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Preface

This Solutions Manual contains solutions to most of the problems in the fourth
edition of

Astrom, K. J. and B. Wittenmark (1997): Computer controlled Systems —
Theory and Applications, Prentice Hall Inc., Englewood Cliffs, N. J.

Many of the problems are intentionally made such that the students have to
use a simulation program to verify the analytical solutions. This is important
since it gives a feeling for the relation between the pulse transfer function and
the time domain. In the book and the solutions we have used Matlab/Simulink.
Information about macros used to generate the illustrations can be obtained by
writing to us.

It is also important that a course in digital control includes laboratory exercises.
The contents in the laboratory experiments are of course dependent on the avail-
able equipment. Examples of experiments are

*  Illustration of aliasing
*  Comparison between continuous time and discrete time controllers

*  State feedback control. Redesign of continuous time controllers as well as
controllers based on discrete time synthesis

*  Controllers based on input-output design
*  Control of systems subject to stochastic disturbances.

Finally we would like to thank collegues and students who have helped us to test
the book and the solutions.

Karl J. Astrom
Bjorn Wittenmark

Department of Automatic Control
Lund Institute of Technology

Box 118

S-220 00 Lund, Sweden



Solutions to Chapter 2

Problem 2.1

The system is described by
x=—-ax+ bu

y=cx

Sampling the system using (2.4) and (2.5) gives

x(kh+ h) = e~ "x(kh) + (1 - e"‘h) (g)u(kh)

y(kh) = cx(kh)

The pole of the sampled system is exp(—ah). The pole is real. For small values
of h the pole is close to 1. If @ > 0 then the pole moves towards the origin when
h increases. If a < 0 then the pole moves along the positive real axis.

Problem 2.2

a. Using the Laplace transform method we find that

omet= () )= (i (1))

_[ cosh sinh]

—sinh cosh

h h
As sins 1—cosh
r :/e Bds:/ ds = .
J J cos S sinh

b. The system has the transfer function

. s+3 s+3 2 1
C s2435+2 (s+1)(s+2) s+1 s+2

G(s)
Using the Table 2.1 gives

1—e" 1—e 2k

g-eh 2(q _ efzh)

H(q) =2

c. One state space realization of the system is

0 0 0 1
x=11 0 0olx+|0]u
010 0
y:(001]x
Now
0 0 0
A2=10 0 0 A3 =0
100



then
1

0 0
e =T+ Ah + A%R%)2 4 >>b> = AR 10
h?/2 h 1

F:/heAsBds:/h (1 s 32/2]Tds:(h h?/2 h3/6]T
0 0

and
1 [0 0 1]
H =Cqgl-®) " T=—-——-—2
() =C(q ) q=1)
x x x h
x x x h2/2

R*(q+1)/2 h(qg—-1) (¢-1)*) L Ar%/6
_h(@*+4q+1)

6(qg — 1)
Problem 2.3
A 1
b =¢ h O A= E IDCD
> y(k) = 05y(k—1) = 6u(k —1)
y—05g 1y =69 u
qy — 0.5y = 6u
{ x(kh+h) = 0.5x(kh)+ 6u(kh) { x(t) = ax(t)+ bu(t)
y(kh) = x(kh) y(t) = x(t)

(discrete-time system) (continuous time system)

(0] :ehah =05
r =/[e*bds=6
0

ah=1n 050 a:—lnT2

h:é(e“h—l):6

x(kh+h) = [_3'5 _;_3] x(kh) + [gi] u(kh)

y(kh) = [1 1] x(kh)

Eigenvalue to @:

0 s+0.3
A1 =-05 A=-03
Both eigenvalues of ® on the negative real axis 0 No corresponding contin-

uous system exists.

det(sI — @) = [s+0'5 -1 ]:0@(s+0.5)(s+0.3)=0



y(k)+05y(k—1)=6u(k—-1) <
y(k+1) = -0.5y(k) + 6u(t)

6
Hiq)= qg+05

one pole on the negative real axis.

0 No equivalent continuous system exists.

Problem 2.4

Harmonic oscillator (cf. A.3 and 3.2a).

Uiy e ew= [k n)
o ()

Pulse transfer operator

H(q):C(qI—(D)*lr:(l 0] [q —1]1[1]
1
q

1 q 1Y qg+1
C?+1 (1 0] [—1 ] [1] T 2+1
z+1 z 1 1
Y(Z)_H(Z)U(Z)_zz—l—l z—1_22+1+z—1
y(k) = sin 2 (k ~ 1)6(k 1) +6(k ~ 1) = (1~ cos 7%) (k1)
where 8(k — 1) is a step at & = 1.

G(s):[seeProbl.2.2]:(1 0] [s —1]1[0] 1

1 s 1) " 2+1
1 1 s
Ys)=— =2 - ——
(s) s(s2+1) s s2+1
y(¢) =1—cost

y(kh) =1 — cos gk

b. The same way asa. 0  y(t) =1 —cos¢, and y(kh) = 1 — cos k& Notice that
the step responses of the continuous time and the zero-order hold sampled
systems are the same in the sampling points.

Problem 2.5

Do a partial fraction decomposition and sample each term using Table 2.1:

1 11 51 1 1 1 1

G e T — _—
)= SG+2)513) 65 365 4512 9553

1 1 5 1 11-¢2 1 1-¢3
L - T E T B i
12 (¢g-1)2 36qg-1 8qg-e?2 27qg-—e3




Problem 2.6

Integrating the system equation

x=Ax+ Bu
gives
kh+h
x(kh + h) = e*x(kh) + / e**Bd(s — kh)u(kh)ds
kh
= e*"x(kh) + Bu(kh)
Problem 2.7

The representation (2.7) is
x(kh + h) = ®x(kh) + Tu(kh)
y(kh) = Cx(kh)
and the controllable form realization is
2(kh + h) = ®z(kh) + Tu(kh)
y(kh) = Cz(kh)
where

oo i) ()

D=
C:(l 0] C:(h2/2 h2/2]

HO

From Section 2.5 we get

® =TT ! or O®T=To
r=17r
C=cCcT! or CT=C

This gives the following relations

ti1 = 211 — ta1
to1 =tn (1)
hti11+t12 = 2t12 — te2  (2)

hta1 + tog =t
h2
—tin+htigo=1

2

h2

? to1 + hitoa =0

h? h?

— —t =1 3

B t11 + o (3)

h? h?

. Loy = 4

D) t19 + B tog =0 ( )

Equations (1)—(4) now give

t11 = = 2 2 h
1n=ta=1/h or T 1 [ ]
ti2 = —tea = 1/(2h) 2r2 (2 -h



Problem 2.8

The pulse transfer function is given by

e -eta-we -2 (5,70 2) -

22-02 2(z-0.1)

- 2(2-05)  2(z-0.5)

Problem 2.9
The system is described by

Qb:[_a b]x+[f]u:Ax+Bu
¢ —-d g

The eigenvalues of A is obtained from
A4+a)(A+d)—bc=A%+ (a+d)A +ad — bc=0

which gives

— )2

A:—a+di (a —d)? +4bc
2 4

The condition that a<b<c, and d are nonnegative implies that the eigenvalues, A4

and Ag, are real. There are multiple eigenvalues if both ¢ = d and b¢ = 0. Using

the result in Appendix B we find that

el = aol +a,Ah

and
eAthCYo-I-CYlAlh
e*zh:ao+a1A2h
This gives
Alehh —Aze/]lh
ap=——+—"""—
A1 —Ag o= [ao—alah a1bh ]
eMh _ ph2h - aich ao—aidh
a1 = —
YT (A1 - A9k

To compute I we notice that ay and a; depend on A. Introduce

Bo :/h ao(s)ds = ﬁ (j—;(e“h - 1) - j—?(em - 1))

0

h
= [raite = 2 G 1) (e )

0

then
I ZﬂoB +ﬁ1AB



Problem 2.10

a. Using the result from Problem 2.9 gives

A1 = —0.0197 Mt =0.7895
Ay = —0.0129 et = 0.8566
Further
ao=09839  a; =0.8223
and
& =aol +120,A = [0'790 0 ]
- 00 7 o176 0857
Bo = 11.9412
B1 = 63.3824
0.281
I = (Bol +B1A)B =
(BoI + P14 [0.0296]

b. The pulse transfer operator is now given by

—-0.790 0 “1¢ 0281
H(q)=C(ql - )T = (0 1][q ] [ ]
-0.176 ¢ —0.857 0.0297

_0.030q 4 0.026
~ g% - 165q+0.68

which agrees with the pulse transfer operator given in the problem formula-
tion.

Problem 2.11

The motor has the transfer function G(s) = 1/(s(s + 1)). A state space represen-
tation is given in Example A.2, where

A:[_i g] B:[é] c=(o0 1)
qnzexp(Ah):Ll((sI-A)1)=L1< ! [s 0 ]>:

s(s+1) 1 s+1
B e 0
S l1-et 1

h

h —s 1 —h
e —e
M= 4sBd =/ ds =
/e s [1—es] s [h+eh—1]
0

This gives the sampled representation given in Example A.2.

6



a. The pulse transfer function is

H(z) = C(zl - ®)1T =
S CRVA OSSN I ety

ek () ()
(hte-1z+(1-e"—he?

(z—eM(z-1)

(h+eh—1)z+(1—-eh—he™)
22— (1+eh)z+eh

b. The pulse response is

0 k=0
h(k) =
() {anklr k=1

k
oF — (eAh) — pARh

Now

This gives

e~(k=Dh 1—e*
cotir = (0 1) =
1—e k-Dh 1 h+eh—-1

Il
/
—
|
Q\
=
N—
/
—
|
Q\
=
=
=
N—
_|_
Bl
_|_
®\
=
|
—
|

An alternative way to find A (k) is to take the inverse z-transform of H|(z).
c. A difference equation is obtained from H(q)

y(kh 4 2h) — (14+e ") y(kh + h) + e "y(kh) =
= (h4+e "~ 1Du(kh+h)+ (1 —e "~ he ")u(kh)
d. The poles are in z = 1 and z = exp(—h). The second pole will move from 1 to

the origin when A goes from zero to infinity.

The zero is in
1—e—he”

= Threro1 W

The function f (k) goes from —1 to 0 when /4 goes from zero to infinity. See Fig. 2.1.
Problem 2.12

Consider the following transfer operators of infinity order.

