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SOLUTIONS TO PROBLEMS

Chapter 1

Bection 1.2

2.

D, = AB + AC + BG

p, = apct + as°c + aSse

D, = A4+ B+ C

p, = 48°¢° + A%t + A%8%C

D, = (ABO)®

on

where AB = ANE, A+ B=AUGB

(o) x € AN(B -C} {ff x ¢ Aand x ¢ B - C

[

. iff x e ANBand xt AN C
iff x e (ADB) - (AN ©
(Y x e A = {BUC) iff x ¢ Aand x4 BUC
iff x ¢ A and x ¢ B and x * c
{ff x ¢ A - B and x w o
iff x g (A - 8) - ¢

It is true that {A U C) - BC (A - B)Y U €. ¥For if

1]
o
o
r

B and x # C then x ¢ A - B. But che sets ne
=R =C then (AU} C) - B =4 - 4

For example, if A
(A-DyUC=0U A=A,

45 n st = (AU an. which will not be empty unless

Thus A and B will be disjoint iff AU B = Q. (A

CANEB=2¢, hence AN C and BN C are disjoint,

x = (AU C)y -
Ummncmw.

= &, and

AU B = (.
Aoy nisnec

Ce AUy eynN (BUG), so aU € and BU C are net disjeint {f

~

C ¥ g,



. wwﬂ >w n”> always. If x ¢ >n then x ¢ nmw >» since
AL A1 S 0 & Aps hence »mﬁ >w - »,n. Ay = HPMH »w always.
If x ¢ some >H then x ¢ >H gince >aﬂ >n..~ c.,..c .f" rmﬂnm
n
Hmn x.... - >~.

. No. For example, let >s = {0, mv. Note also that

T |

L — <1 for nwﬂ a, but ¥ —
g=1 2t

- 1.
{1 2}

o

sction 1.3

. P(A) = P(A-B) + P(A N B), so any example in which B(A N B) < P(B)
will do (e.g., let A = BS),

ction 1.4

The probabllity that the first digit will be > 5, but the second
and third will be < 5, is (4)(6)(6)/10° =~ .144. Thus the
desired probability is 3(.144) = , 432,

The number of outcomes 1s (24)(18), and the number of favorable
cases 18 3(5) + B(7) + 13(6), thus p = 149/432.

(a} The first card may be chosen in 52 ways, the second in 48
since the first face value cannot be repeated, and the third
in 44, etc. Thus p = (52)(48)...(20)(16)/52°.

(b} The probability that exactly 9 cards will he of the same
guit is pnwwvwm\ﬁwmu. (First select the suit, and 9 of 13
face values, then the odd card.) Similarly the
vqodmvwwﬁnw that all 10 nmnnm will wm of mrm sama mc»n is

= )
GGG Thas po= (D39 + 4V CD).

The total number of positions available to the women is (
The adjacent positions for the women may be selected in
rfw - w+ 1 = mrl ways, Thus p = AE+HVan“

~1

a+tv -

The probability n:mn at Hmnmn one is ammmnn~<m »m 1 - the

100

probability that none is defective, so H-vnu ﬁ u\ﬁ Hmv

This is an application of the formula P{(AU B) = P(A) + P(B) -
P(A N B), A= {exactl < u kings}, B = mmxmnﬂyw 3 aces}. Thus

52.-1, & 4. 48 & 44

rau B = CHHGHED + HED - GO,

(a)

()

A sentence of length k must start with 2 word of length 1
or 2; there is only one possible word oﬂ length 1, but
there are 2 pessible words of length 2. 1f the first word
is of length j, the remainder of the sentence may be
completed in N{k-}]) ways; the result follows,

Assume N(k) xu this will be a solution provided
A = ngw + K2 1 e A% a2 = 0,%r A= 2 or M

Thus &m + B(- wvw is a solution. Also N{0) = A+B, N{l} =
2A~B, so A and B are determined by N(0) and N(1). Since
N(0) and N(l) determine N(k) for all k, any two solutioms
that agree when k = 0 and 1 agree everywhere, so that

>mx +.whuwvr.wm the general solution. In the present case,

AFB = 1, 2A-B = 1, g0 A = 2/3, B = 1/3.

The total number of outcomes is wmmﬂw the number of favorable
cases 18 (365)(364)...(365-p+]) = AumuVﬂ. Thus p = Aummuﬂ\ummn

(a)

(b

Let A be a subset of Q1 = {1,2,...,n}. Either 1 ¢ 4 or

1 + A: this gives us two possibilities. 1In general, either
keAorkd A, k=1,2,...,n. This gives us 2(2)...(2) =
2" ways of choosing A, Alternately, the number of subsets

with exactly k members is the number of ways of selecting

k distinct integers out of n, namely AMV. The total
n
number of subsets is L. AMV = (1% = 27,
- k=0

The number of ways of selecting subsets A with exactly k
members is AMV. Having chosen such an A, we have B = A + a

subset of AS. Since there are 2% subsets of A%, B may
be chosen in nnnw ways. The number of pairs of subsets is
n

o @ 27 e (2P - 30,



fa) Let (2 n.mH.m.“...nw.
the partition, where >P contains j other mwmammnm
{(j = o.w.....:nwu.

. Having chosen A, we must partitfon A,€; this can be done

1

Thus >~ can be chosen in A u v WayE.

1
in g{n-1l-j) ways. Thus
n-1 1 n-1l
gn) = T ) g(n-1-4) = T ) g(n-1-
§=0 J §=0 nnwuu g(n-1-)
n-1
- "h s,
k=0
(b) Let h(n) = e} T k"/k'. Then
k=0
n-1 a-1 -1 -1 w0 k
T Thew -t het T4
k=0 k=0 j=0 3
. w n-1
. et s Hrr @ g
%0 k=0 _
1"
P QT
§=0 i
| ot
< E e e
) since — = 0 .,
Now h(0) = el ¢ mﬂ aelel oy,
k=0 <*

Thus g and h satisfy the difference equation of (a), and
they agree when n = 0. By the form of the difference

equation, they agree everywhere.

ion 1.5

"If" 1s immediate (set w» - >w Y.
. T T
suffices to show that if >H.....>= are independent, then

P(A,° N A, N N A) = P(ASIP(A;)...P(A); the result then

For the "only 1f" pare, it

The integer 1 belongs to a set A, of

1.

3. .(a) Let A =

(continued)

follows by an induction argument. But

MA>MnD.PN3 Dmfﬂv IM.A>N n . Dbﬂv |M.A>H3>ND ...Dbﬂv
= nanmn>puvmﬁbmv...wﬁ>=v by independence
Cy.
= mn>w an>~v...mﬁ>ﬂv.
n k+1 n-k-1
plet1) | Ger?? 9 n-k p
p (k) 5. K ok 1

() pa

Thus p(k+1)/p(k) is > 1 Lff Anurvv > (kt+l)q, i.e. Iff
k< A5+Huv -

<1 iff k> (n+l)p - 1

= 1 {ff k = (wt1)p - 1. The result follows.

{spade is obtained}, B = {heart is obtained};
P(AN B) = 0 P(A)E(B).

(b) Let A = {spade is obtained}, B = {ace is obtained}.
P(AN B) = 1/52, P(A) = 1/4, P(BY = 1/13.

¢y If A and B are wammvm:mmﬁn and mutually exclusive, then
either A or B must have probabilicy Zero. For
P(AN B) = 0 by disjointness, and = P(A)P(B) by in-
dependence. Similarly, if the events A, L ¢ I, are in-
dependent and disjoint, either all or all but one of the
events must have uno¢mvwwwnw zero. (If mh>wV # 0, apply
the above argument to each A j # 1, to conclude that

mﬁbuv =0 for all § # {.)

HU

(d) Let A = {spade}, B = {spade or heart}; P(AN B) = P(A) =
1/4, P(AYP(B) = 1/8.
There are as many terms in AH 5.2) as there are unordered

+n-1
ktn-1y

samples of size u out of k, &wn: replacement, if.e. ( a

{see 1.4.4),



7. (a) For a favorable outcome, we must select n,

£y balls for color C;

outcomes is the number of ways of selecting n distinct

objlects from a set of t; the result follows.

(b} This 1s a astandard multinomial problem. The probability is

n! 1 ™
TPy ePy where Py ™ nh\n.

ﬁ_. .SN

B. (a) P(AN A) = P(A)P(A), hence P(A) = (P(A))°, so that
P(4) = O or 1.

(b) Tf P(A) = O, then since AN B is a subset of A, P(AN B) =

o.mpmo. Thus P(A 00 B) = P(A)P(B). If mﬁ»v « 1, then
P(4%) = 0, hence by the above argument, A® and B are in-
dependent. But then A and B are independent (see Remark

. 1 on_mnovwma.w of Section 1.5).

Section 1.6

1. Let X be the number of successes. Then

<

P{all successes occur consecutivelyls < X < 6}

6
T P{X=k and all successes occur consecutively]}
k=4 :

m.
T P %=k}
A
46 55 6 4., % 10, k 10-k
:Aﬂua+mvn+mvav\ mw vavp.
.W.-u

2. Px>3k>1} = wmx >3, x> 1Y/p{x> 1} = mﬁx > 3}/p(x > 1}

1 - P{X - 0} - P{x =1} - P{x = 23
1 - p{X = O}

2 n-2

T Gt

. 1-4q" - npg"

1- as

of the available
» 1 = 1,2,...,k. The total number of

We may Nwmmna.nrﬁm problem as one of dealing two 13 card hands t«
players 1 and 2 from a deck with 26 cards, of which 6 are soades.
In each case, we are looking for the probability that (say)
player 1 received a particular number of spades. Once the
numbar of spades for player 1 is determined, that of player 2

is determined also. Thus,

@ &3 - 36

2 2 26 :
® (3D + EHEHED - 25HEDIED - s
@ 25HENIGH = 15

@ 239739 = ot

Let A = {first two balls white}, B = [six white balls in the
mmvamw. If the sampling is done with replacement, then

@25 & et am®

P(A[B) = P(A N B)/P(B) =
O @mtamt

If the sampling is done without replacement, vm>_mu is the

number of ways of selecting & positions ocut of 8 for the white

balls (the first 2 positions must be occupied by white balils),

divided by the number of ways of selecting 6 positions out of
. 8 10, _

10; i.e. Apu\ﬁ mv = 1/3.

same with replacement as without replacement. Once it 1is

Note that the answer is the

specified that 6 white and 4 black balls are obtained, the

problem is simply one of counting arrvangemetts,

(a) The probability is P(AB + CD + AED + CEB) where A is the
event that the switch labeled 'A' is closed, etc, and +
stands for union, product for intersection, Using the
expansion formula (1.4.5) for the union ¢f n events, we

obtain {writing ab for P{AB), etc.)

ab + cd + aed + ceb - abed - abed - abce - cdea - cdeb

/|
umdnmm+bmdnmmqmvnmml mvn + mvw i mﬁl + mwm.



