
Soiviha, fovr gﬁLUU:o) 8f\/e$

w - m
L= s ite) [xe- Yl e

Theg we &an use Ej’(m) to deter—
Wine }S_‘H:o))' +the Rf“acq‘&{: & ua_'lLiDh can
'{:I’\e—n lce. Sol\/t,d J?or ‘t’-cé, 'E.é_'&l 4’&,; Lé{,
Lh‘(‘.c&r&‘!“f?ﬁ, Lrom to to 'e; (f; /s the
Lime when the Solution Low K &)

beging to exceed the allowable vause
° nuwibers for the compufer used to



L-iz (cont.) } 173
aenerq-he. the 5-o(u:c:'o»1)_

b— 14
The constraints can be Written ag
i a o 9~ 1 ! T G
O -
o 1 0o —1 t w2 é“ o _Zg ;
-1
<@ o i -]l =~ B o

°
‘lr’\e.m.e 'n the hbrmmlig&i vevsigs of
these <o48traints

Ve o =874 57174 4472
N — lo | © =577 .5774 -.83%%
Ol Mt o |

< —grrg =5774 o

and
-
e, :[O o o ~.514 o ©].
| T
() 5 ;{“": [2.0 go0 i70]  (net an
Gdmissible Poin-h>J*f;h¢. afgor'l"f:hm Jl.rs:{-
corpects baclk 4o the admissible point

-
H’m:[o.c{,a 0.3333 o.a] J‘the. newt

~

peint Found 19

imz ‘a*:: [0.3333 . 166k o.soocﬂ-r,
({{) For 4= [50.0 2.0 ~2.6]7  the
o.\gori'\‘:'hw. Livet correcks bacl to the
admissible Point

gfo)-——— ):1.0 0.0 o.cﬂT

and then  Finds

?J,m:: lo.5 o.0 o.s]-r



e—i4 (cont.) 174
and

y e g¥= [o.2333 o.1tel eose0e] ",
For betu ((J end &)  5(g%= 2,167,
b=k

The cons'!'ra.a'!ﬂ‘]'s ave

| 6 =1 © o o '_Qq 7
: o -1 O .5 3333 ——
Lqg1 0 0 0o - o =1 > 0
t O O - o o g - [}
II 0 O o .31 .25 |~ o
l o o o =) ~1 o
i O o o o -1 _ ...|

where Tq i the 9xq iien%i{-a. mateix  and ‘Q‘GI
is the q-dimensional Bero vectkor
The computer Pro g ram nevrmaliges
these constraints belore bej,ivm]n& the
C".cmru.icm'{ions.
(U For i{c}: e )wim‘ch is an aimissiLJe_
Pomf) the next point is -
4= 3*= fo. .5 0. a5 28 o .t e il

(L) For §(°)= [;, 1. 0. 0. 5, 4, o0, o ].__l-r

(het am adwmissible FOi”'l:))th'- “\ao'f":"-'\"""'
First corvects to Tthe admiss/bhle peint

a’“”z }:_o. & 6. 0.5 4 o o 1],

The,t.q) the next point aemev‘a_'lseel. is



b= 16 (cont,) 75

G

okot . 9898]7
and

Q{ZJ—:,[.OSZB JAloe ez .lzZ78  LAdéi ©
-
slige L0383 .?843])

{3 .
;')::Eozfra Gice L0905 .ld42z L2467 o
J551 o, ﬁssgf

g[S):ﬁ*:):o‘ 8§ o.,25 .28 o. .166é o }.]T)-

§(gﬁ"):: 0. 1458,

c—-117

Th addition te The Fwo linear constva ints
we lhave o vonlinheoyr Constraint of the
for v ‘3(5_-)}_0 which we !ine,a_riae, La;
expandih% %L m e Taglor sevies oloy

the Pciv\'& € (which is \emoww) and
vetoining terms o5 wp ¥ Sirst corclc_r-J
that is, } é@ T

(+1 . {& () (i) i
g(atﬂ) = 44 )-i{gg (‘i )J [,%, _,%L ‘

Fe:r-gormir\ the indicated efse,r‘a.."s:iohs
and c:atlec;-!—iw& terms we obéain

_ay 1T |

l’\enceJ the constraints ave



6117 (con-&,) e

| o -4yl : °
4 (1) o
i:o | -ngi'uil ;, - _ztg‘-“llug[fau}lz_} z O .

At the end of each M*”*Mfzja.%wn gu)

whieh appears in the aboye Constpraints
S re?lace«d. 'oa. the hnew valuwe ra-g‘-ﬁ

the C.ons{-,ra.m‘l:s e Y'lb‘rmal:ga&, J and
the a a.crt%hw\ [w_ams a. New léem,-l—,o“‘
The initial guess was (1o Z-JT“THH,,

kéal’{ojz [S“.A’?S’ S'SZ.G]T
W 1, 089
a’ - E.ﬂ4i§ :l I tevotion 4
4% = [a 114 e 1
4% = o0 ]’

;ts}z [:0‘9 sj‘w%]"r
5 Tterakion 2
49 = [lo g, 387
49 = [.ensn 4 M]T
Tteration 3
4 = [Lges
Sl Teesd 25127
47= L Iﬁem%fon <
4 = [Lezee 2.474]
’31“’) = [.7067 L5ei]T
") Tieration &
= [.8747 s39]"



G617 (cont.)

4 = [.s106
;"‘3) = [ .seecs
;(8} = [.788s
;lf(s"' = [.788¢
i‘@ = [.793
4“7 = L1904

I ?.BC]:[

i ?.'78]T

1o2sq]T

lasq)

lasg]

1,158]

{esqT
Ttevation 7

Ix‘:-ar"o._"“folr} G

Thteva 'l-;.an 8

Ttevatjon 9

4 :;ﬁ:[.?aoq f.zsa]T

$(y*)= 22141,

Q."fC[ fhromgh b-22

The curves

't:v*ojec: %ora,

an d

of Ehe

Contrel

on the )Co”awrm? Page.

Ave, 8i'\/e.m

t7q



t—fq fhmug;r b~z22 (Cond.) g
TR 13,500

L4
4»0"‘ 7{
304

20+




L-2% through &-26
The of'}'fMa/

as Shown

79
‘E?‘&J‘ec-‘;:m‘&. &mi c.om'{:\r'oi are
below.

Jﬂf-

= 163

° ol e,z 0.3 o4 o5 &b &7 08 -9 -0
t
=L
§8.3

o5