(tr <h)

t=u(t-17)=00c+10(t-T1) (infinite order)



—_——

Pole and zero
o
T

0 10 20
Sampling period h
Figure 2.1 The pole (solid) and zero (dashed) in Problem 2.11.d as function of the
sampling period.

Discrete time system is given by (cf. CCS p. 38-40).

x(k+1) = ®x(k) + Mou(k) + MNu(k —1) (Notice that 7 < h)
P=etr=¢"=1

-7 0.5
eAds B :/ 1ds1=05
0

=

o=

o

T 0.5

M= eA(h’T)/ e’*ds B = / ds=05
0 0
O x(k+1)=x(k)+ 0.5u(k)+ 0.5u(k — 1)

State space model:

[X(f(z)l)] B [3 065] [u(;i(li)l)] + [0'5] u(k)=®x(k)+Tu(k)

k= (1 0] [u(olce(]i)l)]

The system is of second order.

The pulse-transfer function is

H(z) =C(zI - ®)7'T = (1 0] [z—l —0.5]1[0_5]

0 z 1
= (1 0]2(21_1)[; 20;51][05]:2(21_1)(2 0.5][05]
:05(z+1)
z(z—1)



Invers transform of H(z) using Table 2.3 gives

H(z) = 252Gt D g5 <212L 22 )

z(z—1) -1 z-1
=1 k=1 =1; k=22
0 k=0
O h(kh) = {0_5 k=1
1 k>1
c. The poles are z = 0<z = 1 and the zeros: z = —1

Problem 2.13

a. This is the same system as in Example 2.6 but with 7 = 1.5. In this case we
haved =2 and 7 = 0.5 and we get

x(k+1) = Px(k)+ Tou(k —1)+ MNu(k - 2)

where
d=e¢1=037
fl=1-¢%=039
M=e%_—¢1=024

A state representation is obtained from (2.12)

x(k+1) d Iy Iy x(k) 0
u(k-1)| =10 0 1 ulk-2) | + u(k)
u(k) 0 0 O u(k-1) 1
x(k)
vy = (1 0 0] |uk-2)
u(k-1

b. The pulse transfer function is

Hz=(100)| o =2 -1 0| =
0 0 z 1

[oz+1T1 _ 0.39z + 0.24
22(z - ®)  22(z - 0.37)

Some calculations give

0 k<1
h(k) =< Ty k=2
Foe 2 4 e *3) E >3

Using Theorem 2.4 and the definition of the z-transform (2.27) we can also
get the pulse response by expanding H(z) in 271, i.e.,

H(z) =0.39272 4 0.3827% + 0.14274 4+ 0.052° + 0.02z 6 + 1>

The pulse response is now given by the coefficients in the series expansion.



c. There are three poles p; = ps = 0 and p3 = 0.37 and one zero z; = —0.62.

Problem 2.14

Sampling the given differential equation using the same procedure as in Prob-

lem 2.13 gives

a=e "

I
Using the definition of 7 and with 2 = 1 it follows that d = 4 and
I
T=3+T
Further |

— g(e—a(h—r’) _ e—ah)

Straightforward calculations give

ab3 + b4 e—a(h—r’)

bs + by
! ab3+b4
——1 -— h
d <b3+b4>+

_ 1 ab3+b4
r _4_1naln< b3+b4>

where it has been used that

Thus

and

a=-Ina

Problem 2.15

y(k)—05y(k—1)=u(k—9)+02u(k—-10) =
y(k+10) — 0. 5y(k +9)=u(k+1)+02u(k)

(" - 05q (k) = (g +0.2)u(k)

A(q —-0.5¢°
System order= deg A(q) = 10
B(g)=q+02

Also
(1 - 0.5q’1)y(k) = (1 + 0.2q’1)u(k ~9)
A"(q!)=1-05q"
O AY(a ) y(k) = BY(q)ulk - d)
B¢ 1) =1+02¢!
d=9
Pole excess — deg A(g) — deg B(g) = 9 = d (cf. CCS p. 49).

10



Remark

A(g) ¢ -05¢% qflo(qm _ 0.5q1) ~ 1-05g1

o (1 + 0.2q*1) g M
(1 - O.5q*1) AD(q*l)

B(q) q+02 ¢ 'g+02)  ¢g°+02¢71 _

Problem 2.16
FIR filter:

HD(q’l) =bo+b1g  +oo>+b,g"
y(k) = (bo +b1g e+ bnq*")u(k) =
=bou(k)+ biu(k —1)+v>>>+ byu(k —n)
O y(k+n)=bou(k+n)+biu(k+n—-1)+pv>>+byu(k)
0 ¢"y(k) = (boq" +b1g" b+ bn)u(k)

b1g" 1+ oo+ b,

_ bog" +b1g" P>+ b,

O H(q) 7 bo + 7
n:th order system (o)
q
H(g)=D+ m
b. Observable canonical form:
—-a1 1 0 p>p> O 01 0 vpe> O by
—as 0 1 o> O 0 0 1 0
o= = r=1:
1 1 :
—ap 0 0 0 0 bn

C:(l 0 vo> 0] D =

Problem 2.17
y(k+2)-15y(k+1)+05y(k)=u(k+1) <
q*y(k) — 1.5qy(k) + 0.5y (k) = qu(k)
Use the z-transform to find the output sequence when

{0 k<0 {y(O):0.5

u(k) = 1 k=0 y(-1)=1

Table 2.2 (page 57):

Juy

n—

Z(qnf)zzn(F—Fl); Fi(z) =S f(jh)z"

(=]

0 22 (Y —(0) - y(l)z’l) - 1.5z(Y - y(O)) +05Y = z(U - u(O))

11



Compute

y(1) =u(0) - 0.5y(~1) + 1.5y(0) = 1 — 0.5+ 0.75 = 1.25
0 22(Y —05- 1.252*1) ~152(Y —05) +05Y = 2(U — 1)

(22 —15z+ 0.5)Y 05221252+ 0.752 = 2U — 2

0.5z2 — 0.5z z
Y(z) = Ulz) =
B =z 1mro5 2 15705 %
_ 0.5z(z — 1) N z U(2)

(z—1)(z-05) (2—-1)(z—0.5)

V4
U _Zj (step) O

Y(e) = 0.5z N 22 05z N 2 N 1
z-05 (z-1)%2(2-05) z-05 (2-1)2 2-05

Table 2.3 (page 59) gives via inverse transformation.

1 z _ kT -y _ 1
Z (z—el/T> e e 050 T Lo
Z1<zl z )Ze(kl)tlhz
z—-05
_ 1 1 _ z
2 () =2 () = e

0 y(k) =0.5e *M2 4 9(f — 1) 4 ¢ (h-1)1n2

y(1) =1.25
y(0) =05
y(-1) =1
Checking the result:
1 1 21
2) = 0. —2In2 D) -ln2 _ = P) - _ 2=
y(2) = 0.5¢ +2+e gt2+3=73
y(2) = u(1) +1.5y(1) —0.5y(0) = 1+ 1.5 .25 — 0.52
L3 1
2 4 4 8

12



Problem 2.18:
Verify that

1.5\ h%2(z+1)
f:l kh)2% = h f: k22 = h—zf(z’l)
2 2 2
k=0 E=0
E 27k = > i T differentiate twice

k=

(=]

(- 1)

-1

(Zz*k) Z ket = - (zil) - (2—1)_22 - (z—-1)2

O (multiply by z) Z kz k= (2_271)2

d? & k-2 2 k-2
o (ZZ ) =Y —k(-k -1zt 2= (k2 +k)z
d? ( z ) 2(z—-1) _ 2
d2\z-1 (z-1)*  (z2-1)3
2
(multiplication by 2% gives 0 Z(k* + k)2 * = ( 2_21)3)

e :ikzsz _ 2 . z - z(z+1)

Remark A necessary condition for convergence of f(z7!) is that f is analytic
for |z] > 1. In that case there exists a power series expansion and termwise

differentiation is allowed.

Double integrator: The first step is to translate G(s) to the corresponding pulse

transfer operator H(z). Use the method of page 58.
The sampled system.

u(k) =step U(z) = — 1 O U(s) = -
Y(s) = G(s) E% _ sl3
0 Y(2) %?izflg (Table 3.3)

)
Y(2) Rh*z2(z+1) -1 _ h* (z+1)
- Ulz) )3E€Z S 2 (z-1)

13



Problem 2.19

a. The transfer function of the continuous time system is

b
G(s) =
(s+a)
Equation (2.30) gives
1 esh —1 be
H(z) = ﬁR( s s +a>

1 e -1
T z-e® —q be =
bel-e
 az-—eh

This is the same result as obtained by using Table 2.1.

b. The normalized motor has the transfer function

1
Gls) = s(s+1)

and we get

HE) =Y — Res(eShs_ : s(sl+ 1>>

S=S;
To compute the residue for s = 0 we can use the series expansion of (e** —1)/s
and get
1 eh-1 N h
S z—eh (=12 " z-1
(z-=1)(e"=1)+h(z—eh)

H(z)

(z—eM(z-1)
_(e"—1+h)z+(1—e " —he?)
- (z—eM(z-1)

Compare Problem 2.11.

Problem 2.21
s+
s+a
Consider the discrete time system

islead if B < a

z+b
z+a

ar elh 4 p ar coswh +b+isinwh)
E\ewh o) " 28\ Coswh +atisinwh )

sin wh sin wh
=arctan| ——— — | — arctan| —
b + cos wh a + cos wh

Phase lead if

sinwh sin wh
arctan( — | > arctan — O<wh<rm
b + cos wh a + cos wh
sin wh sin wh

b + cos wh > a + cos wh
We thus get phase lead if b < a.

14



10t b

-
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3
— o
/ \.\
e
;S g = '
//'.‘.
/./o"/
w
0 1
0 10 20

Time
Figure 2.2 Simulation of the step response of the system in Problem 2.22 for 6 = —0.9
(upper solid), —0.75 (upper dashed), —0.50 (dash-dotted), 0 (dotted), 0.5 (lower solid),
and 1 (lower dashed).
Problem 2.22
A state space representation of the system is

x(k+1)= [1; _3'4] x+ [3] u

B =55 (1 6) )

Simulation of the system for b6 = —0.9<—-0.75¢—0.5:0¢0.5 and 1 is shown in Fig. 2.2.