' : Chapter 2 :
5. (continued)
(b) P{E open and signal received] = ?{E°(AB + ¢D) ) Section 2.2
« f ABE®} + P{CDE®} - P{ ABCDE"] = u:uup - %p. q = l-p. 2. {wa SRW) <b} = {wRr(W < b} - {wR{w) <ale ¥, hence
® 1 L -
. . = 4 _ = TOT 1 -N
Thus {w:a < R{W) £ b} smw {wa <R <b+ sw ¢ § for all real &
| 2p%-ph) S _ |
P{E open|signal received} = — L uv 1 % T - 3, ME"wwAev + R, (W) < bl = U meuwwﬁav <r, wwﬁﬁo < s} e 1
2p® + 2p” - 5p + Ip ‘ r,s rational

+s < b
hence ww + wN is a random variable,
. {w:arR(wW) < b} = [wR(W) < ww ifa>0
= [WiR(W) > mw ifa<o0
‘= ¢ or {3 1f a = O.

In any case, {W:aR(W) < b} ¢ ¥, s0 ak is & random variasble.

3 3
{w: VR@®) < b} = {wmrw) < vuw. hence yR is a random variable.

Section 2.4 .

d
2. £,(y) = £ Ry |5 Ay
Ww s m=~ <y<e

= () elsewhere.

1 d 1 -2
3. 5, =G NIG eyl =T, 2y <4

< PG =y v
W . =, y <2,

5. (a) 1is a special case of (b). To prove (b}, let 0 <y < 1 and
: . _ pick an x such that Fy(x) = y. Then P{rR, <yl = PR, < x} =

mwnxu.n y, and the result follows.



. X
', We show that F(x) = % £(t) for all x. Plck any », and let
-
Kjnone X, be the points of discontinuity of f (or points where

F' does not mx»mnv which lie in the interval {~=,x]. Then

w.n XH vhN vr ®
] f(ode = p f(t)de + % f(tyde + ... + % f{t)de + % £(t)de,
e X1 x:-M *n .
Now if 1 < a<h< X f is continuous on [a,b] and

f = F' on (a,b], so by the fundamental-theorem of calculus,
b
g £(c)de = F(b) - F(a). Let b l.xw. a - x,
a

continuous everywhere, F(b) - F(a) - Mﬁxwu - mﬁanwu. Thus

xX.
1
% f(t)de = ﬂﬁxﬁv - mﬁxﬁ-pv for all i. Similarly,
p.4
i-1
xH . %
JEde = F(xp) - Hm FGO) = F(x)), [ £(e)de =
—tr . X = =@ ' X
o F(x)-F(x).
Thus

X
JE()de = FOey) + Flxy) = FQo) + oan + F(x) = F(x__))
4 ‘

+ F({x} - mAxsu = F{x).
b (@) R, = k iff R, = .ik... for some { = 0,1,...,9
i£f 108, = 1 + K10"! + ... for some = 0,1,...,9
LEF 1 + k1071 < 10R; < i + ?+:SL. for some
1 =0,1,...,9.

(b) 1In this case maﬁwv = mnme_mw wm_ where £ 1s the uniform

density on [0,1]; thus mwﬁwv = 2y, Therefore

9 - - - - -
P{R,~k} = % [(10 Yy 107% + 10 NVN - (10 L+ 10 mxvnu
1=0
9 - - - .
« £ [2¢107M + 107331072 + 1074
1=0
-y 9
= 10 {201 + 2k + 1)
{=0

-4 2 {
- 107% (22U 4 10¢2k+1)] = 091 + .00ZK.

Section 2.5

IA

Section 2.6

+

11

The equatiouns of motion are x = (v cos &)t, y = A<0m»: e -

o]

g = acceleration of gravity. The prolectilie returns to

earth when v = 0, {i.e. at time e, = m~<amws 8)/z. Thus

2

R = (v_cos mvno = (v “sin 20)/g. Since 20 i3 unifomly

(4]

distributed between O and T, we obtain, as in Example 2 of

Section 2.4,

o = B - BRI o<y <u s

o

R<bd} =P[R<b] - {R<a]} = mﬁwv - F(a )
b} = P{(R<b} - P{R<a} = F(b ) ~ F(a )

b} = PR < b} - R <&} = F(b7) - F(a)!

£ by. 3, <Ry £b,3 = Pla, <R <, xmmﬂumu

<R <b,,R,<a w = PR, £ by, R, < b,}

< ap, R, £b,} - PR by, R, < 2,0

S apy Ry Sap] = Fiopbyby) - Fiplag,by) = Frplby,ay)

meAmw.mmu.

Xy
Since mwmﬁx.%v JL%LM mwwac.<vncn<. the result follows.



12

By an analysis similar to Problem 1, the desired probability is
ﬂﬁvu.vw.vuv - ﬂmmH.UN.un - mﬁvw.mm.dwv - mhww.dw.muv +
ﬂﬁmw.mm.vuu +.mﬁm~.¢u,wuv +- ﬂﬁvw.mm.muv - mﬁmw.mm_muv. Inn
dirensions,

¢ < < =
Pla Ry Sby..eha <R <b Y =8

L3y 1 | ...Dd ta mﬁxw.....xvv

where & is the difference operator:

bda"m:waw.....xsv ~ ﬂﬁxw.....xsrﬁ.vﬂv - mﬁxn_.‘..xaaw.msv.

n
1 J - + - RS -
This may be expressed as mo MH wm ﬂw + + (-1} ms.

where MH is the sum of all AMV terms of the form mAnwu;...nnv.

such that ¢, = a  for exactly i integers ¢ (1,2,...,a}, and

cy = by for the remaining n-i integers.

By Problen 1, P[-1 < R} € 0, 0 <R, <1} = F(0,1) - F(-1,1)-"

F(0,0) + F(~1,0) = 1-1-140 = -1 < 0, a contradiction.

Section 2,7

4.

MHHM.-.ﬂﬂunwo...uxﬁv - WMWH M XH-.-.-Wﬂ—m vnﬂ.w =
n h
n mummﬂ. < x w a T F (x.,) .
i=1 : i i=1 it

If R is degenerate at c, and R, 18 an arbitrary randem variable,

1.
then R and R, are independent, since P{R ¢ B, Ry € www =

wmmw P wpw wm ¢ ¢ B, and = 6 1f ¢ § B. In particular R and R .
are independent., Conversely, let R and R be indepeundent. Then
P{R < x} = P{R < x, R < x} = P{R < x}P{R < x}, L.e.

#wﬁxv = mmwﬁxuum for all x, hence ﬂmhxv = 0 or 1 for all x. .
If ¢ is the smallest x such that ﬁmnxv = 1 n#mﬁ,mmnxv = 1,

x> cj Fp(x) =0, x<c. Thus PiR=c] = 1.

6.

Let g, (x)} = sin x, g,{x) = x.
1 2

i3

1f 8 and sin R are independent,

50 are mwﬁwv and mmﬁww; R), i.e. sin R and sin R are in-

dependent, hence by Problem 5, sin R is degenerate. Conversely

{f sin R 1is degenerate, R and sin R are iadependent by the

remarxs in Problem 3.

mme e Byao Ry

|

xH € mH.....x

= .ﬁ £ (x)dx, "
By

Saction 2.8

5.

6.

R ¢ uuw =

B
n n

b mwm...n
€

Axw.....ﬁavaxp...mxm

: ¢ - Pf P .
- W mn’xsvnxs mmwp & w~w...mes € mnw
[39

2

2 2 2 2 2 2

The core 1s described by x~ + ¥y~ <€ a", x +y + z" < ba”,

The volume of the core {3, in cylindrical coordinates,

M 8 (ha®
N,_. ¢ | rar {
0o 0 0

= 41 -

2. 1/2
-r) 4T a 5
dz = 2 H dg % n~b¢hnfmv~\wnn
¢ 0
1,,.2 23/2.% 8 _ 3
7 (4a”-r%) uo =41 (3 JIa .

The probabilicy that the worm will not be eaten is

4 Am - e

w & -5

volune of sphere of radius 2a

il
e

= =1 -
4 3
30 (28)

Thus the probability that it will be eaten is 2 /3.

The volume of the region is

=]
xm+wm < 4,
w >

3x
—- .
I L, ,.“..o dzdydx
xThy”T <4, z=
x>0
/2 2 .
Ix dxdy = .ﬂ _, (3r cosg)r drdé = 16.

8="M/2 r=q



"as would be expected intuitively since each vertical

(continued)
The desired probability is 1e % W % dzdydx =
* , z=0
x._.uw < 4,
x>0
m/2 2
WN % (2r cosB)r drdé = m .
QJIJ\M r=0

z =0 to z = 3x has 2/3 of its lengch below the line z = 2x.

i , Ix 2 . m/2 2
Il J kzfdzdydx =k [ J 9ricos B (r drde)
Zey? < 4, z=0 BT 2 el
x>0
2% 2
P(Ry < 2R} ,_.M._. .mo kz“dzdydx =
¥ +y M , B
x>0
n t g3 3 3
% % 3 £ cos 8 (r drdd)
§=-11/2 r=0 -
/2 N 27
w3 3
% % 9r”cos” 8 (r drdB)
guJr/2 =0
= 1 T
BT, €byseensTy <b .3 =0l BTy €£by,0.,7 b,
» — 1
xHAwNA:.AmL n! mmwym@w. mphwn.m.on.
R, < Ry € bayyevupR g RS b 1
v._. .om Py
- ! B -
a! [ 2{&:,_, £(x,)dxy. .. { £(x Yax
- *1 ¥a-1
b, b,

J o] et xgddxy. . daxg

- iy

‘1ine from

8,

11.

o« W @ N!TM&.HV
=-{x
9. B[R, > 2R, > 3R,} = J 7 [ et dxdydz
z=0 y=3z/2 =2y~ .
11 Nw
o o« o« e \n
-z =3y ol 2 e 2
= % e ‘% e dyéz % 3@ éz 23
z=( y=3z/2 .
min |x,-x.| > d, x;, <%, < ... <x 15 equivalent to
i 7yt = 1 2 n
i#s ‘
i
X1 +d4 < L <L, X2 +4d < X1 M x: = d,...,
x, + 4 < Xy < Xy = d, 0.< Xy < Xy = d.
But this is in turn equivalent to X .1 +d < X < L,
< .
x ¥ d <x n-1 S L- d, x _4 % d <x a-2 S L-2d,...,
Xy +d € x, < L-(n-2)d, 0 < X S < L-(n-1)4d.
Hence P{inin |R, wﬂVmwAmM . <R} =
n
it
1 T?._”:a T?._”NE L-d L
—— dx dx, ... dx
n 1 2 n~1
+
L 0 xw+a xsrw+m Xy ]
- (L-(n-1)d1"
n!L"

{continued)

where mnxw.....xsv = n! mﬁxwvmhxmu...mﬁmmu. %y < xy <

Thus P{min ~m

i#]

= (O elsewhere,

.-

|
{

> d} = ﬁw.lﬁmhwvmus 1f (n-1)d < L

= 0 {f (n-1}d > L.

.

.

< X



12, P{We 8} = PRE m-ﬂﬁmvw = w...ﬁ

o

g H(B)

£(x}dx
Let y = g(x),.x = h(y) to obtain
%...% marﬁkuw_urﬁmvﬁahs and the result follows.
B

L~y r2b?

13, F,(x,y) =

b2
lax 21l
X =1 cosB, vy» r sing, so urﬁﬂ.mv = 3T Wm_
By v
or  gb
- cosh ~rsing =-r,
’ s5ing r cosd
2 2
4 - .
Thus £, (r,8) = ——re " /2% 0 <g <21, £> 0. Evaluate
12 NJWN
° the individual densities of R_ and @ _ by
o @ o o
LH mnuwﬂ.mvnm.Lﬁ mwuﬁn.mvmﬂ ta ohtain
2 P
1 =t /2b « L 0<g < 2,

mx (r) = -y xe

r > 0; £, (9 .
° b ! mo ai

*
Therefore £,,(r,8) l.mm Aﬂvmmoﬁov. proving independence,

o
3 (x, v - -
14. mu»AN_cu mwmﬁx.wv 5z where z = xy, w =y, f.e.
X = m y Y ™ W,
l/w |N&£n 1
The Jacoblan is ‘ -,
o 1 v
Thus £, (z,w) = = £ (3)F. (w) > 0
u 14, (2w w 1P E, W, 2w .
Hence . .
0@ (=~ H-
= [ = [ 2 z
£4(2) [ £y, ¢z W) du = [ = £ (D)E, (W) dw.
. - 0

Note: The equations z = xy, w = y define a one to one mapping

A%

At e~ W~ N0 T e -

15. R = w~ + m¢\ﬁw+mmu. The density cf m4\m~+WMu is

g = £,0/ -y g5 G/ AyD] = VAt o<y

hence ww and wmxﬁw+wmv have joint density £{x,y) =

0<x<l, 0y« m. Thus
L 2 1/2-x L .
mmwmm u.w. dx | (1-y)""dy = - 5 + &n 2.
0 0
\ . 2 2. 1/2
16. The speed of the particle is Aww + wm ) , heance
Lo 2 2,-1/2
T Axw + mm } . Thua
Plr<t} = mmwwu + mmm > wxnmw = e
- 2.2
%% oyt msn# e y/2 axdy
x2+y2 > 1/t
I e 2 2
= Am:v.H % dg % ve T /24w o7HE , t =0,
0 1/¢”
-3 -1/¢2

Thus £,(c) = 2¢7e , £ 05 £.(8) =0, £ 50,

Section 2.9
K2 xu «
Lo (@) da(ldx) = x - 5=+ 5= - j= v ...
n 1 « XM
=z + x{- 3 + -5 + ...
glx] <2 ] -L4x %2 <1,
Huuh_luNuIN WImluT.-—rlM‘.—.nM..
1,1
< 3 + ;

and the result follows,



1. (continued)

(b)
2. (a)
(b)
3. (a)
(b

Chapter 3 .
2 Section 3.2 -
?:-uya..i:: xIJ..i B A « 2
o " " sw " ’ 1. mmwnu = % %" 1 e x /2 dx = 0 1f n Iz odd, by symmetry.
x - il
Thus (1 - lwvn - m-r i é‘
n - 2% -x*/2 | 1.2
: If n is eves, E(R™) = :llld% e / dz = (y =35 x7)
- - | Ja g -7
m?wz.;-im-_ou..»-myw.g_momym.or | b
_ 2 5 n/2 - -1/2
er A = .00lm > - 4n .01 = &4n 100 = 4.5. Thus n > 4600. _ =@ e Yeay) " ey =
X Vm 2 2 ' /2 o .
P{R < uu =e M1+ )+ =) = 5¢ , hence P{R > 3] = 1-5&"%, o |
2 (R 23] < H 2 _(a-1/2 % (n-1)/2 -y /2 s
V; % y e "dy = =
. Wi 0 .\.m :
PiR;-= 1} = P[R; = 1, R, = 1} + PR, = 1, R, = ‘
LRy = 1= L Ry = 13 + BRy R, = 2} ,, /2 u/2 1
2 n=-1 n-1 2 -1, .n-3 531 T ()
. RN 3337 G
= 45+ 2= 7 . Ja ST 2
PRy = 1} =P[Ry = 1, Ry = 1} *+ E[R; = 2, R, = 1] = (n-1)(a-3)...(5) (3)(1).
- LG5+ 2= .6 e @ © 2
! 3. (&) E(R,R,)) = xye e Vdxdy » ( [ ¢ ™Mdx)” = 1.
PRy = 1, Ry = 1} = .4 # B[Ry = 1} P[R, = 1}, hence R, 172 ,Mv,ﬁm w - :
and wn are not lndependent. © o
' . () E@®RR) = [ [ (x-y)e e Ydxdy = 1 - 1 = 0.
H,mm,,wm £2} =1 - P12(2,2) = .9. 00
. o -y
{c) mﬂw»-xm_ = % % _xs\_m e “dxdy

= %% Ax-wvm-xm-faxa% + H% Awuxvmawmaxawax
A B A
where A: x,y > 0, x> y, and B: x,y > 0, x < ¥

. @ x
= (by symmetry) 2 % muxm H ﬁxlwvnu%awumx
0 0

.Y ~i

=2 [ ™ u(l-e™ + xe "+ e * -

p—r

(-
fu
H

]
o
S8 ©ot—3

1) = 1.

[xe™X 4 g-2x m-xumx =2 (1 + W -
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7.

1 X 1
- : 1 1 1
Fﬁamxﬁmw.mmvu um % x&x % N a%u M % xAx+Hvaxui.
nw -H

3
-1

Alternately, MFAxV = mmﬁxv = W {(x+1}, -1 < x < 1.

. . 1 2
Hence if wu = meaww wwv. wunxv = wwaVMMAxV = {x+1)
=1 € x € 1. Thus muﬁxv = W (x+1), -1 m.x < 1. Consequeatly
° L b 1
E(Ry) = I = £100dx = 5 [ x(ebl)dx = 5 .
<= -1
3 ©
E{C(R)] = [ 2xe™Mdx + [ [2 + 6(x-3)]xe "dx
0
[--) -3 )
= % 2xe dx + 6 % mx;wVAx|w+uvm|Ax-uymuw&x
0 ) 3
-3 -3
= 2+ 6e (2 4+ 3) =2+ 30e.” ~ 3.5,

(a) P{at least one fails} = 1 - P{neither fails} =

L - B(R -2)T,

oo
[>T Ry >T) = L - ( % e Myl w1 - e

(b) 1If R.is the "down time" then

R=T - Bmxﬁwp.mwv if R, £Tand R, &T

= 0 if mwn:mn.we > T or mn > 7T
TT
E(R) = % % LT-max(x,y)] ?mayx ym|y< dxdy
co :
T X
= (by symmetry) 2 % Vmuyk dx % {T-x} Vm-?% dy =
C 0
T
2 [ (1-x) e ™ (1 - o ™My .
0]

E(R) = lhblwwll
® = np xMw K T P -
-1
= up M A
=0

- n-1 k=1, .0 v, _\n-r-1
np me (eoy) P (L-p) et 1-p)

= ap(p + 1-p)" 1 = np,

e el = e m————

Section 3.3

R 6 ~emyrwt
2. mmnmcavdu - % {x-m) e * 3K

/[

<

- 2
Llet v = D to obtain Q - e \

¢ /2T

th

a'® moment of a raudom varlable theat is normal with mean 0 and

variance 1, Thus, by Prablem 1, Section 3.2,

E[(R-m)™] = 0, n odd
=g" (n-1){(a-3)...(5) (D (1}, n even,
a1
v = E{cosgsing) = % = cosx ginx dx
1 Fa g .

= mm.% gin 2x dx = 0

3. mnw

bl
E{R cesx dn w 0, E(R,} = % Wﬂ ginx dx = 0
ro

il

-

ohﬁg =}

- 2 2 2 2 2
EL(R;+R,)“) = ER,D) + ER,") + 2E(R;R,)) = E(R,) + E(R,")
and _since mhm~v = mﬁmmv = mﬁw~+va = 0,

<mnﬂw~+sz = Var NH + Var mm.
Since wmww < 1/4, mw < 1/4) = 0§ mmw < H\owmmmw < 1/6}, R

and mm are not independent,

4, -_w_ <R < ﬂm_. 50 by properties 2 and 3,

-EURD < 2R) < B(IR]), t.e. JE@®)| < E(jR]).

3

I n

-
i

1 k n-k

5% R = (&-m + m} = (O (R=a) m .
. k=G *
Thus @_ = E{R" £ Myt ,
. hus & = E{R) = rﬂo Arwa mx. ABFUMInDY m».....ms-w are

finite and mu exists. From this result and properties B and 9

we conclude that G is finite L{ff mu is finice.

. n
dy, which is ¢ times th
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Section 3.4

2. mmANHv + dmmwmv = ¢, hence mﬁww|mﬂmpvv + vﬁwwnmnxmvv = 0,.

and the result follows.

3. Let g(x) = gf ?mﬁwwumu = m:fmvxm + Mmﬁfwwux + m%mm?
Assume ww not essentially 0; otherwise the result is immedlate,
Now equality holds in the Schwarz inequalicy iff the dis-
criminant of g 1is 0, i.e. 1ff the equation g(x) = 0 has a real
repeated root., But this happens i{ff g{x) = 0 for some x, i.e.
{ff for some x we have xww + wm = 0 (with probability 1),
Tnerefore, equality holds 1ff m~ and ﬂm are linearly dependent,

Section 3.5

1. 1, ,...,1

A are independent iff

1 >=

= 1 = 1 = r = =
wMH> SEETRIS A an 1, HHM...mmH> 1
1 n 1 n

mOanHﬁ....uHHOOM 1, 1.e. iff
1 n

}

n

Hﬁww N mN ... 0N w:v = wﬁwwvamMV...wamav

SvmﬂmmOdmmn:W. ww = either >r or >XD. ﬂ?ﬁﬁ is equivalent

to the ﬁpamvm:mmsnm of >~.....bs (see Problem L, Section 1.5).