Problem 2.23

A state space representation of G(s) is
t=—-ax+(b-a)u
y=x+u

The assumption that the system is stable implies that a > 0. Sampling this
system gives
b—a

x(kh + h) = e %x(kh) + (1 — e ) u(kh)

y(kh) = x(kh) + u(kh)

The pulse transfer operator is

(b-a)1-e)/a

H(g)= 2= 1=
_ q+B
- q_efah
where
ﬂ:b_a(l—eiah) e~ —

15



The inverse is stable if

a

é(1—e*ah) - 1‘ <1
or b
0< E(l—e*“h) <2

Since a > 0 and (1 — e~%") > 0 then

2a
0<b< m
For b > 0 we have the cases
b < 2a The inverse is stable independent of 4.

b>2a Stable inverse if ah < In(b/(b — 2a)).

Problem 2.28
y(k)=yk-1)+y(k-2) y(0)=y(1)=1

The equation has the characteristic equation

22-2-1=0
which has the solution
1xV5
z12 = B
The solution has the form
1+v5\* 1-v5\*
o555 1159

Using the initial values give

1
C1 =

5(\/5+1)

7
1
cg = ﬁ(\/g_l)

Problem 2.29
The system is given by

(1- 0.5¢7 1+ q’2) y(k) = (2q’10 + q’n) u(k)
Multiply by g!!. This gives
q° (¢* - 05q + 1) y(k) = (2 + 1) u(k)

The system is of order 11 (= deg A(g)) and has the poles

1+iv15
pPi2=—1—
4
p3.11=0 (multiplicity 9)
and the zero
z21 = -0.5

16



Problem 2.30

The system H; has a pole on the positive real axis and can be obtained by sampling
a system with the transfer function

K
Gl =g

H, has a single pole on the negative real axis and has no continuous time equiv-
alent.

The only way to get two poles on the negative real axis as in Hs is when the
continuous time system have complex conjugate poles given by

32+2Zwos+wg =0
Further we must sample such that & = 77/w where
w=wyy1-72

We have two possible cases

i) G = S S + a2

S
_32+QZQ)OS+(A)(2)

ii) Gz (S)

Sampling Gy with h = 71/ w gives, (see Table 2.1)

_(I+a)g+a) 1+a
H(z) = (g+a)2 ~ q+a

where
— Z woh

a=e
i.e., we get a pole zero concellation. Sampling Gy gives H(z) = 0. This implies
that H3 cannot be obtained by sampling a continuous time system. H, can be

rewritten as
09¢g - 0.8

q(q—0.8)

The second part can be obtained by sampling a first order system with a time
delay. Compare Example 2.8.

Hy(q) =2+

Problem 2.31

We can rewrite G(s) as

Using Table 2.1 gives

l—e? 1 1-—¢3k
H(q) =

g—eh 3 g-e3h
With A = 0.02 we get

0.0392q - 0.0377

H(q) = (¢ — 0.9802)(g — 0.9418)

17



Problem 2.32

o'c:[l O]x—l—[(l)]u(t—r) T=02 h=03

11
-1
L = S s—1 0 _
®=7L ((SI—A) ) =¢ [_1 o
1
=, s—1 0 _ e" 0
- 1 1 ke e
(s—1)2 s-1

T h—T1

h s s h-t
e[l em (), - [ L) e
se® se® ), e’
0
h—T _

0
[ RN B Fanaive)
(h—1)e" T —e74+1) 14+ (h-1—-1)7

T
- et 0 1t
e (oL 21175
1= ses ) ° (h—1)eh T et 1+ (7 —1)e?
0

_ e T(-1+e")
B [ehf(l—h+r)+(h—1)eh]

The pulse transfer operator is given by

H(q)=C(ql - ®) ' (To+T1g7")

1350 0 0.105
® = o=
0.405 1.350 0.005

where

0.245
0.050
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Solutions to Chapter 3

Problem 3.1

Jury’s criterion is used to test if the roots are inside the unit circle.

a.
1 -15 09
09 -15 1 ay=09
0.19 -0.15
-0.15 0.19 ay = —0.15/0.19 = —0.79
0.07

The roots are inside the unit circle since the underlined elements are positive.
(The roots are 0.75 + 0.58i.)

b.

1 -3 2 -05

-05 2 -3 1 a3;=-05
075 -2 05
05 -2 0.75 ay= 2/3
5/12 -2/3

-2/3 5/12 ay =-8/5

~13/20

One of the underlined elements is negative and there is thus one root outside the
unit circle. (The roots are 2.19 and 0.40 + 0.25:.)

C.
1 -2 2 -0.5
-05 2 -2 1 a3;=-05
0.7 -1 1
1 -1 0.75 as= 133
-0.58 0.33
0.33 -0.58 a1 = —057
-0.39

There are two roots outside the unit circle. (The roots are 0.35 and 0.82 £ 0.86i.)
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1 5 -025 -1.25
-125 -025 5 1 a3=-125
—056 469 6
6 469 —056 as = —-10.71
63.70 54.92
5492  63.70 a1 =0.86
16.47

One root is outside the unit circle. (The roots are —5:—0.5, and 0.5.)

e.

1 -17 17  -07
-0.7 1.7 17 1 az=-07

051 -051 051

051 -051 051 as =1
0 0
0 0

The table breaks down since we can not compute a;. There is one of the underlined
elements that is zero which indicates that there is at least one root on the stability
boundary. (The roots are 0.7 and 0.5+ 0.866:. The complex conjugate roots are on
the unit circle.)

Problem 3.2
The characteristic equation of the closed loop system is
2(z-02)(z-04)+ K =0 K>0

The stability can be determined using root locus. The starting points are z = 0:0.2
and 0.4. The asymptotes have the directions +77/3 and —77. The crossing point
of the asymptotes is 0.2. To find where the roots will cross the unit circle let
z = a + ib, where a? + b2 = 1. Then

(a+ib)(a+ib-02)(a+ib-04)=-K
Multiply with @ — ib and use a? + b = 1.
a’? —0.6a — b? +0.08 + i(2ab — 0.6b) = —K (a — ib)
Equate real and imaginary parts.
a®—0.6a - b*>+0.08 = -Ka
b(2a—-0.6)=Kb

If b # 0 then
a® - 0.6a — (1 —a®) +0.08 = —a(2a — 0.6)

40> - 12a-092=0

The solution is

a1y = 0.15 +/0.0225 1 0.23 = 0.15 + 0.502 = { _8'222

This gives K = 2a — 0.6 = 0.70 and —1.30. The root locus may also cross the unit
circle for b =0, i.e. a = £1. A root at z = —1 is obtained when

~1(-1-02)(-1-04)+ K =0
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Figure 3.1 The root locus for the system in Problem 3.2.

or
K =1.68

There is a root at z = 1 when
1(1-02)(1-04)+ K =0

or
K =-048

The closed loop system is thus stable for
K <0.70
The root locus for K > 0 is shown in Fig. 3.1.

Problem 3.3

Sampling the system G(s) gives the pulse transfer operator

The regulator is
u(kh) = K(uc(kh — 1) - y(kh - r)) = Ke(kh-T)

where K >0 and 7 =0 or A.
a. When 7 = 0 then regulator is

u(kh) = Ke(kh)
and the characteristic equation of the closed loop system becomes
Kh+2z-1=0

The system is thus stable if
K <2/h
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When there is a delay of one sample (7 = &) then the regulator is
K
u(kh) = —e(kh)
q
and the characteristic equation is

Kh+z(z-1)=22-2+Kh=0

The constant term is the product of the roots and it will be unity when the
poles are on the unit circle. The system is thus stable if

K <1/h

Consider the continuous system G(s) in series with a time delay of 7 seconds.
The transfer function for the open loop system is

K
Gy(s) = ?e’sr
The phase function is
. T
arg G, (iw) = g —wr
and the gain is
G (i) = =
? Cw

The system is stable if the phase lag is less than 7 at the cross over frequency
|G, (iw.)| =1
0 w.=K
The system is thus stable if

-1/2 - w.T > -1T
X m/2 [ oo T=0
<T_ o T=nh

The continuous time system will be stable for all values of K if 7 = 0 and
for K < 11/(2h) when 7 = h. This value is about 50% larger than the value
obtained for the sampled system in 5.

Problem 34

The Nyquist curve is H,(e®”) for w = [0<77]. In this case

22

1
elw — 0.5
1
cosw—05+isinw

H,(e) =

cosw — 0.5 —isinw
cosZ w + sin2 w + 0.25 — cos w

cosw—05—isinw
1.25 — cos w




0 1
Re

Figure 3.2 The Nyquist curve for the system in Problem 3.4.

For w = 0 then H,(1) =2 and for w = mthen H,(—-1) = —2/3. The argument is

)

The argument is —77/2 for w = 77/3(cosw — 0.5). The following table gives some
values for the real and imaginary parts.

sin w

arg H, = —aretg (05

w ReH, ImH,
0 2 0
/6 0.97 -1.32
/3 0 ~1.16
/2 -0.40 -0.80
271/3 -0.57 —-0.50
m -0.67 0
The Nyquist curve is shown in Fig. 3.2.
Problem 3.5
Consider the system
E+1 1o k) + ! k
wkr)= || sw+ || u)
y(k) = [ 0 1 ] x(k)
We have
y(1) =x2(1) =0
Y(2) = 22(2) = x1(1) +x2(1) =1 O x(1)=1

23



Further

x(2) = ®x(1) + Fu(1) = [i 2] [3]+[1] o= [2]

o= (3 1) (1) + (o) =0 ()

The possibility to determine x(1) from y(1), ¥(2) and u(1) is called observability.
Problem 3.6
a. The observability matrix is
W C 2 -4
e ) (1 -2
The system is not observable since det W, = 0.
b. The controllability matrix is

SRR

det W, = 2 and the system is reachable.

Problem 3.7

The controllability matrix is

W":(r an]:[i 3 0%5 (1)]

For instance, the first two colums are linearly independent. This implies that W,
has rank 2 and the system is thus reachable. From the input u we get the system

x(k+1) = [3 0(_)5] (k) + [2] u (k)

In this case

0 0
W, =
1 05
I
rankW, = 1 and the system is not reachable from « .
Problem 3.8
a.
01 2 0
x(B+1)=10 0 3| x(k)+ |1]u(k)
0 0O 0
01 2 1 0 3
x(1)=(0 0 3 1+ |u(0)] =1]34+u(0)
0 0O 1 0 0
0 1 2 3 0 3+ u(0)
x(2)=10 0 3 3+u(0) | + |u@)| = u(1)
0 0O 0 0

24



b. Two steps, in general it would take 3 steps since it is a third order system.