. (&) HDAEV = ] gsince mup points W belong to (,
HGAEV = 0 since no points w belong to .
(b} H>Dmmevnwwmmen ANB
iff H>AEV = HﬁaEu = 1
LEE T (W W) = 1
Hb U wnEu = 1l iff Wg AU B
LEE T,(W) = 1 or I(w) =1

LEE T () + 10 = I, o () = 1

[

2, (continued)
)y I, (W) = 1 {ff We exactly onm”mw {oy disjolntness)
w.m >u. @ .
iff T I, (Wy = 1 -
im] 7§ g
1
{d) let A, expand to A, If we A then eventually we A, hen

1

I, (&) is eventually I, so H%:AEV - p (W, IEW ¢ A then

n . W {
I, (&) = 0, hence I, @y - Hbmﬁv. The. contracting case i
Ay n :

handled similarly. ! )

4, let A, = {trial i results in success and trial {+1 in failure},
. i ;

n-1

i=1,2,...,un=1. Then MO = 7 Hb._ hence
i=1 i - .
n-1
E(Ry) = T P(A) = (a-1)p(i-p).
- i
1=1
50 ’
6. let A, = {box L is empty}. Then m.w »m~ m»w. hence
50 .
E(R) = T P(A;J. But P(A) = Plall balls go into a box other
i=1
49, 100 2y = 49, 100
than 1} = AWM¢ . Hence E{R) 50 Amov

Section 3.6

-, 5=1 _ k4=
1. (a) wm-.uMwMi:mMi.wi!Mm Mtwiw

S FTL) - F(m5) R E AL - 14 F (.5

= (from the table) ,2841 - 1 4+ .691 =._ 532,

po¥ el * -1 xoleel
® PrRzel =FR 25T =1 - F Y = F (D) =0
From the table, <. 1,28, or ¢ = -2,84,

3
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Section 4,2

- , v * .
2. P{|rR-n| 2 ko) = B{[R7] 2 Kk} = B{R" < -k} + PRV > k] = _
* * o 2. Restrict x and y to be > 0 throughout., Then
F (-k) + 1 - F (k) = 2(1 - F (K)), which does not depend on m or

S -5l .
¢. TFrom the table, F¥(1.96) = ,975, hence : . Cc = {(x,y): xty < 2}, C, {yiv<e2x}, 05225
P{|R-m] > 1.96 g} = 2(.025) = .05. T G =@, x>2
. P(C)=1,0<x<1
Section 3.7 o
. 4 - mmm. 1<x<2
2. (a) PR, #F0}~0Dasn—~0 , -0, x> 2.
For P(R_# 0} = m?unmau ..mxo. ¥
3. By (4.2.3), P{4 S R+R, < 6] =
k k I nk n . ' '
(b) E(R ") =L x PR =x} =0PR »0}+e PR =e") « .
n % n n n . -uy -3 -5
: . I e, { ne Vdy = p (e e’ ")
ummgmﬁlsmmﬂwla MOW NﬂVﬁTVOo . . ) wvlﬂ. ﬁwubm.ﬂrn.n Mmu %NOH
‘ . ) - - - -3 -5
m 4 py(etee ™y 4 pe e + g (1m0 + py(1ee
3. Apply the weak law of large numbers with ¢ = - 7 > 0., Then 2
Ryboo 4R Rybo o 4R a B
Mﬁ n z Ww = vﬂ n mz - Mw ﬁmww = XK., WN € ww
4. p{Rr, ¢ BiR, = = r
Ryto. . +R { 2 ¢ 1Ry = =] PR, = %} i
< P l——F— - m| e} by (1.3.9)
0 ag n — pxg) .M. £ (y)dy |
. . B
Tim - - by (4.2.2).
If K is any negative number, 5 < K for large n, hence vﬁwa
nm . "
lm»f..;:.,ﬂ K} > 2w~+...+xs < 3} - 1. ~hus wmmm ¢ m_f - x,} .._w f,(y)dy = N,.Jnmv.
Thus for large n, the probability that your total losses after n o
trials will exceed |K| is overwhelming. _ 5, 1f0<y<l, wmmn <y} = % £,(x) mmww < <_wH = x}dx
3 T - - -

Moral: Do not gamble (at least not if your average gain oa a
glven trial I3 negative). The weak law of large numbers, known

colloquially as the Law of Averages, predicts that you are very

-
&
rof— 8

S AP
#N ﬁxvmx PR
likely to be wiped ouc,

25
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{continued)

IA

Let vy > 1. w?wmifuxwuy»m l<x<y

. Co=Lf sy,

o

1 S Y
1£y>1, R, <y} = f 2 (1)dx +w_“ xlm () dx

i €

-

Section b.w .

1.

@ .
% mnwm% - mux. x> 0.

-]
£,00 = [ f£(x,y)dy = 4

Thus #A%_xu - mwﬂwww = mxuw. O<x<y
1 .

= O elsewhere,

v y y
Therefore mﬁwm < w_w»uxg - % h(y|x)dy = e’ % e Yy = 1-e*7, y2x
-0 x

=0, v < x.

(a) is a special case of (b). 1in (b),

B 1 length ox
mwﬁxv l % mﬁx.wvawl mmmmo % mn lwdmmo

-0
X

£04GY) o 1 -
£,6 " Tength C_ 1f y e Cp, tee. glven 3y = x,.

.
el g

Thus hiyix) =

R, 1s uniformly distributed on C_. . :

4.

If R, = x then R,-R

< z {ff R, < x¥z. Thus
2"Rp & B LRy 2

P{Ry < 2[Ry = x} = P(R, < wrz{Ry = x}
xtz %1z x-
= % wnumxvm% - w " Vdy (see Problem 1)

= mxmmnx-maﬁx+Nuv = j-e" %

The conditional density of zu given ww = %X 18 mm Awam-Nv =

e , z>0, x> 0.

2
-z -1 -2 :
P(1 <Ry g 2|Ry = %} = M e “dz = e - T, x> 0,

snd R

Note that mH 4

axe independent but w».mﬂm R, are not.

Saction 4.4

2,

-u - - T Len, . .
E(Ry 1Ry™X) 0 e e R =X ) .w_,,w CTCE SIS LA

il e a n
(1tx) - : 33
= H+M_ % o VAH+?va? I.WWN%NI ,x = T Xy
) . i=1
0 )
rﬂw_xv = 1/x, 0€x<1, 0<y<x
IH.HMXMN.OM%MH
-%ﬂ,.NMxmu..x-NM<m,,.
&3
Thus NAWN—wHREV Ho_. %Tﬂw‘ﬂunum%
1 ,
=-[ydy=5x,0<x<1
0
: 1
={ydy=5,1<x<2
0
Lo 1-x=2)% w3
= e - Aofxo2) o xod <
el By e =2, 2<x<3

Note that all computations may be avoided by making use of

Problem 3b in Section &4.3.
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6.

Let wH be the number of ones, xu the number of twos. Given that
Ry = k, Ry has the binomial distribution with parameters n-k and
1/5 (see Example 1, Section 2.9). Thus mﬁwm_mwnru = W (ri-k).

iwﬁ > 1, k8, £ 3}

- 38 3
() PRy > MryHR, < 3] PR ¥R, < 3] 77877 ¢
E(R,I )
mw +R, < 3}
(b) E(R,|R Ry £ 3) = o %, ww
g o 2
- = % H %I £(x,y)dxdy
x=0 y=0 {xty < 3}
8 L . 1 2 2 3-x
=z % i xdxdy = w %xax %mw + Mxdx % dy]
0<x<2,0<cy<2"” . 1y
xty < 3 '
2 13 19
7 A+ =37 -
©  P(B }E(RIp )
M P(B_) mﬁw_mu = T FE)
n=1 n=1 n
=] o
.= T mAwH )y = E{ M wH Y = E(R) since T Hm =1,
n=1 B n=l Tn n=1 “n
o> oG
(It can be shown that E( T WH y = L E(@I_ ) if E(R) exists.)
nal By n=1 B
Ple, < T < gt} .m.no.m.?%ruﬁv "
wm.m..no <x|T> ey} = S = t ~ = l-e ",

e
Thus the (conditional) waiting time gtarting from q has the same
density mmsx. x > G) as the original waiting time T, i.e. the
bulb "does not remember" that it hes already burned for ¢y

units of time.

2 . :
11, 2R 0% R =) = %+ BR,F[R,"%) (ef. Prodlem 5, Section 4.

©

- T 2
Now mnm uxv = H v rp _Auaw - u y nwvatw = E(R, } by
-

indepandence. ﬁrsm

G
2 2 P2 -
[Rp=x) = x4+ [ 7 veJay

-1

2
E(R,“+R,

[T
%
Y
4
+
[ e

2 1 27
N.Tuml.m-u.lh +ﬁw.

m_,x =x, ¥ <R, < y+dyi

12. () HRy=x]y <, < <+a<w = ¥y 2 R, < ytdy} i

A

mwniiwAw A%&imn&

T J“ Jx. Ply <R, < yrdy{Ry=x’
Vﬂu

mmwanxgwﬁw_xuaw
m.mﬁmﬁnx_wzﬁw_x.vmw
X

2

) Ef z A, R

;€ Bl = E
g

HEREY [ nty]xdy by (4.2.2).
x B

A
But [ £,(y) B{R; ¢ A|R,~y}dy =
B

PR EL:QT&

T P{R,=x'lh ' T 5 ; dy =
w oy {Ry=="Jh(y]=") o a DERRGTED T
T PR, =x} [ niy|x)dy.
x g A * . %
13, P{R) e A, R, ¢ B} = [ £,(x)} P(R, ¢ B{R,=x}dx
‘ A
[ T 1%) 5T L ep(rlade (¥)
. = X p{yix)dx = Py ly
! e B . ¥eb % P2 () 2

A y
= T mmwmnwu mﬂww >“mwnww. which, is the appropriate

Yye¢B
version of the theovem of total probability.
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14.

15.

. 11
X L 0=
wmmpnxp,....msuxs_muwu = AT (1-R) X = Hmw

H
Thus vww nxw..... =X w =
o

By Problem 13,
is

b 4 -3
EFIII 0<h< 1y

B(l+x,n-x+1) ° - -

~ - - r MO hH xw w
Hence mﬁw_mwix_.....mz xnu = %

B(i+x ,n-x+1)

B(2+x,n-x+1)
B (I+x,n-xt+1)

T(2+x) T(n42) okl
U(1+x) T(n+3) ﬂ+~

(a) The vncvmcww»nw of error is

P(heads) P{R & S|heads] + P(tails) P{r

£ A0 ""4N = B (1+x,n-x+15.

the conditional density of R given R 17K e e

} s|tails}

= p m £,(x)dx + (1-p) %n £ (x)éx = p a £q(x)dx +
o S

5

(1-pX{1

£,

(b} Let L(x) = a
0

L}
80 to minimize the probability of error,

x g 5. If L{x) < HWW , the integrand is > 0, so take x w S.