C.

W, = (r or qﬂr] -

not full rank 0 not reachable, but may be controlled.

T
( 1 11 ] is not in the column space of W, and can therefore not be reached

from the origin. It is easily seen from the state space description that xs will be
0 for all £ > 0.

Problem 3.11

The closed loop system is

H.H

y(k) = He(q)uc(k) = 1T HH uc(k)

a. With H. = K where K > 0 we get

K
y(k) = Z 050+ K uc(k)

Using the conditions in Example 3.2 we find that the closed loop system is
stable if K < 1. The steady state gain is

K
H,(1)=
«1)= %105
b. With an integral controller we get
Kq Kq

Hcl (Q) =

q(g-1)(g-05)+Kq q(¢®?—15q+05+K)
The system is stable if

05+K <1 and 05+K>-1+15
and we get the condition

0<K <05
The steady state gain is H.; (1) = 1.

Problem 3.12

The z-transform for a ramp is given in Table 2.3, also compare Example 3.13, and

we get
z

1)

Using the pulse transfer functions from Problem 3.11 and the final value theorem
gives

U.z) =

lim e(%) = lim (uc(k) - y(k))

k—o0 k—o0

= 1im (22 la- H.(2))U.(2))

z—1 V4

if K is chosen such that the closed loop system is stable.
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Figure 3.3 The continuous time (solid) and sampled step (dots) responses for the system
in Problem 3.13.

a. To use the final value theorem in Table 2.3 it is required that (1 — z7!)F(2)
does not have any roots on or outside the unit circle. For the proportional
controller we must then look at the derivative of the error, i.e.

hme'(k)_hmz—122—0.52+K—K z 05
k—00 Tl oz 22 -05z2+ K (Z— 1) - K-+0.5

The derivative is positive in steady-state and the reference signal and the
output are thus diverging.

b. For the integral controller we get

lime(k)—limz_12(22_1'5Z+0'5+K_K) z 05
k=500 1z 2(22-152+05+K) (2-1)2 K

Problem 3.13

Consider the system
s+1

T 2+02s+1

The damping of the system is { = 0.1 and the undamped natural frequency is
wo = 1. The step response of the system will have an oscillation with the frequency

w=wy\/1-{2%2=+v0.99rad/s

The sampled system will not, detect this oscillation if & = k277/w. The frequency
w will then have the alias w = 0.

Fig. 3.3 shows the continuous time and the sampled step responses when
21m/w = 6.3148. To formalize the analysis we can sample the system with
277/ w. The pulse transfer function is (Table 2.1)

G(s)

h:
h:

(1-a)ig-a) 1-a
(g-a)3 gq-a

H(q) =

where a = exp(—0.14). There is a pole zero cancellation and only the first order
exponential mode is seen at the sampling points.
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Figure 3.4 The root locus when the tank system in Problem 3.14 is controlled with an
integral controller.

Problem 3.14
a. When H, = K then the pulse transfer function for the closed loop system is

K (0.030g + 0.026)

H =
<(q) q2 — 1.65q + 0.68 + K (0.030q + 0.026)

The characteristic equation is
22 + (0.030K — 1.65)z + 0.68 + 0.026K = 0
The closed loop system is stable if
0.68+0.026K < 1
0.68+0.026K > -1 —1.65+ 0.030K
0.68+0.026K > -1+ 1.65 - 0.030K
This gives the stability region

-054 < K <1231

The steady state gain is

0.056K

H(l)=—"—"—"6—
(1) 0.03 + 0.056K
The steady state error when the input is a unit step is

0.03

“1-H.(1)= — >
e(>0) (1) = 5037 0.056K

The minimum error is about 4%.

b. If the closed loop system is stable then the steady state error is zero if the
integral controller is used. The characteristic equation is then

(22 — 1.65z + 0.68)(z — 1) + K2(0.03z + 0.026) = 0

A scetch of the root locus is shown in Fig. 3.4.

27



Output

O 1

0 250
Time

500

Figure 3.5 Step response of the system in Problem 3.14 when the proportional controller

is used with K = 0.5 (solid), 1 (dashed), and 2 (dash-dotted).
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Figure 3.6 Step response of the system in Problem 3.14 when the integral controller is

used with K = 0.01 (solid), 0.025 (dashed), and 0.05 (dash-dotted).

c. Fig. 3.5 and 3.6 show the step responses when the proportional controller
with K = 0.5, 1, and 2 and the integral controller with K = 0.01, 0.025, and

0.05 are used on the tank system.

Problem 3.16

The pulse transfer function for the closed loop system is

and the characteristic equation is

22+2+016+K(4z+1) =22+ (1+4K)2+0.16 + K =0
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Using the conditions in Example 3.2 give

016 +K <1
016+ K >-1+1+4K
016+K >-1-1-4K

This implies

K <0.84
1
K < % = 0.053
K > —% = -0.432

Since it is assumed that K > 0 we get the condition
0< K <0.053
for stability.

Problem 3.17
Using (3.17) we find that the transformation is given by

T.=W. W1

where W, is the controllability matrix of the original system and W, is the con-
trollability of the transformed system.

e (e o) -0 )

The pulse transfer function of the system is

Ho-chr-orr- (s s) (0 %))

_ 39z +4
T 22-3z

Thus the transformed system is given by

dn:[i g] f:[é] C= (39 4)

e (5 o) (1)

The transformation to give the controllable form is thus

T_13 3 11y 1 (1 2
7 lo 1 4 11 “ 1114 -3

In the same way the tranformation to the observable form is given by

T—W*1W—107156 (5 6
H R T | 11 22) | -4 4

and
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Probem 3.18

i Poles are mapped as z = e**. This mapping maps the left half
plane on the unit circle.

i see a)

iii When a system with relative degree > 1, “new” zeros appear

as described on p. 63 CCS.
These zeros may very well be outside the unit circle.
iii See Example 2.18 p. 65 CCC
ii Sample the harmonic oscillator, Example A.3 p. 530 CCS.
10
For h=2m/w® = [ 0 1 ] not controllable
ii See e)
iii See p. 63, CCS

Problem 3.19

a. The controllability matrix is
0 10
W= (r or er)=[120
2 30
Since one column is zero we find that the system is not reachable (det W.=0),
see Theorem 3.7.
b. The system may be controllable if the matrix @ is such that ®"x(0) = 0. In
this case
0 00
®=10 0 0
0 00
and the origin can be reached from any initial condition x(0) by the control
sequence u(0) = u(1) = u(2) =0.
Probem 3.20
_ 1
’ ¢2+04q
H.=K
a.
H.H, K
Hyp = =—
1+H.H, ¢*°+04¢+K
The system is stable if, see p. 82,
K <1
K>-1+04 } 0-06<K<1
K>-1-04
b.
e(k)=u.—y

30

E(2) = (1= Hi(2) ) Ue(2)

If K is chosen such that the closed loop system is stable (e.g. K = 0.5) the
final-value theorem can be used.

. .oz—1 .oz—1 K z
}}Ln;e(k)—gil’ll z E(Z)_ggll z (_22+0.42+K)z—1_
2
. 4
_ 2" +04z 14 o074 K=05

2T 044K 14+ K
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Figure 3.7 The root locus for Problem 3.21b.

Problem 3.21
049+ 0.8

B)= ——dT 20
YR = 12,705

 HH, (049 + 0.8)K
“"T 1+ HH, ¢*>-12¢+05+ K (0.4q+0.8)

B (049 +0.8)K
" ¢2+q(04K —12)+ 05+ 08K

The system is stable if, see p. 82 CCS,

05+08K <1 a K < 0625
05+08K>-14+04K -12 [ K > -6.75
054+08K>-1-04K +12 [O K > -0.25

-0.25 < K < 0.625

g HH, (0.4g +0.8)K B
“""1+HH, q(g®2-129+05)+K(049+0.8)

_ (0.4g +0.8)K
¢ -12¢2+q(05+04K) + 08K

Using root locus, Fig. 3.7, we can determine that the closed loop system is

stable if
—17 + /489
16

-025 <K <
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Solutions to Chapter 4

Problem 4.1

The characteristic equation of the closed loop system is

det(zI - (CD - FL)) = 22 - (an + agg — baly — blél)z + a11a99 — a12a91
+ (a12b2 — ageb1)l1 + (@211 — a11b2) s

Identifying with the desired characteristic equation gives

[ b1 bs ] [51 _ [p1+tr<D ]
ai12bs —ageb1  a21b1 — a11b2 lr)  \p2—det®

where tr® = a11 + ag and det ® = aq1a92 — a12a21. The solution is

/1 _ 1 ag1b1 —ap1bs b [ p1+tr® ]
fz P2 — det @

A

—a12by +ageb1 b1

where
A= azlb% — alzbg + 5152(022 - all)

To check when A # 0 we form the controllability matrix of the system

b1 a11b1+ a12b2
w.=[r or)=
( ] [ b2 ag1bi + asbs ]

and we find that
A =det W,

There exists a solution to the system of equations above if the system is control-
lable. For the double integrator with ~ = 1 and dead beat response we have
ailp = a1z = agy = bz = 1, ags1 = 0, b1 = 0.5, andp1 = P2 = 0.

This gives é o , X
[e;] = (1) [—_0.5 —_0.5] [—1] - [1.5]

This is the same as given in Example 4.4.
Problem 4.2
In this case the desired characteristic equation is
(z—0.1)(z — 0.25) = 2% — 0.35z + 0.025.
Using the result from Problem 4.1 we find that
A=05
and L is obtained from
T — [Zl] 1 [0.5 0] [ 0.75 ] _ [0.75]
Ly Al101 1 —0.025 0.1
To check the result we form

1 01 0.75 0.1 025 0
®-TL= - =
05 01 0 0 05 01

The matrix ® — ' L thus has the desired eigenvalues 0.25 and 0.1.
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Figure 4.1 u(0) s function of A in Problem 4.3.
Problem 4.3

For the motor in Example A.2 we have

a 0 1-a
q): < r:
[1—a 1] [h—1+a]

where a = e~ ". The dead beat controller is characterized by
P1=p2 = 0.

From Problem 4.1 it follows that

r_ 1 1-a)@-ah-1+a) 1—h—a] [1+a]
A l1-a l1-a -a
1 ((1-a2(1+a)+a’(1-h-a)
A 1-a ]
1 (1-a-ha?
~A 1-a ]

where
A=1-aP+(1-a)’ (h-1+4+a)=h(1-a)

If x(0) = (1 1]Tthen

l-a-ha%2+1-a
h(l-a)?

u(O) = —61 —Zz = —

This function is shown in Fig. 4.1. We thus want to find A such that

l-a-ha%2+1-a

rl—ay 1

. 2(1-a) 2(1—e")

202 _2a+1 22t —2h+1

h:
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Figure 4.2 Deadbeat control of the motor when x7 (0) = ( 11 ] and h = 2.21.

This is a nonlinear equation of the form

h=F(h)
One way to find h is to use the iterative scheme
his1 = f(hz)

Starting with hy = 2 gives

k hk+1

0 2

1 2.26

2 2.20

3 2.21

4 2.21

with A = 2.21 we get L = (0.49 0.51] . Fig. 4.2 shows the response of the

motor controlled with a deadbeat controller when 2 = 2.21. We see that the

system settles after two samples and that the constraint on the control signal is
fulfilled.

Problem 4.4

a. Using the results in Problem 4.1 gives
T 1 —0.0880 -0.1600 05900) (922
~ -0.0029 | —0.0125 0.0100 -0.1595 ) | 3.11

The problem is easily solved using Matlab by giving the commands
fi=[0.55 0.12; 0 0.67];
ga=[0.01; 0.16];

P=roots([1 -0.63 0.21])
L=place(fi,ga,P)
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Figure 4.3 The response and the control signal of the system in Problem 4.4 when

x(0) = (1 O]TandL: (9.22 3.11].

b. From Example 4.4 we find that the continuous-time characteristic polynomial

s? + 20 ws + «? corresponds to 22 + p1z + ps with

p1 = —2e @ cos(wh+/1—{?%) =-0.63
ps = e X9 =021

This has the solution ¢ ~ 0.7 and w = 5.6, so the characteristic polynomial
becomes s? + 7.8s + 31.7. In Matlab you can do

rd=roots([1-0.63 0.21])

rc=Log(rd) /h

Ac=poly(rc)

The chosen sampling interval is higher than recommended by the rule of
thumb, since

wh~11>0.6
c. The closed loop system when using L = ( 9.22 3.11 ] is shown in Fig. 4.3
T
when x(0) = (1 0] .
Problem 4.5
a. In this case

o 0 1 B —455 455
Wo = = < Wo —
Co 022 1 1 0

)= Loa)
Q = — ¢
cr 0.03

Y=r-ow,'Q

(022 078 0 —455 455 0 ) (0114
~ 10.03 022 1 1 0 0.03) 0
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We get

(k) = oW, [ y(j(;)l) ] + Wuk - 1)

_ [—30.55 3.;35] [y(j(;)l)] . [0.214

b. The dynamical observer (4.28) has the form

] u(k-1)

#(k+1)k) = (® — KC)&(k|k — 1) + Tu(k) + Ky(k).

In this case we choose K such that the eigenvalues of ® — KC are in the
origin. Using the results from Problem 4.1 but with ®7 and C7 instead of ®

and I' gives
2.77
K =
1.78
c. The reduced order observer (4.32) has the form

#(kR) = (I - KC)(®&(k — 1|k — 1) + Tu(k — 1)) + Ky(k).

In this case we want to find K such that
ii CK=1

ii. (I — KC)® has eigenvalues in the origin. The first condition implies that
ko = 1. Further

(I-KC)® = [1 _kl] [0.78 0] _ [0.78—0.22k1 —kl]

0 O 022 0 0 0
The eigenvalues will be in the origin if
k1 =0.78/0.22 = 3.55.

The observer is then

0 -3.55
0 0

0.114
0

3.55

i(k|E) = [ ] o%(k—1|k—1)+[ ] u(k—1)+[ ) ] y(k)

Since X2(k|k) = y(k) we get

—30.55 3.f5 ] [ y(yk(;)l) ] [ 0.214

which is the same as the observer obtained by direct calculation.

&(k|k) = [ ] u(k — 1)

Problem 4.6
From Problem 2.10 we get for A = 12

0.790 0 0.281
x(kh+h) = [0.176 0.857] x(kh) + [0.0296] u(kh)

y(kh) = [o 1 ] x(kh)
The continuous time poles of the system are —0.0197 and —0.0129. The observer
should be twice as fast as the fastest mode of the open loop system. We thus

choose the poles of the observer in

2 = 670.0394El12 —0.62
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Figure 4.4 The states (solid) and their estimates (dots) for the tank system in Problem 4.6
The desired characteristic equation of ® — KC is thus
2> - 1242+ 0.38=10

Using the results from Problem 4.1 gives
[ 0.139 ]
K =
0.407
T
Fig. 4.4 shows the states and the estimated states when x(0) = ( 11 ] and
when u(kh) is zero up to ¢ = 250 and one thereafter.
Problem 4.7
The observer and the controller are described by
X(klk)=(I-KC)®Px(k—1lk—1)+ (I —KC)Tu(k - 1)+ Ky(k)
u(k) = —Lz(k|k).
In the state equation both x and y have the time argument k. Introduce
(k) = x(k|k) — Ky(k)
then
ER)=I-KC)P[é(F-1)+Ky(k-1)]+ (I -KC)Tu(k—-1)
=(I-KC)®&(k-1)+ (I -KC)PKy(k—1)
—(I-KC)ITL[E(R—1)+ Ky(k —1)]

=(I-KC)(®-TL)é(E-1)+(I-KC)(®-TL)Ky(k—-1)

=®,E(k—-1)+T,y(k—1)
The output of the regulator can be written

u(k) = —L$(k) — LKy(k) = Co& (k) + Doy(k).

The observer and the regulator can thus be written in the form given in the
formulation of the problem.
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Problem 4.8

The constant disturbance v(%) can be described by the dynamical system

w(k+1)=w(k)
v(k) = w(k)

The process can thus be described on the form given in (4.43) with
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1
CDw:1< q)xw: [ ]
0

If the state and v can be measured then we can use the controller
u(k) = —Lx(k) — Lyw(k).
This gives the closed loop system
x(k+1) = Px(k) + Dyw(k) — T Lx(k) — T Lyw(k)
=(® —TL)x(k) + (Py — IT'Ly)w(k)
y(k) = Cx(k)

In general it is not possible to totally eliminate the influence of w(%). This is
only possible if ®,, — 'L, is the zero matrix. We will therefore only consider
the situation at the output in steady state

y(00) = C[I = (® = T L) H(Puy — T Luy)w(0o0) = Hy (1)w(c0)
The influence of w (or v) can be zero in steady state if
H,(1)=0
This will be the case if

_ 1— o2
Y (1 = Pega) + Vabern

where ¢.; is the (i<j) element of ® — 'L and y; is the i:th element of T.
Assume that L is determined to give a dead beat regulator then

L= (3.21 5.57]

and

-0.142 -0.114
o-ri— | ]

0.179  0.142

and
L, =5.356

In this case is the state but not the disturbance measurable. The disturbance
can now be calculated from the state equation

P w(k—1)=x(k) — Px(k—1) —Tu(k-1).
The first element in this vector equation gives
wk—-1)=[10](x(k) — Px(k—1) —Tu(k —1))

Since w(k) is constant and x(%) is measurable it is possible to calculate (k) =
w(k —1). The following control law can now be used

u(k) = —La(k) — Lo (k)

where L, is the same as in (a). Compared with the controller in (a) there is
a delay in the detection of the disturbance.
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Figure 4.5 The output of the system in Problem 4.8 for the regulators in a) (upper left),
b) (upper right) and c¢) (lower left and right). The estimate of v is also shown for case c).
Notice the difference in scale in the upper left curve.

If only the output is measurable then the state and the disturbance can be
estimated using an observer of the form (4.41)

(50) (377 ()« () (1)
(k) = y(k) — Cx(k)

The gain vector can now be determined such that the error goes to zero pro-
vided the augmented system is observable. The error equation is

[aoin) = (Tee ) (aw)

The characteristic equation of the system matrix for the error is
23+ (k1 — 2.2)2% + (1.05 — 1.7ky + kg + ky)z + 0.Tky + 0.15 — 0.7k, — ko = 0.

The eigenvalues are in the origin if

k1 =22
ko = —0.6433
ky = 3.3333.

The controller now has to be

where L and L, are the same as in (a). The solutions above have the draw-
back that there may be an error in the output due to the disturbance if there
are small errors in the model. Fig. 4.5 show that the output when the con-
trollers in (a), (b) and (c) are used.
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Problem 4.9

a.

40

The state equation for the tank system when A = 12 was given in the solution
to Problem 4.6. The desired characteristic equation is

22— 1552+064=0

Using the result in Problem 9.1 give

L= [0.251 0.8962]

An integrator can be incorporated as shown in Section 4.5 by augmenting the
system with
x3(kh + h) = x3(kh) + u.(kh) — Cx(kh)

and using the control law
u(kh) = —Lx(kh) — l3x3(kh) + Leu (k)
The closed loop system is then

x(k+1))
[ x3(k+1) ] B
0.790 — 0.281/¢4 —0.28145 —0.281/5 (k)
0.176 — 0.0296¢; 0.857 — 0.0296¢5; —0.0296/3 [ ]
0 -1 1
0.281,
+ | 0.0296¢. | uc(k)
1

The characteristic equation is

23 + (—2.647 4 0.281/; 4 0.0296/(3)2>
+ (2.3240 — 0.5218¢; — 0.0035/; — 0.0296/3)z+
+ (—0.6770 + 0.2408/; — 0.0261/; — 0.0261/3) = 0

Assume that two poles are placed in the desired location and that the third
pole is in p. We get the following system of equations to determine the state
feedback vector.