If L(x) = Mmm , do anything.

|Ax-BHvN\wum

€

For the example, L{x) =

"

we should put

- (x-mg) /25
e
_ 2
(x-my)2- (x-m )
L(x) > ~2 1£f 0 LN P
l-p 2 l1-p
25
2 nytmy

X ¢ 5 1£ff x >

P .
- in r..!f..Htv + 7 B

R_™=X

.h £, (x)dx] aﬁ [pf(x)=(1-p) £, (x)]dx + 1-p.

. If Li{x) > Mmﬂ , the integrand is < 0,

1°

R i d —

16, ER{rR > 2) = E(RIfp -, Mwu\mﬁ» >2} = ¥

1

kp A»\\ M Pr (k) =
ko2

(vp - vafwvu\hwadwﬁoy LN P .
7. E(R, 2 < Ry < 4) = mﬁmmHﬁu <w, < »WV\m
N ] T
mcﬂ Hw&h M m,H M va - ﬁﬁuhmm < WH M Hﬂ_wv
PV/Z SRy < 21 + Pl6 < R, < 10}
2 N 10 )
3
% mx + % = dx .
/3 ©° W (8 - mu\mu + 12
Hum (2 - /2 +4) 6 - /7
Alternately, mmm =3} = 4/190, and after removing this dis-

continuity from the distribution fu

nction of R,, we obtain

L,(3) = —45— = V20y'", 0 <y <36, Thus-
4
E®yLer ¢ R, < 43y = 3MRII + [y MH\N dy =
- 2 20y
mm + wm Amlmu\mv as above.
(a) If R is absolutely continuous,

@ -9 - I EL (67 -8)" [Rm £, Gy ax,

To Emnmdﬁwm this, it is suificient to minimize

mﬁAm -8 #W|x_ for each x,

mﬁAm mv fRax] = E[(d(x w w

+
But since §

= d(R), we hav

2
Rex] = @7 (x)

- ZEG[Rex)) + EG62]Rmx).
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19.

(&) (continued}

2

Since y' -2Ay+B is a minimum when y = A, we have

di{x) = mﬁ¢_mnxv.

If R is discrete,

B[ (@*-)?] = £ E[(87-6)|Rx] p, (o),
X

and the same argument applies.

(b) Clearly d(x) = 1 {f 1 < x <3, d{x) =-1 if -3 < x < -1,

If -1 < x <1, p{e=1]R=x} = m?u:mm?mmn:\mwg (sea

Problem 12). Given 8

‘tween -1 and 3,

+ w mwﬁx_mu 1) = (1/8)/(1/8 + 1/8) = 1/2.

= 1, R {5 uniformly uwmnﬂwvcnm& ba-

so P(B= w_mtxw

AH\MVAH\bv\A £ (x|o=1)

Thus

p{e~ -1|R=x} = 1/2 also, so that d(x) = E(8|R=x) = 0.

With probability 1/2,

@ -90)

2

= 0, and with probability

*
/2, (@ rmvm = 1, hence the minimum value of

e[ 0*-6)2] 1s 1/2

20, The conditional density of & gilven R = x is (see Problem 13)

vmﬁr_xv = mmﬁyvaﬁmux_@nrw\mmwuxw = e

- Nx+wwxms&7\x“

-V -k V

-r -\ 7

O‘-—:B

Thus EB]R=x) = | M (Mxodk = 71250 [ e 2
| ! !

= (x+tl):i2

x+H\x“m

x+2

1
= 5 (x+1),

uw

Chaptex 5

Section 5.2

2.

= N o s M * <
zﬁnmu 7wmnu {(e”-1) + 33 Aw-ﬂmmu. a1l &
Ng(s) = ZWAmVZMAmV = L @7 4 267540 %0 T2

wm t
fa06) = 3 mﬂxqmvcﬁx+Nv + 20U arl) - Sxu(x)
Y

§
Wb

4(x-1)u(x-~

+ aﬁNnMUch=Mwu.

by .
® dx = i v Re s >-h .

?dmaawmnwx

(n-1).,

i

z ﬁmv = A..Iilqﬁu ga £ munv an fAu,w.

sHR 0
1
m(1+y?)
(The same result is obtatned if 6 ig uniformly distributed

¢ and 2r,)

I R = ) = £ (s a
R = tan 8, mwﬁvV mmﬁaqn tan MV_MI ATC LAN %_ =

between 0 and T, or

For x > 0, f{x) = u(x) - xuf{x) + {(x-Du(x-1),

transform of f(x)u(x) is ZFAmu = W - MM + WM e
8 8

The Lapface transform N Amv of £(x)u(-x) 1s that of £(-x}u(x)

Thus the Lap]

{all a).

(= £(x)u(x)) with s replaced by -s (see Property 3, Section
-1 1 1 8 -
i.e. ZMAmV % "3 + e {all 8), Thus
8 g
N (8) = N (6) + Ny(s) = 25 (e%4e™) - .
8§ 3
, 1
lec s = fu to WVanm zmamv = -7 (2cos u) + mm
u
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3. (2) By (5.2.1), £ = 3¢ [ M(we " du, ox

1.

1 L
-Lux
o M{x) e
-

f{u dx .

iu -iux

(We may replace e * by e
valued,) Multiply both sides by k to obtain the desired-

since M and £ are teal

result.

() % a-_x_m-»cx dx = 2 5 (see the discussion aftev (5.2.1}}.
e 1+u . 9

This is nonnegative and integrable. Thus Wnu_c_ iz a
characteristic function; since mo = 1, the appropriate k :

18 1. MW =1 - |u], M) =0, v} >1, is 8
characteristic function by Problem 7.
® ' muxN\N .
10, M'(u) = % -x sin ux dx

- \mm

-x2/2 1 5

1
— u cos ux dx = -ub{uj.

° -M\m
= % sin ux d{e Yy = - Iii.ﬁ 2 7*
v I o J I w

The differential equation dy/dx = -xy may be written &8
2

Integrate to obtain fn y = - wl + €, or

2
Thus M{u) = e ™ /2

1dy . .

y dx 2 i

y = ce ™ \N. (note M(0) is always 1y, 1If
N .

R is normal Aamuwu then R = {R-m)/g is normal (0,1), so

*
muwcw -{u{mtaR VV

E( ) = E(e
e 2,
K»A&vnmnﬁgmcoxm .

R

-ium
= @

Section 5.3

No. If so, then £(x) = 2e ‘u(x} - [u(x) - u(x-1)]
= 2% . 1, 0« x<1
= mmux. x> 1
-0, x <0,
This is :mmmnmmm.maﬂ ¥ near 1 and < 1, an impossibility.
b
zmﬁmu = h f(xye “Fax. For any particular 8, _mrmx_ has 3 om

largest value {or x € [a,b], say K. 'Thea
b
[, (o) m.h Kl £(x) |dx < w,

No, Let R be uniformly distributed between O and 1. Then

1-e 8 i _a-lu
Np(s) = M y 50 M (u) = FEE— L Naw
._ . i
zwﬁcv_ - Tl |1 - coa u+ 1 sin ul
(1-cos cvp\w “mms W u
!K\WM —C— = 1 ¥ m.n.wnm ﬁ:ﬂw
7 |

M () du = =,

femg

Section 5.4

1

o
<

Let () = T_;.EN? EEZ o vnsmu =
Let WAEHV =1, HAEMV = 0,

Ifn is even set mnAEHV = w.“quENV l.o.

If n is o0dd set w:AEHv =, xnacwv -1,
Then mmwnHOu = P{R =1} = 1/2 for all n, and

P{R=0} = P{r=1} = 1/2.
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2. {continued)
d

Thus manxu = F(x) for all n and all x, so ma -+ R.

But if 0 < ¢'< 1, P{|R_-Rl > ¢} = P{R #8R} = 0 if n is even

= 1 1if n is odd.
P

Thus R 1 R.
3. Ife > 0, then mﬁ—ms-n_ >} = PF{R Zc+ s+ PR ¢ - ¢}

=1 - mﬁws <ecH+el+ mmmz <c -3}

2 (e £
<1-PR Lc+ ww + PR <ec - sy =1-F (+3

- .+ws?.-3..fp+o..o.

n .
4L, If ¢ > 0, Mm“w=_ > et = dmwﬁum w.moﬂ large enough u

1 P
= == 0, Thus R_ — 0.
0 i

nk n 1 nk
wcn mﬁwsrv uo mmwpuow +m wﬁwanm 1= :m e.

ﬂﬂ ry
5. (a) mﬁ;os-vﬁ < ,001) = mmﬂmm - p| < .0011 where R is the

number of "A'" voters

RyoP .001at/?
- B[ |- H\M“ = 773} ~
{ap(1-p)) (p{1l-p)}
_ 1/2
(p(1-p))

* T 7 .
where B 1s normal with meaun § and variance 1., Now

. * "
mﬁ_m*_ <a} = F (a) - F (-a) = 2F (a)-1. Thus, with

/2 e
.001n 2F (a) -1 > .59 or F (a) 2 .995.

-’

a =

&)

5. {continued)} -

From the table, a > 2.6, or S.N Awmoaumvnwuvv. The
largest possible value of p{l-p) occurs at p = 1/2, so
7.
n > (260007 £ = (1300)% = 1,650)000.
*, OFJH\M ! *
2F(B) - 13> .95, b= B s BB > 975,
‘1 L2 =
(p{i-p)) _

PN

or b> 1.%6. Therefore n > mwmmvN

n.nwmvm = 9604,

2 2
d 1 -x“/2 1 -x"
i e / i /% {1 + Mﬂv. Thus
xMﬂK __..Mm.ﬁ. .. Xn.
2 @ 2
1 -x"/2 1 - 2, i

e / E&H —- ot /2 {1+ hmw at have the same

v BTx x Jan t :

derivative, hence differ by a comstant, necessarily O

(let ¥ = »}, Since

2 @
et /2 .y 1 |nw\m

» 38

L
YEil

The ratio of integrals on the richt is < —-, and

therefore ~ 0 as x ~ w, proving che result.
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. 7940-8000 _ _* _ 8080-8000
B. P[7940 < R < 8080} ~ P{ o SR STn 1

* k3
= P{-1.5 < R <2} =F (2) - F (-1.5) =

F¥(2) + F(1.5) - 1 = .977 + .933 - 1 = .91,

Chaptar 6

Section 6.1

M.