0.281 0.0296 0 2 2.647-155-p
-0.5218 -0.0035 -0.0296 by | = | —2.3240 + 1.55p + 0.64
0.2408 -0.0261 -0.0261 L3 0.6770 — 0.64p
This gives
2 3.279 — 3.028p
b | = | 5.934-5.038p
L3 -1617+1.617p

The parameter ¢, will not influence the characteristic equation, but it is a
feedforward term from the reference signal, see Fig. 4.11 CCS. Fig. 4.6 shows
the step response for some values of p. Fig. 4.7 shows the influence of /. when

p=0.
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Figure 4.6 The stepresponse for the tank process when p = 0 (solid) and 0.5 (dashed),

and when /. = 0.
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Figure 4.7 The step response for the tank process when p = 0 and when /. = 0 (solid),
3 (dashed) and 6 (dash-dotted).
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Problem 4.10

The process is

1 h h? /2 h?/2
x(kh+h):[0 1]x(kh)+[ h/ ]u(k)+[ h/ ]v(k)
where v(%) is a sinusoidal. L.e. it can be described by
cos w,h —sinw,h
kh+h) = kh
w(kh +h) [sinwoh cos Wyh ] w(kh)
v(k) = [1 o] w(kh)
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The augmented system (9.33) is now

1 h R%2 0 h?/2
x(kh+h)Y |0 1 & o ((kh) h
[w(kh+h)] “loo o -p [w(kh)]+ o |
00 B a 0

where a = cos w,h and 8 = sin w,h. Assume first that the control law is
u(kh) = —Lx(kh) — L,w(kh)

where
1 3
LZ(? ﬁ]
i.e., a dead beat controller for the states. Further if L,, = ( 1 0] we would

totally eliminate v since v and u are influencing the system in the same way.
Compare the discussion in the solution of Problem 4.8.

Since x(kh) and £(kh) cannot be measured we use the observer of the structure
(9.35) where

h%/2 0 a -B
ou= (" 5] e e (g )

The error equation is then

i(k+1) ®-KC o i(k)
[ww+n]: ~K,C 1][wm]
1-k h h%2/2 0
| R 1R 0 [&(k)]
| -1 0 a -B (k)
—kys O [J’ a

Let the desired characteristic equation of the error be

(z-y)*'=0

If h =1 and w, = 0.177 then for y = 0.5 we get the following system of equations

1 0 0 0 k1 —4y + 3.9022
—2.9022 1 0.5 0 ks 6y? — 5.8044
2.9022 -1.9022 0.0245 -0.1545 kw1 - —4y3 — 3.9022
-1 1 04756 —0.1545) \ kys V-1
which has the solution
k1 =1.9022
ko =1.1018
kw1 = 0.2288
kyw2 = 0.1877

Fig. 9.8 shows the states of the double integrator and their estimates when v(z) =
sin(w,t). It is seen that the controller is able to eliminate the disturbance.

Problem 4.11
We have to determine the feedback vector L such that
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Figure 4.8 The states of the double integrator (solid) and their estimates (dots) when
v(t) = sin(w,t). The controller is defined by L = ( 1 15 ] and L, = ( 10 ] .

09 -0, —t
GD—FL:[ ! 2]

1 0.7

has all eigenvalues in the origin. This gives the condition

det(AI —® +TL) =A%+ (=16 + #1)A +0.63 — 0.7¢1 + {5
= A2
ILe.,
-16+4,=0
063 —-0.7/1+45=0

or
L= [1.6 0.49]

The stationary gain of the closed loop system is given by stationary gain of
the
mC(I-P+TL)'T=m

To get unit steady state gain we choose m =1
The closed loop characteristic equation is stable if (See Example 3.2)

063-0.70+4 <1
0630704+l >-1+(-1.6+141)
063 —-0.67¢1+ 0y >—-1—-(-16+1¢)
This gives
—0.701 + 43 < 0.37
—-1.701 + 4y > -3.23
0.37¢1 + ¢3 > —0.03
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_17

Figure 4.9 The stability area for L in Problem 4.11.

\j

The stability area is shown in Fig. 4.9. Assume that the deadbeat control
in a. is used. The closed loop system will be unstable if the feedback from
x1 is disconnected (i.e., if ;1 = 0), but the system will remain stable if x is

disconnected (if {3 = 0).

Problem 4.12

a.

44

The deadbeat requirement implies that the characteristic equation of the

closed loop system is

A—025+10 fl,—05
Azzdet(AI—dH—FL):det[ b ]

40, -1 A —2+40
=A% £ A0 + 4Ly — 2.25) = A2

There are infinitely many solutions, one is

L= (22 o)

The controllability matrix is

W, = (r an] - [i 2'55]

det W, = 0 implies that the system is not reachable and arbitrary states

T
cannot be reached from the origin. However, x(k) = (2 8] is in the

column space of W, and the point can thus be reached.

x(2) = ®%x(0) + ®ru(0) + Mu(1)

S vl RO e PCR RO

With x(2) = (2 S]Tandx(O): (0 O]Tweget

2 =2.25u(0) +u(1)
8 =9u(0) + 4u(1)



One solution is
u(0)=0
u 2
The observer should have the characteristic equation
(A =02)2=2%2-041+0.04=0

A+k—-025 -05
ko —1 A—-2

=A% 4 (k1 — 2.25)A + 0.5ky — 2k,

det(Al —® + KC) =det [

Identifying coefficients give the system

k1 —225=-04
0.5ky — 2k, = 0.04

[1.85]
K =
7.48

which has the solution
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Solutions to Chapter 5

Problem 5.1

Euclid’s algorithm defines a sequence of polynomials Ay<>>><A, where Ay = A,
A; = B and

A =Ai11Qiy1 + Ao

If the algorithm terminates with A, ; then the greatest common factor is A,. For
the polynomials in the problem we get

Ay =2z —262°+22522-0.82+0.1
Ay =2% — 222 + 1452 — 0.35.

This gives

Q1 =z-0.6
Ay = —0.42% + 0422 — 0.11 = —0.4(2% — 1.05z + 0.275)

The next step of the algorithm gives

Qs = (z - 0.95)/(~0.4)
A3 =0.1775z — 0.08875 = 0.1775(z — 0.5)

Finally

Qs = (z — 0.55)/0.1775
Ay=0

The greatest common factor of A and B is thus z — 0.5.

Problem 5.2

a.

46

To use Algorithm 5.1 we must know the pulse-transfer function B(z)/A(z)
and the desired closed-loop characteristic polynomial A.;(z). Since the desired
pulse-transfer function from u. to y is Hy,(z) = (1 +a)/(z + a), we know at
least that (z 4+ a) must be a factor in A, (2).

Step 1. You easily see that, with A and A.; being first order polynomials and
B a scalar, you can solve the equation for the closed loop system using scalars
R(z) =rp and S(z) = so:

A(z2)R(2) + B(2)S(2) = Au(2)
(z4+a)Oo+1o=2+0a

Identification of coefficients gives the following equation system:

7‘0:1
arg +so=0a

with the solution ro =1 and s = a — a.



Step 2. Factor A, (z) as A.(2)A,(z) where deg A, < degR = 0. Thus, A, =1
and A, = z + a. Choose

A.(1)
B(1)
With this choice of T, the static gain from u. to y is set to 1 (H,,(1) = 1), and

the observer dynamics are cancelled in the pulse-transfer function from u. to
y. In this case, there are no observer dynamics, though, since deg A, = 0.

T(2) = toA,(2) =

A(z2)=1+a

The resulting control law becomes

R(q)u(k) = T(q)uc(k) — S(q)y(k)
u(k) = (1+a)uc(k) — (a —a)y(k)

i.e., a (static) proportional controller.

Solution with higher order observer: The solution above is not the only
one solving the original problem. We can, for example, decide to have another
closed loop pole in z = —f3, say.

Step 1. To solve the equation for the closed loop characteristic polynomial we
must increase the order of R by one. This gives

(z+a)(roz+r)+1Go=(z+a)(z+B)

and the equation system becomes

7‘0:1 7‘0:1
ar+ri=a+p oo rn=a+pB-a
ar1+sp=ap so=af —a(a+B —a)

Step 2. Splitting A.; into factors A, =z + [ and A, = z + a gives

A (1)
B(1)

T(2) = toAo(2) = Az)=(1+0a)(z+B)

The resulting control law becomes
R(q)u(k) = T(q)uc.(k) — S(q)y(k) D
u(k) = —(a +B - a)u(k 1)+ (1 + a) (uc(k) + Buc(k - 1))
~(aB -ala+B-a))y(k-1)

The controller thus is a dynamical system. In this case there is a delay of
one sample from the measurements y to the control signal . This could have
been avoided by choosing deg S = 1.

The closed loop characteristic polynomial is given by AR + BS, i.e. (z4+a) in
the first solution, and (z + a)(z + ) in the second one. In both cases we get
the same closed loop pulse-transfer function from u. to y since the observer
polynomial is cancelled by T'(z):

B(2)T(z) _ tB(2) _1+a
A(z)R(2)+ B(2)S(z) A.z) z+a

Fig. 5.1 shows the response when the two different controllers are used. It is
assumed in the simulations that a = —0.99, and that the design parameters
are @ = —0.7 and 8 = —0.5. You can see the effect of the observer polynomial
when regulating a nonzero initial state, but not in the response to a set point
change.

H,(z)=
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Figure 5.1 The output of the process with y(0) = 1, and u.(k) is 0 for 2 < 25 and -1

for £ >= 25. The dots corresponds to the zero order controller, and the crosses to the first
order controller.
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Problem 5.3

a.

48

The desired closed loop pulse-transfer function is

B, (2)
H = —m\
(&)= F 15407

In this case, the process zero is cancelled by the controller, so (z+0.7) is not a
factor of B,,. By choosing B,, = 0.2z we make the steady state gain H, (1) =
1, and the pole excess in H,, equals the pole excess in H. Cancellation of
process poles and zeros is handled by Algorithm 5.3 or through the following
discussion.