We specliy
s R i ! £ f.
P{{Ry,-. k) & B ) HW.._ STC R S CIF LIP3
by

It follows from this that

MMAwM.....xxV £ mww =
ﬁﬁnmﬂﬁv.-.-”ﬁv € WW. - < H.PF.THAQD....qun < m_:.Anu..m -

%w”.% mwﬁxpv...mxﬂxwvnxw...mxx.
k .
Thus the probability measures wz mﬂm_nommwmnmsn. hence we can
construct a probability space on which we can define independ
random variables xH.mM..... with mﬂ having density

mn. no= 1,2,..,

mmws = 1 for {afinitely many n} =

W
lim m  PLU {R =117 ss in Section 6.1.
n—= m=-w k=11 *

Bug

u

H‘- u.m
EcQﬁ:v:-zn?.wgv,;;aiw.;
k=n k=0

ag m = ®, sc mMWduw for infinltely many n} = 1,

M U mﬂnww = wmmﬁna for sufficiently lsvge n}

N =~ ow
=1 - mezuo for infinitely many a} = 1 - 1 = 0

by the above argument,

-
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41
Section 6,2 . 4.
4, let A be the average time required., TIf p # q, there 13 &
positive probability _u-n~ of never returning to 0 (see 6.2.7)).
Thus A > o A_vun_u =w, Ifp=q, then vepardless of the result
of the first trial, the average number of trials required (after
the first) to return to O is infinite by the remark after the

statement of Problem 3. The result follows. Note: A more pre-

cise analysis may be found in Problem 5 of Section 6.3,

5. In the gambler's ruin problem starting at x > 0, the probability
of eventually reaching 0 is 1 if q > p, and (@/p)* 1f q < p .
{see (6.2.6)). By m%ﬂamnﬂw. the probability of reaching b ) 8.
starting from 0 i{s 1 if p > q, and nv\nvd if p < q. .

Section 6.3

2 ,25-2, ,1.20-2 1.2 _ “2n-2
2. (@ by =L G @ T,
(b Y2 _ (n)! Ly, _(2n-2): L2, 2uGnh 1
by ? I._l. M
r....us..N n.o. 2 (n-1)1{n-1), *2 A [
1
ﬂu..v.m.m
Thus
u 144
2n-~2 2n
Bon ™ Zn " Yn-z (LG ) T Yzae2 T Vowt
2n~2

P{at least one return in the first

L]

3, mmmp 0,008, 7 0} =1

In steps} = 1 - By =B = e =By
3.
= 1 - Acorcmv AcN-abv - ase ™ AcmsamucmsV by Peohlem 2
= u, (note ug = 13,

P{S; #0,...,8,, 1 #0} =25 #0,..0,8, 70, S0t +

P(Sy # 0,.euiSpn g 4 0y Sg # 03 = by uyp,

1
PLS; 2 0,008, >0} = 1 - P{5. <0 for some { = 1,2,...,2n}
2u-1 .o .
=1- T Pl first passsge through -1 occurs at time
1=1,3,5,,.. 1
t
But P{first passage through -1 at time {} = P{first passage
through +1 at time 1} = (by (6.3.4), with {1 = Zk+1)
v
L 42k, 1 42k i
1+on € Kk VAMU = b d»+~ {see Problem 2a),
Thus P{s, > 0,... T o= - i - ' .
£ 12U 8,2 0y 1 B,y ub - e - rms = u, as

in Problem 3.

{8) Say the insects meet after 3 mnmvm. if the mmwmmm walks
steps east and b atepa north, the fly must walk n-a stepa
west and n-b sieps south.

But a+b » } aad (n-a)+(n-b) =

80 2n-j = 1, or 0 = }. Thus avb ='n, which means thsat

they must meet on the diagonsl D,

(b}

L]

he probvability that they will meet with the spider takin

steps east and

B

O-a steps north {and the
stepe south) 1w mhwvmwvnu

ly taking n-a
. Thus the

f
steps west and a 2

probability that they will meet iy

1,2n o
HT T M 1

a=0 ~

.an n

= uﬁmv by Problem 7.

(Note that this is veally a random walk problem; tilt the
picture so that the line from the spider to the fly is
the axis,) '

Section 6,4

. o 0 [~
(1-2)a2) = (1-2) L az®= £ a°- ¢ 5,50
a0 n=0 O A=) B
- - - N .
& + Amw moun + Amm-mwun T .02 B (s -e wvuz.
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3. (continued)

Thus
@
iim AHINW>ANV - HQ hmﬂwlmﬂn_..—.w - m_D + Amwlﬁcv + Ah”lﬂ.—.v * e
z 1 =

+ a = o
( o] mscwv N

= lim & ,
n
n— e
B RtE, . k..,
4, Tha gonaracing funeclon &f R+ k 15 B(a ) = & AR} FHe
generating function of kR is mmurzv = mhnuxvmu = bhuxv. Now

5

F(n) = P{R < n} =

H

p,.'1, p_ = P{R=Kk].
k=0 k k |
Thus {F(n)} is the convolution of mvo,vw....w and {1,1,...,1,

so by Theorem 1, the generating function of mmmﬁvw is

n _ Alz)
Alzy L z 0= -7

5. (a) P[{R=k} = P{k-1 fallures followed by a success}

]

-5, k= 1,2,...
w . « -
(B) N () = T o oK P{R=k} = £ T (qe sk L
k=1 9 k=1
e ? -5
re s _am _ < 1.
-5
l-qe
ZW is analytic at s = 0, rmsnm (see Sectilon 5.3)
- 8.2 1
E(R) = -N1(0) = ~ [-pe */(l-qe™ "] _ » Fmey = =
R &=0 Awuavm P

2% = Np(0) = [(1-ae ™) (pe™") +

2pe”® (1-qe ") (ge %))/ (1-qe )™ ac s = 0, t.e.

3.2 4 3.2, ,.4 -2 -1
(p +2pg)/p = (-p7+2p7)/p = 2p " - p ",

43

5. (b} mnnnmnscmmv

Thus
var R = E(R%) - (2R)° ~ 3R,
AwwmmnmumnwsmMﬂsnnHo:nmw»u zwﬂcv tnnswu mam- O

.A(z)y = pz/l-qz. We may computa that

A(2) = B, AMe) v AL
(1=q2) (1-q2)

Thus by (6.4,.1) and {5.4.2),
E(R) = IN[[{M -1 . Var & = 2(i-p) , L MM - wwm .
(t-¢)° P " p° P

'

7. P{Rek} = mHmH e =R oML R, - 0} »

- E ] - - 3 “ﬂ “ﬂ
vmmH see =R =0, R o= 1]~ 5%+ qp.
Thus
- K k
E(R) = £ k(p'q + qp).
k=1
-, k-l
But WMH kq" ‘pis the mean of a random variable with the
geometric distribution, {.,e. 1/p. Thus
. L k-l 2
ER) =p  kp q+q L g lpuZ4d,
k=1 k=l & °

8. wmzHﬂu. 2mnru - Wmﬂwnu. ﬂmnruuw,l

2 k-2 . .
Pa o, 3=1,2,..,, k= 2,2,...,, ] <k (Problem 6b).

- pa
NAZFZNV - MArHAHH+Hva = Mﬁﬁﬁ v + MAHHVMAHMV

= B(1;%) + [T



8. (continued)
Thus
Cov(N W) = EONN) - EMDEN,) = (1D - @)’
= Var Hw
Cov(N,,N.) 0.2 . ¢
(R, Ry = 1S A SIS SN S I
1)
1’72 0,0, 09, O, \MQH /2
since g . Vaxr N, = 2 Var N
2 2 -
Section 6.5
® n 183
1. IfM>0, ?{ T T, <M} < mﬁqw * e BT mww i 55

3.

n=1

—~ 0 as n—~ = by the Weak Law of Large Numbers
(note mAeMv = 1/X).

Thus

n -

44

P{ m T <e]= qm c m m T < M)]< m B m T, < ¥l = 0.

n=1l

-

(a) wmmn =1, R,

But vmxn

+ P(Ry =

customers in (0,t]} -+ W P{odd number of customers

in (0,t]}

PR,

(t,t4r]} = = A~+¢

Thus MmWn -1,

= 11" = mﬁmo

M=1

=13 = (g, = 13 PR,

= 1R, = 1lr, = 1}

~1}P{R, = Hﬁmo

1

"2

1N74v.uw Proble

= i (1 -2hr
Wn+4 Mw ” (L+e Y

=1

Hr_ = 1.

= -1} = W P{even number of

= w_wn = 1] = Pleven number of customers in

m 2.

&5

3. (8} (continued}

. . =-2X
Similarly, mﬂmn = -1, wn+ﬂ - .11 = W (1 +e 4v
1 -2AT
wmmn =1, wn+4 = rww = A (1L - a y
; 1 -2hT
H.MWH - lu.u Wﬂ.._l._. HH i AM - @ v.

A T AR Ry
« T xy PR = KR o= ¥i
X,y
= P{R_=1, R = 1} + ?{x._= -1, R = -1}
b = e S o
- mﬂmn - 1, wﬂ+4‘4 -1 - wmmn = -1,
Repr = 11
1 =2%nr 1 =20
M (L +e ) - 7 (1 -8 i)
- o 2AT
Section 6,6
] (2]
1. IfPAY =1, =1,2,,.., then P{N A) =1 -P(U > v
n 1
=] a=l

and

P(U 2% < T

" 2(a %) = 0,
o=l n=l y

This fails for an uncountable intersection. For example, let

be uniformly distributed betwean O and 1, znd take >n “ (R 4
0 <t < 1. Each A has probability 1, but n A =10,
- - t t
0<e<l

hence has probability 0,

. 1
choose m 80 that oy < . Thes
B

mm_ww ~R| 2 ¢ for at least onme k > n} <

i

2., Glveneg > 0,

mﬁ_m -m_ > & for at least ome k > n} = 0.

- W



e
[+1}

g

-0, so R - 0,

“Hw = -

<A ]

< = p{
1f0<e<1, P{|R | 2e} = P{R

But for any @ and any n, wnsﬁév is 1 for exactly one

m=1,2,,..,n and 0 for the other m. Thus lim wﬁqaﬁv.ﬂm<mﬁ
A

exists.

By Theorem 1, lim sup & = [~1,1), iim inf & = {0},
n n n n

2

lim {nf AL mnx.wu"xn+% < 1}, lim sup A=

2

{ e, yyixiey? < 13 - £(0,1),(0,-1)].

Proof: (a) TE xw+wm < 1 then eventually the distance from

~13" ’
{(x,y) to ﬁhlwwl , 0) 1s < 1, hence {(x,¥) ¢ A _; thus
n , n

xu+%~ < 1 implies {x,y) e lim in% }ﬂ. :
n

() 1£ x2+y® = 1 bue (x,y) } (0,1) or (0,-1), say x > O.

Then (x,y) ¢ >n for all even n since the distance from
(x,y) to AW.OV is < 1; but {x,v) w bs mow odd n since the
distance from (x,y) to A%w, 0) is > 1, Thus

(x,v) € Hmsnmcv A (x,y) A 1im inf A, (similar

reasoning for x < J).

(e} If xm+wm > 1 then eventually (x,y) + A,. Also, (0,1

and (0,-1) are 1in none of the >=.mwﬁnm the distance

from (0,1) and (0,-1) to Ahnmwm , 0) is > 1. Thus such

points are not in lim_sup bz. The result follows

n
from (a), (b) and (c).

n

. Then lim sup A_ = (~2,x) or (-~=,x], For
a .
if ye A, for infinitely many n then X, >y for infinitely

Let x = lim_sup %
n
many n, hence lim sup x > ¥. Thus lim sup A, © (~o,x]. T
v < x then x, > y for infinitely many n, so0 y ¢ lim sup bn..
Thus (-=,x) & Hwaﬂmcv »5. and the result follows., {The same
analysis is valid for lim inf, with "evenrually" replacing "for -

infinitely many n'.}

&7

7.

10.

11,

i3,

(continued)

Examples: IF X, = then Hnanmcw >= = liin inf >n A (~»,x],

s

3
.n suw . . -
¥ = 0. If x o then lim sup A& = lim inf AL = (=2,x),

x =0,
This 1g answered by tha acvpument of Problem .

If 0<¢ <1, mm“wn" > g} = mqunww = p,. hence
P als : @
R = 0 iff lim p_ = 0, But R, — "0 iff T p_ < w; this

n
n =+ o n a=} o

follows from Problem 9.

Let O = {a,b}, P{a} = p, P{b] = 1-p; take R (&) = 0 for all n
msmvu ='1 for all n, R(a) = R(b) = 0. Then
mﬁwu -+ R} = P{a} = p, which may be specified arbitrarily.

There are many other possible examples,



Chapter 7

Section 7.1

2.

3.

This follows mnoa‘m:+w = I a:. and an induction argument,

Let s = {-1,0,1}, p = p =p = 1, and let g{x) = w2
R R T | -1,1 1,0 ’ .
r = = uuM

let the initial distribution be Pg PP TP T

2 2 2 nt
PR, = o_wH =1, &% = 1} = B[Ry=0jR;= -1, R,=1} = 1.
But )
2 wmmmwnH.xumuow mmwmuwemuuow
PR, =0[R, =1} =

mmxmmuww - mmwmnww + mﬁmmu -1}

wﬁwmnww _
mmmmupw + mmwmn -1}

<1, so Hmmmnvw does not have the

Markov property,

Section 7.2

2.

i

bl drre s Rl = P@lE0 0,

PR =1_[R

A= mmauwsw. B={R =i

nt2 o427 77 ﬂ+r S+WM C= mw

m+wnw:+ww.
Bat

. _Panele) | pealoypian ©
P(B[C) P(B}C) g

rAlB 0 ©)

Now P(BlA N C) = P(B|C) by Problem 1, so P(A}B N C) = P{A|C),

the desired result.

Section 7.3

2.

If { 1s essential and { leads to §, then since the equivalence
class C of { is closed, we must bave j ¢ C. BPut then 1 and j
are equivalent, hence j leads to L, Conversely, if the
condition 1s satisfied and 1 leads to j, then j leads to i,

so that 1 and j are equivalent

48

Therefore § ¢ C, so € is closed.

3, Let i ¢ C, and assume 1 leads to } w C. ‘There is a positive
probability of reaching j from i, and-once having reached j we
cannot retura to i, Thus there 18 & positive probability of

never returning to i, hence m«» < 1 &ud 1 {s transient.
B A

5. (a) Set Piy = Pyt wmmsuuw for m»w,».m c 5.
(b} S forms a single aperiodic recurrent class. {Given that

mo = j, the probzhility of never returning to } is

PR_#3,0=1,2,...1= Hg_mxm xua
k= o -

-
n

oy _ (k) (n-k) L (0)
6. Py T I Piy , 0 1,2,.v. (with h»» = 0)
(D _ 5 npw @
Pyg =~ 1m0 BT by
"
Thus the seguence ﬁtAOV 1, vav. mMnu ...} 1is the convolut

ot (£} and {p{™]

14 1, 80 Uzl = 1 = mhnvmhuv.
Section 7.4
n . d n
3. E -zt g pl¥)
=1 =1 % kel ]
2y mod &
n-r
a. T
1 d (tdrr)
3 Eoa Iooeg '
r=1 =0
, n
By Theorem 2d and the fact that a — a fmplies -~ L a — a,
e i k
L : Jee1
%
this - 3 umH m () m\tu where m»uﬁnv 1s the probablility of
reaching | from i in a wumber of steps thet is & r mod d. Th
n d £
1 ey 1 * 1
S o) v To@et
k=1 ] x=1 M
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Section 7.5 . . » : Section B.2
(nd) _ (nd-1) . . _ . 2. (a) 1fe, <8, .
1. pgy k = C Pik Py = Af 16 C . P .
€ ’ , -ng, Xy¥aeohi
(nd-1) 0 Tt ox !
z Pik Py - : Py &Mp, (x) = 2 e 3
k¢ C ] v -ug Koteu 78 .
r-1 2 1 . "1 G .
' - e QN Vo \wnH.-....uﬁD.-
By Theorem 2c of Section 7,4, wM”n-Hv - a\tw.w € C.q+ By . . b
Kivven,X =3,1,...
Fatou's lemma, . L
-
ml - Hms=w:m vMM:u > T = Py ™ z g Ppg » . -=Am~1m~u g, € (x) \ a
i keC i x¢ ¢ M =€ (™) where t(x) = % x,_ .
x- 85 k
. . k=1
But - % .wl = 1 by the discussion in the text., It folliows as , &) I mm < mm. e
o .
ie Cmi i
. t(x) a-t'(x) '
in Theorem la that ) . 8, (1-8,)
, _u_m\ Crvxvm {x) = v y
2 1 & xvmwum Wn-e{x)
. 1 i
1.0y 1,
H W, ki’
i kg C k . H-mm a mMAH-mpu e{x)
* (o5 ¢ 3 wWhera £{x) =
-3, 61 (1-6,) era e{x) =k, o+ ool 4 ox

If we assign probability 0 to states ocutside of €, we have a
: x» = O or 1.

stationary distribution for the chain, Now any stationary

- Remark: The MLR with ¢ - oW1l am - n,.x a-
distriburion for the chaln mast assign probability O to states b & B(x) = x holds when pg(x) = (}67(1-6)
the probability function of & binomial randem variable with

(n) .
not in C. If & v, p. =v,, C, let n — «; since is o . . )
¢ Evy 2 3 1tc, H b] parameters v and 6, 0 < 6 = 1; the argument s exactly as abor
transient or recurrent null, vav -+ 0 g0 <u = 0.) Now a For the sake of definiteness, we give the form of the UME
. test at lewal & Je han
stationary distribution m<uu €or the chain also induces a - .Q In case (b). We have
i
stationary distribution on each cyclically woving subclass D. (k) = 1 if T X, > e
' k=1
of C, relative to ﬂ&. name ly Macu_ i ¢ D}, (Note that . ‘ .
M o w G if
z v, = 1 for each subclass D, because of the cyclic , . i *i <ec
3 d : k=]
leD
movement.) By the argument in the text, n<u ] a\ch. and the . - aif m x e
result follows, . N N k=1
waere ¢ 15 chosen & Po,H.....nw g6 thac ‘mwmx"ﬁmxv > o} +
. : mmmomx"nAxvunu =a, i.e. ‘ o

n I - .
L (8. 1-5 )" ko, artg Cpyn o aBee
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2. {continuead)

(<)
. N m 1.
Pert ™ ) _ B+l N-B-ntx
Pg (%) m z-m gl-x  N-3 '
0 Sy Gl -

which is an increasing function of ©{x) = X.

oot
- B ®y umww
-n/2z kel
fo, () (et
AN n
1 - % \Mo
-n/2 k=l ® 1
{29 ) e
. expl A|1 - ]
0, 9
o2
where t{x) = T L '
k=1
. a .
4. The test is of the form: rejlect mo if .Mw x, > ¢, accept mo if
o=
n
+ /76 N, a g .05 (see "Example 3 of

ruw %y < ¢, vhere ¢ = n3,

Soction 8.2). From the table of tha normal distribution

function, ZQ.N 1.64. = Also,

*.,n|ﬂmw
032 8 =F (
/oo

Let Zw be the number such that F A.mu =B,

Y .

4.

(continued)

4m~s cwn8, +/ao Mg, Mg M gy« -1.38. Thus

nu_:.,..mw

/o g

> 1,54

c-n(8,77)

Jro

< -1.88.

Subtract the second equation from the fivst te obtain
/B2 3.52, or n»> 12.4. Thus the mininuam value of n is 13.
-n

By Problem 6, § = 1-Q(,) = Awiwvmmo\mwva “ {(1-0)27" so the set

of admiseitle risk points ia ﬁckvfw1§~m|nv 0 <a<1}. The
upper boundary of the risk ser is mAH:F.w hwsfvm <q< wu

I.g_l B B
{@1-627: 0 € o 1}, Thus the risk set is

{@g): 0<nct, (t-wd2™ < g < 12027,

By Problem 2 ¢jec :
¥ Pt em 2(b), we reject if xy + Xy t+ X. > ¢, aecept if

X, ¥ x, + x, <¢.

17 % R
wh ] .
wm\bmx.xw toxy +xg =k} P mxnxw tox, oy = k]
0 27/64 gyt
L 3(1/4)(3/6)% = 27764 36(1-8)%
2 3(1/6)2(3/4) = 9764 382{1-6)
3 1/64 g3

Thus we take ¢ = ¢
2, We rejeet »h.xw + %, + x, = 3, accept Lif

. 2
Xy + Xy + Ry = O or 1, and if ®y + X, + Ry ™

Py L

. . we reject with
probability a, zxmnm 1/64 + 9a/64 = ,1, or a w

.6, The power
function is Q(B) = m + mAwVJNAH -8) = Aoaw v\
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9.

11.

12,

13.

IL ¢ is admissidble let povf be a LRT with the same error
probabilities (Theorem 4). By the first proof of the Neymaa-
L, p = AM1l+k. (When

0, hence mnewu = 0, so GV is still

Pearson ﬁmna..m... L% is Bayes with €y =& =
N\ =
Bdyes in this case.)
by (8.2.3).
0 < p< 1, (8,2.3) shows that ¢ cannot be Bayes.

w we have p = 1 m:aQ.Vu
Since @ = ay and § = By, 9 1s also Bayes
Conversely, Lf ¢ is inadmissible and C{1Cy > 0,

Let R be uniformly distributed between (O and 8, and let
Eono = 1, :Tm = 2,
P,(x) = 1, 1< x < 2. Thena(®) =0, @) =1, a®) =0,
mmGNv 1/2. ® and %, are Bayes when p = 1 since ,
&) =
than Gw. .