First, the process numerator is factored as B = BT B~, where B™ is the part
of the numerator which should be cancelled by the controller, i.e., BT = z+0.7
and B~ = 1. B™ must be a part of the R polynomial as well as A,. This
gives the Diophantine equation

A(2)B*(2)R(2) + B*(2)B”(2)S(2) = B* (2)Au(2)
(22 —1.824+ 0.81)R(2) + S(2) = A, (2)

If R(z) is a constant ry, the left hand side is of second order, and so must A,
be. With this choice of R, the causality condition (degS < degR = 1) leads
us to set S(z) = sz + s1. Now, we can solve the Diophantine equation above,
since we have 3 indeterminates (rg, so and s1) and 3 coefficients to set:

(2% — 1.82 4+ 0.81) Tro + (soz + 81) =22 — 1524+ 0.7 O

ro = 1 ro = 1
—1.8r9g+s9o=-1.5 N so=0.3
0.81rg +s1 = 0.7 s;=—-0.11



Thus, we have R(z) = B*(2)R(z) = z+ 0.7 and S(z) = 0.3z — 0.11. To obtain
the desired

BT B*B-T 0.2z

Hy(2) = _
mE) = ARTBS B (2 -15:407) 2 -156:407

we must select
T(z) =02z

The controller is now
u(k)=—-0.Tu(k—1) +0.2u.(k) — 0.3y(k) + 0.11y(k — 1).

b. In this case we do not want to cancel the process zero, so

B,.(2) 92(z+0.7)

H,,(2) = _
mB) = 5 1h 07 2 1B 107

in order to get H,,(1) = 1. The closed loop characteristic polynomial is now
given by the identity

(22 - 1.82 + 0.81)R(2) + (2 + 0.7)S(2) = A, (2)

The simplest choice, a zero order controller, will not suffice in this case since
it would only give 2 parameters ry and sg to select the 3 parameters in the
second order polynomial z2 — 1.5z + 0.7. Thus, we must increase the order of
the controller by one and, consequently, add an observer pole which is placed
at the origin, i.e. A, =2z and A,; =z — 1.52% + 0.7z. Letting

R=rogz+nr
S =59z + 81

the identity then gives the system of equations

ro=1 ro=1
—18rg+ri +so=-15 og r1 = 0.0875
0.81ro —1.8r; +0.7s0 +s1 = 0.7 so = 0.2125
0.81r1 +0.7s1=0 s1 = —0.1012

Further T = tyA, = 92z. The controller is thus

u(k) = —0.0875u(k — 1) + 0.1176u.(k) — 0.2125y(k) + 0.1012y(k — 1)

c. Fig. 5.2 shows the output and the control signal for the controllers in Case a
and Case b. Case a should probably be avoided because of the ringing in the
control signal.

Problem 5.4

a. Using the controller

S(q)
ulk)= —%(u.(k) — y(k
(k) R(q)( () — y(k))
gives the closed loop system
BS B,
AR +BS A,
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Figure 5.2 The output and the control signal for the controllers in Case a (left) and
Case b (right) in Problem 5.3. The ringing in the control signal in Case a is due to the
cancellation of the process zero on the negative real axis.

Section 5.10 gives one solution to the problem

R = B(A, - By
S = AB,,

With the given system and model we get

R=1z+a-1-a)=z-1

S=(z+a)(1+0a)
The controller contains an integrator. Further the pole of the process is can-
celled.

The characteristic polynomial of the closed loop system is
AR +BS =(z+a)(z+a)

The closed loop system will contain an unstable mode if |a| > 1. The controller
can be written
S A B,

R BA,-B,
From this we can conclude that in order to get a stable closed loop we must
fulfill the following constraints.
B,, must contain the zeros of B that are outside the unit circle.

A,, — B, must contain the poles of the process that are outside the unit
circle. The first constraint is the same as for the polynomial design discussed
in Chapter 5.

Problem 5.5

a.

50

Equation (5.33) gives the pulse transfer operator from u. and v to y:

B, BR
k) =g, B+ ar g k)
The design in Problem 5.2 gave

R=1
S=a-a



We thus get
BR 1

AR+ BS  z+a
If v(k) is a step there will thus be a steady state error 1/(1+a) in the output.

b. By inspection of the transfer function from v to y we see that we must make
R(1) = 0 in order to remove the steady state error after a load disturbance
step. By forcing the factor (z — 1) into R(z) we thus have obtained integral
action in the controller. The design problem is solved by using the general
Algorithm 5.3 or through a discussion like the one below.

With R(z) = (z — 1)R(z) the closed loop characteristic equation becomes

A(2)(z - 1)R(2) + B(2)S(2) = Ay (2)

(z+a)(z—-1R(2) +105(2) = Ay(2)
If R(2) is a constant ry, the left hand side is of second order, and so must A,
be. With this choice of R, the causality condition (degS < degR = 1) leads

us to set S(z) = soz + s1. Now, we can solve the Diophantine equation above,
since we have 3 indeterminates (ro, so and s1) and 3 coefficients to set:

(z+a)(z—1) 0o+ (soz+s1)=(z+a)(z+B) 0

ro = 1 ro = 1
(a—l)ro-l-So:CY-l-ﬂ N sso=a+B-a+1
—arg+s;=ap si=af +a
To obtain the desired
B(z)T(z2) T(2) 1+a

we must select

The controller is now

ull)=uk-1)—(a+B-a+1)yk)—(a+aB)y(k—-1)
+ (14+a)uc(k)+BA+a)u.(k—1)

Fig. 5.3 shows the controllers in Problem 5.2 and the controller with an
integrator. The reference value is zero and there is an initial value of the
state in the process. At ¢ = 25 a constant load disturbance is introduced. It is
assumed that a = —0.99, and the design parameters are chosen as a = —0.7
and 8 = -0.5.

Problem 5.6

It is assumed that the design is based on the model H = B/A while the true
model is H? = B%/A° . The pulse transfer operator of the closed loop system is
B BOT _ T/R

- AR+ B°S  A°/B°+S/R

Hcl
The design gives )

and
AR + BS = AyA,,B*
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Figure 5.3 The output of the process in Problem 5.5 when the controller does not contain
an integrator (dots) and when an integrator is introduced (crosses).

or
S _B*AnA, A
R BR B
This gives
1 1
B, A, B, A,
R R
Hcl = O =
A BTAA., A AA, 1 1
BT BR B BR \m ®
A,
. o
- R 1
_B,B _H
An A, N B [ 1 1 RB- [ 1 1
R A, \H' H AA, \H° H
Problem 5.7

a. The design in Problem 5.2 gives

R=1
S=a-a
T=1+a
Assume that the true process is
1
z+a®
Equation (5.41) gives
1+a

Hy=———+9
4 ra'fa—a
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Frequency

Figure 5.4 The left hand side of the inequality in Problem 5.7 when z = ¢®, 0 < w < 7T

for a® = —0.955 (dashed), —0.9 (dash-dotted) and 0.6 (dotted). The right hand side of
the inequality is also shown (solid).

The closed loop system is stable if
a4+ a —a| <1
With the numerical values in the problem formulation we get

-14<a’<06

b. Equation (5.40) gives the inequality

H(Z) Hff(z) z+a 1+a
H(z) - H(2)| < =
7o - 1) < | S| | 72 = [ e aeralla e
z—-05
B 2—0.9‘52'5
. 1 1 05
z— VL.
- @5
209 z+a|*" z—0.9‘

Fig. 5.4 shows for z = e“ the left hand side of the inequality for different
values of a®. The right hand side is also shown.

Problem 5.8
Section 5.6 shows that the control signal is given by (5.52)

Hn(q) (1+a)(g+a)

u(lk) = —=—"u(k) = —u.(k
(k) = "o el = T
We may assume that both the process and the model have a continuous time
correspondence. This implies that a and a are less than zero. Further the desired
model is stable, i.e. |a| < 1. The control signal is now obtained by studying the
step response of H,,/H, which is a stable first order system. The largest value
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is then either at the first step or the final value. The magnitude at the first step
can be determined either through the initial value theorem or by using series
expansion and the value is 1 + a. The final value is 1 + a. If |a| < |a| then
the closed loop system is faster than the open loop system and the control signal
is largest at the first step. If the desired response is slower than the open loop
system then the final value is the largest one.

Problem 5.14

a. The rule of thumb on p. 130 gives
wh=01-0.6

Identifying with
2+ 20 ws + &

gives w = 0.1. Thus an appropriate sampling interval is
h=1-6
b. Using Example 2.16 we get sampled data characteristic equation
2+ a1z+as =0

where

a; = —2e <" cos(y/1 — {2wh) = —1.32
as =e %@ — 05

The poles are in 0.66 = 0.25i.

Problem 5.15
This solution demonstrates how to use Algorithm 5.3.

Data: The process is given by A = ¢> — 1.6¢g +0.65 and B = 0.4qg + 0.3. A,
will at least contain A, = ¢ — 0.7¢ + 0.25, other factors may be added later
on. Ry = S; = 1 since no given factors are forced into the controller. The
desired response to command signals is assumed to be H,, = B,,/A,, = B, /Ac =
0.55/(q% — 0.7q + 0.25) (cancelled process zero, H,,(1) = 1).

Pole excess condition:

degA,, —degB,, = degA —deg B
2-0=22-1

Remark: The fact that we cancel one zero and do not introduce any other zero
in B,, causes the delay from the command signal to be one time unit more
than the delay of the process.

Model following condition:

B,=B B, 0 B, =055/04=1.375

Degree condition:

degA,; =2degA +degA,, +degR;+degSy;—1=
=22+24+04+0-1=5

with Acl = A+B+AmAcl and Acl = ACAO.
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Step 1. At =1,A- =A=q%>-16q+0.65, Bt = ¢+ 0.75 and B~ = 0.4 achives
cancellation of the process zero, but no cancellation of process poles.

Step 2. Using the degree condition above we may conclude that

deg A, =deg A,; —deg A" —degB" —degA,, —degA, =
—5-0-1-2-2=0

The Diophantine equation to solve thus becomes
AiRdR + B’SdS’ = Acl
(¢*—1.6q +0.65)R +0.4S8 = ¢*> - 0.7¢ + 0.25

Since this is of second order, R must be a constant, r, say. In order to solve the
identity we must have two more parameters, so we let S = soq + s1:

(q® — 1.6q + 0.65)ry + (sog + s1) (0.4 = ¢*> — 0.7 + 0.25

This gives the system of equations

ro = 1 ro = 1
—1.6rg + 0.4s¢g = —0.7 oo so = 2.25
0.65ry + 0.4s1 = 0.25 s1=-1

Step 3. The controller polynomials are now given by (5.45):
R=A,B"R4R = A,,(q+0.75)
S=A,AT8;S =A,,(225q - 1)
T = B,,AtA,, = 1.375 A,

Since, in this case, A,, = A,, this factor can (and should) of course be cancelled
in all controller polynomials, giving

R=q+0.75
S =225¢-1
T =1.375

The corresponding degree of the closed-loop polynomial AR + BS will thus be 3
instead of 5.