Let @, & 0, and let @,(x) = 0, 0 €<x<1;

wﬁ_.umv = 0, But Gw is inadmissible since Gm is better

Assume first that B(®) > O, hence & is of size « by Problem 10,
Since o is most powerful, it is admissible, hence by Problem S,
¢ is a Bayes solution for some €ys €9 and p. But if
vf -

constructed shows that P(x) must be 1 for x > X, and.

ﬁnH.\:J&no. examination of the way the Bayes sclution was

tp(x) = Q for x < A, except for x in a set of Lebesgue measure 0.
(If for example, ' (x) < 1-5 and L{x) > A on 2 set of positive
Lebesgue measure, B(tp') would be > B(®))}. 1f 8@) = 0 then ¢
is a Bayes solution with p = 0 since in this case B{p) = 0 by
(8.2.3).

7,
Thus the above argument still applies.

Part (a) follows from the discussion after Theorem 3: (b)

follows from (a) and Theorem 3. Part (e¢) holds since every LRT
is Bayes (see the first proof of the Neyman-Pearson Lemma and

the solution to Problem 9).

If alp,) < 6@, but B(p,) > B(®,), both statements are false.

Numerical examples can be produced easily.

1.

Serticn 6,3

3 0, oo
(&) 23 in mmAxw.....xnv 3 + T in X, o= o,
i=l
N o
g6 8 = -0/ L 4La x, ,
ful N
- X n 1 w ~ -
(b} 38 in mmmrﬂ.....xsv - - m.+!m T Xy o G, s0 6 = x.
6" i=1
_—J .
{c) mwhxw.....xsv = /6 1f C 2 x, €@ for all i
= O elsewhere.
Thus 8 « Smxhxw.....xnu. . -
A 5oL 2 2, .2 :
38 An mmnxv 5 - w.m,..w:m.m “~ 0, 80 % =8, Thug § = _x_.
3 ¥ _ Xx-r o
8 YR v g T O o6
OAQV ....mﬁA..mnvaJ !.mlq g
o- & 3 sm mn.om - Y « Note that
1
max - o 3 :
0<t< 1 R{8) Inr which I8 larger than the risk of the

minimax estimate,

By (8.3.2),

@ -2
J e e x.mx 8 do
IO - o Dixray 2™ 7D
Je® &g Toenz D
O L
- XFL
2
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7. (continued)

p @) = ELCT G

- = ﬂ hhw B + 1- ou = W hcaﬂow + vamvmu

i 2 L ,.2
.mmm+2-3uuma B+ 1

mcs..._, e™® w (@%-e+1)de = 7 S :.Cn .w .

The maximum likelihood estimate of & is found by o tifferenclatiag
.hﬂmm-o ®fx!] with respect to & and setting the result equal to ’
zero; we obtain 3 = x, The risk function using w is -
o 8 * '
EgL(2-8) 21 = g, hence B = [ 8”00 = L > E(Y) -
Y .
Seckion 8.4
2
&, m Ax-wu - mxv—..E.Hln MN!..@.PI H
u404 2 2
. T
since
p 2 2 2
*-8 +..WN.|V|.|®. IF+H:||M®AMI+MIV+0NAM|+PV-
2 2 2 2 2 2 2 2
o T J T G T a T

the result follows,

5. (s) The rvesults may be tabulated a3 follows:
a(g) b (2} nw»..m.u Avnmﬁmu nunﬂ
5 hu A3 N P
(1) (1-8) xv Eno-an{i-B) e - ol
. B 1
AMH\ e ..uM.._.. Aab % - -
£11) ~t— 7H 22 1
WD~ 1 - 5 B«
s c
1
(iv) . ) ow 1 mwcw lnx = Wl ®
T(8,)8 . 2
(v) e
mhmw.mmV i omuw An % mmuw in(l
el 1
(vi) - “ : :
(1-6)° Gop a8 x e e

(b} .It follows quickly frow the Factorlzation Theorem that

n n
numw nHAmuv-....hmH nrAwhvv is sufficient,

6. If @ is any test let ©'(x) = E[P(R)|T=t(x)]. Then @'
test based on T, and E ﬁ.mmu - mmﬁmwu for all §, hence
CEYLEE)) = ,ﬁf.mﬁe:

is a

Secticn 8.5

et e

Lo v(@) = ﬂ -1 \w.. 5o the UMVIE ig
1m0 P
T Tui
g R L LT
10 0 (rogy it w’ ot
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3. R is sufficient by Example 3, Section 8.4, Now ® is normal

(9,9 M\vu , hence

2 ,.2
wS m@um,G&v WBT gy

2,2 :
-ny/ D %mioh oy

W 2 met/wt T
= (—p e ] stne
a0 )
2 2
y = 0 for all § > 0 then mﬁwum:mw /P” L0 for ally,

I mmmﬁw
hence gy n a set of Lebesgue masaura 0).

A::m as in Problem 2a, P mmﬁwv = 0]}

y = 0 for all y (except o
= 1, hence ® is complete.
Qw =
y =9, R is a UMVUE of &5 since — = Var R =
M 13
- ml is a MVUE of 82, *

Since mAW
DA - @D = el@® - 02, ®”

n n
7. mﬁmﬂ.—.. .-Wu dw.m.p W»nfv = m.mwwﬂ..-ﬂmﬁu,ﬂwgm.“u. Nﬁh#.w
n
= P{R,=...~*R,"1, T R
. _. ] 1{=3+1 L

I he N a- gy" oD e ey’

: el
~k-33/70 £ R;7K}
i=1l

n-j
A ) k(k-1).
- !MIWI - ﬁnﬂlwu...hﬁ e as in Example 1.
k

I = N » .U,h. nw
m.imwmuu mhfvmgmv 9~, hence mﬁmmfmp R ~k) 1o an unbiase

mmmm on & nosvwmnm gufficlent statistic, By

! m R k) = k- -1y /e,
..!w.

agtimate of mm b

Example 2, gection 8.5, E(R wm

10. Assume § 16 & best estimate of 6, Lot §'(x) = By Then
g, .......GV < & (- ,N : ’ = W £ 2
" = n@.fcv (#-85)", hence o mm u smormﬁmwv-QOV 1 =
Conpequently y{R) wo. But mg & mwranmnww go this is &
v »
contradiction, !
12 T ,
. tn £ « (2% in g,
12, (a) Eg wm n £ @] = [ Gy 4n £, 0016, Goydx
- 5
S 5 af, (x) 85
“ % S S £ (gdx o B2 ff (06 & (1
3R Tex fet 554 fplods =gy (1) =
-0
by v'(@) = o @Am .o ? . 5
55 } 25 % @Ax\nmﬁw\mx
- ¥
= A, (x) A
V¢ § 1
“ 1 oydx) - %)
.% % TG £, (x)dx
L= Vu M
- & L. PR, & .z
Lm {AaV,m@ Za aoayv\rmm 3
= E T“Q.& 4n f ?:. .
{c) By the Schwarz inequality,
[Covg (4(R), 55 4n £,
Awuvg < Var
mﬂmwv Vary wm in mm

The result follows from (&) and (D)

WU- .waw B & muHm var Lt s T 5 ¥ P R s
e .varienca Hm. ot Ccna Fﬁw _U nmw: R _Vt
ndng e Ha,» L
L m w. u

we may assume without loss of generality that p = 0 The
. a = » ¢

— n
mmhmﬁlwv 1= m.._”mmwﬁ -1 T RO

T gay 4 :
W 2,2 2 X
= E{R,") -~ = E{R,") + —
®hH et e oD
u =i -
2.1 -1
-G AR TR L S
(1 n " su ( i .



60

Y 2,
. 5. Rytby iz normal (0,7 \:»u. i = 1,2, hence
Scection 8.6 .
-5 s . R,-R - AF lt.>v
3 (a) T = /o ww\gwm where Ry is normal (0,1) and Ry 18 chi-square ‘ A2 W\Mh
- i
. 2 z . A1
(n). Thus 7l nmwm\wm = Ry /(Ryfn). Ry 1o chi-sguere ‘ a,mw + P%
N .

(1), so that T i3 F(l,n},

is normal {0,1). (Nete that thig resull may be used to

(b} L/R = Awq\SV\ﬁww\Ev where Ry 18 chi-square (m) aod R, 18 construct confidence Lntarvals if am

is known,) Since
chi-square (n), and the vesult Ipilows.

2 2
nw<~ ; mcm
i - e (n) random : n -
{(c) This ig immediate from the fact that & chi-squat { -
v 2 + + 2 sere the W N ﬂ
ariable is representable as ﬂw - W © whe £ s chi-squere ( . ~ . N
’ and normal {0,1). : . . " ; ,.
are independent . N A H+nm-mvn~ m A.H-?M | ?wuﬁwvx
2 Lo ..._FJ.J...N y 2 . 2.1/2
n R, -4k T as of Ereedcm. ( vy :wgu N
&4 15 = ¥ is chi-square with 0 degreas
- AD_V M_ ﬁ 3 = N n .
- ‘ . is t{n,tu,.-2) and 1t follaws
£f h 1s the chi-square {n) density and a end b are : e{ ~+ 2 ) and the regult followa.
1f S
_ = -y .
< < pt = 1. 2 2 |
chosen so that rsﬁxvmx i chen m*m - 2~ w 6, il / i is chl-aquare An»|av. i=1,2, hence
a c n. V. /g

2
: WW fidence interval for ¢ with n,v M\ 1) 2
Therefore [§,7] is @ con 2Vy /(ny-l)a,

fficient 10, . M\ﬁ: o 7 is F(n,-1,n,-1).
confldence nwm o oo,
: 2,52 - with n-1 2
by 1f vZ {s the sample variance, w /a® is chi-square If 8" denotes the corrected sample variance

, 3 o that n .2 1 ¢ _
degrees of freedom. Thus if a and b are chosen 8 v AT »Mw hmw.:vm then
b ay? = 1-t. Therefore -

« 10 then Pla < nam.m bl -
,M. g () ¢ ) X mwn a»m

z afidence e i
ﬁmmw MMIQ is a confidence interval for g~ with conile o2 MJM is F(n,-1,n,~1)
o 1 2

coefficlent 1-0.

and this allows construction of confidence intervals in the
ugsual way,
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7. (&) ESR) = mmﬂx £ C(R}Y = H-mmmx € cml.
If Hy is true, k = y{8) hence mmww € C(R)} > 1~z and the

.

result follows.
(my Piv®) € cR)} = rylx: @ () = 0} where k = v{#)
{note Gr exists for each k of the form v¥{8), by hypothesis)
= H-mmmx“ 9, (x) = 1} since the tests are nonrandemized
= w-mmﬁwﬁmu.
But when the true parameter is © rhen the null hypothesis
that y(8) = k is true, #mSnm,MmﬁﬁAwu < o and the result

foliows.
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