Problem 5.16

In this case we want to have an integrator in the controller, i.e., R; = (¢ —1). This
will increase the degree of the closed loop by one compared to Problem 5.15 (see
(5.42)), which is done by having A, = (q + a,), say. This gives the Diophantine
equation

AiRdR + BiSdS’ = Acl
(¢> — 1.6 +0.65)(q — 1)R + 0.48 = (¢® — 0.7q + 0.25)(q + ao)

R must still be a constant (which as usual will be 1) and S must be of second
order:

(¢> — 1.6q + 0.65)(q — 1) + (sog® + s1q + s2) 0.4 = (¢* — 0.7 + 0.25)(q + ao)

This gives
—26+4+04s9g=ap —0.7
2.25 +0.4s1 = —0.7a¢9 + 0.25
—0.65 + 0.4s5 = 0.25a
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and
S(g)=25 ((ao +1.9)g% — (0.7a0 + 2)q + 0.25a0 + 0.65)

Using ag = —0.25, (5.45) gives (after cancelling the common factor A,,):
R=B*(qg—-1)=q%*-025¢-0.75

S = 4.125¢% — 4.5625q + 1.46875
T = B, A, = 1.375q — 0.34375

Problem 5.17

The minimum degree solution has deg Ap = 1 and gives a unique solution to the
Diophantine equation. Let us instead use deg Ag = 2 and deg S = deg R — 1. This
gives the equation

(z+1)(z+2) (22 +r1z + ro) + 2 512 + 50) = 2% &2
with the solution
Ry=22-3z
So=7z2+6

The controller is causal. Using Theorem 5.1 we also have the solutions

R =Ry + Qz
S =8 -Qz-1)(z-2)

where @ is an arbitrary polynomial. Choose for instance @ = —1. This gives

R=22-3z-2=2>-4z

S=724+6+(2>-32+2)=224+42+8

This is also a causal controller. The closed loop systems when using Ry<Sy, Ty =
So and R<S, T = S respectively are

BS,  2(7z+86)
ARy +BS,
BS = z(+4z+8)
AR +BS 24

The number of zeros are different.
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Solutions to Chapter 6

Problem 6.1

In the first case it is assumed that we have a control structure as in Fig. 6.1.
There are three subsystems each with the transfer function

and the total transfer function from u. to y is

G1G2G3 K1KsKs

T s+ KiG1G2Gs  s(s+ K1)(s+ Ka2)(s + K3) + K1 K2 K3K,

If either of the gains K; is increased sufficiently much the closed system will
become unstable. Fig. 6.2 shows the response when u,. is an impulse and when
Ki=K;=Ks;=1and K, =0.1, 0.25, and 0.75.

A disturbance in the process will propagate in the direction of the flow. In the
case of control in the direction opposite to the flow each of the subprocesses has

Raw Final
material % product

X
flow u 3 11 Xa 7Y
’l Ks 5 I——

~K,

Figure 6.1 Block diagram for the control in the direction of the flow in Problem 6.1.

Output

0 25 50
Time
Figure 6.2 Impulse response for the control in the direction of the flow when K; = 0.1
(solid), 0.25 (dashed), and 0.75 (dash-dotted).
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Figure 6.3 Block diagram for the control in the direction opposite of the flow in Problem 6.1.

a transfer function of the type G;. The system is then represented with the block
diagram in Fig. 6.3. Notice the order of the states. The system will remain stable
for all positive values of K;. A disturbance will now propagate in the direction
opposite the flow. A disturbance in u. will now only influence the first subprocess
and will not propagate along with the flow. The reader is strongly recommended to
compare with the case where the disturbance appears at the final product storage

instead.

Problem 6.2

Fig. 6.3 in CCS contains several examples of couplings of simple control loops.

a. Cascade control loops are found for the cooling media flow and for the output
product flow.

b. Feedforward is used for the level control loop where the input flow is used as
a measurable disturbance. The input flow is also used as feedforward for the
cooling of the jacket.

c. Nonlinear elements are used in the flow control loops of the product output
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and the coolant flow. The flow is probably measured using differential pres-
sure which is proportional to the square of the flow. The square root device
is thus used to remove the nonlinearity of the measurement device. An in-
tentional nonlinearity is introduced in the selector. Either the temperature
or the pressure is used to control the coolant flow depending on the status of
the process.



Solutions to Chapter 7

Problem 7.1
Which frequencies will the signal

f(¢) = a1 sin 271t + ag sin 20¢

give rise to when sampled with A = 0.2?
Since sampling is a linear operation we consider each component of f(¢) separately.
The sampled signal has the Fourier transform, see (7.3)

- 2
Z Flw+kw,) w= il
k=—00

F, =
h

S =

where F(w) is the Fourier transform of the time continuous signal. The Fourier
transform of sin wyt has its support (i.e., the set where it is # 0) in the two points

*wy. More precisely, it equals (| w + wo) -0 (w — o ) ). Thus, if the signal

sin wyt is sampled with the sample interval A its Fourier transform will be # 0 in
the points
tw+kws, ; k=0zxlc2p>p>>

For wy = 27 and ws; = 277/0.2 = 1077 we get the angular frequencies
+27+ k (1077 = n(t2<i8<i12<i18< ¢22<>>>)
w = 20 gives rise to
+20:+ k (1077~ 77(+3.63¢£6.37-13.63 16,3755 > )
The output of the sampler is composed of the frequencies

n(2< 3.63:6.37<8:12:13.6316.37> > 1)

Problem 7.2

We have the following specifications on the choice of sampling period and presam-
pling filter:

1. All frequencies in the interval (—f1<f1) should be possible to reproduce from
the samples of the continuous time signal.

2. We want to eliminate the disturbance with the known and fixed frequency
fa = 5f1.

The sampling theorem states that the first specification will be satisfied if and

only if the sample frequency f; is chosen such that

fs>2f1

Moreover, for the disturbance f2 not to fold on the data signal

(f/2=F)>Fa—F/2 O fo>fatfi=6f

Two cases:
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¢) h=2m/50
[ I T T >
0 10 25 50

Figure 7.1 Folding for different frequencies in Problem 7.5.

1. Filter out the disturbance using an antialiasing filter. Then sample with f; >
2f1. Suppose the disturbance should be attenuated 20 dB without effecting
the datasignal. A n:th order filter gives maximally n (20 dB/decade. So to
achieve 20 dB in log% = 0.699 decades takes n ~ 2.

2. If fs > 611, the disturbance does not mix with the data signal. It can instead
be removed using digital filters.

Problems 7.5 and 7.6

The magnitude of the spectrum of the sampled signal can be obtained by folding
the spectrum of the time continuous signal around the angular frequency wy =
ws/2 = 11/h. See Fig. 7.1 and Fig. 7.2.

Problem 7.7

The rotation frequency of the wheel w, = 27r.

The frequency of the camera shutter w, = 277/h.

The picture will not move if w, = n [tv,; for integer values n.

A correct picture will be seen, if ws; > 2w, according to the sampling theorem.
(The eye acts like a low pass filter).

The wheel will appear to rotate with a frequency lower than r if w, < 2w,. See
Fig. 7.3. For instance let w; = 4/3 w,. Aliasing will give a frequency w = 1/3 w,.
The wheel then appears to rotate three times slower and in the wrong direction.
If w; = w, the wheel will appear to stand still. Compare the stroboscope.
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Figure 7.2 Folding for different frequencies in Problem 7.6.

L A
l—ws‘-wr!o!w‘rws |

4 1 1 ~N—
2 73

Figure 7.3 Folding in Problem 7.7 when w; < 2w,.

—

Problem 7.9
The signal is

u(t) = sin(4ct) cos(2ent) = % [sin(6wot) + sin(2a?)]

Sampling the signal with

21T
ws = & = 6wy

gives the Nyquist frequency wy = 3wy. Sampling the signal u(¢) gives the alias
of sin(6awyt) in w = 0. We thus get the frequencies

fi=0
_ %o
fo=—

in the sampled signal.
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Solutions to Chapter 8

Problem 8.1

The three transformations Euler’s method (forward difference (8.4)), backward
difference (8.5) and Tustin’s approximation (8.6) have different stability proper-
ties. This can be seen by finding how the left half s-plane is transformed into the
z-plane. For Euler’s method we have

z=sh+1

This implies that the stability boundary in the sh-plane (the imaginary axis) is
translated one unit to the right, see Fig. 8.1a. When the backward difference is

used then
1

ZZl—sh

For s = iw we get
1
1-wh
This represents a circle with radius 0.5 and going through the points 0 and 1, see
Fig. 8.1b.
Finally for Tustin’s approximation with s = iw

- 1+iwh/2
 1-iwh/2
Now
lz] =1
argz = 2arctan wh
The imaginary axis is thus transformed into the unit circle in the z-plane. If a

transfer function is stable in the s-plane it will be translated into a stable discrete
time system if using the backward difference or Tustin’s approximation.

Problem 8.2

A N
(O D

Forward differences Backward differences Tustin
Figure 8.1 Transformation of the left half s-plane when using a. Eulers method, b.
Backward difference and c. Tustin’s approximation.
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a. Using Euler’s method we get

a ah

H(z) = (z=1)/h+a T z-1+ah

This corresponds to the difference equation
y(kh + k) + (ah — 1)y(kh) = ahu(kh).
The difference equation is stable if
lah —1] < 1

or
0<h<2/a.

The approximation may, however, be poor even if the difference equation is
stable.

b. For Tustin’s approximation we get

a z+1)ah/2
HE) =57+ (1+ai§/2)z—)|—(a/h/2—1)
Ez—l—l +a
ah/2 z+1
T 1+ah/2 ahj2-1
ah/2+1

The pole of the discrete time system will vary from 1 to —1 when A vary from
0 to infinity. The discrete time approximation is always stable when a > 0.

c. Using Tustin’s approximation with prewarping gives

1
H(z) = a _ ala z+
z—1 1+a/a ala -1
a +a z2+ ——
z+1 a/a+1
where a
a=——
tan(ah/2)
Thus
tan(ah/2) z+1
H =
(2) 1+ tan(ah/2) tan(ah/2) — 1
tan(ah/2) + 1
Problem 8.3
The lead network ‘1
s
=4
Gi(s) s+ 2

should be approximated using different methods. At w = 1.6 rad/s it has the
argument 19° and the gain 2.95.

a. Euler’s method gives

(z-=1)/h+1 z—-14+h  2-0.75
(z—1)/h+2 "z-1+2h z-05

HE(Z) =4

63



b. Backward differences

(z-1)/(zR)+1 _,z(1+h) =1 ., z-080
HB(Z):4(Z—1)/(zh)+2 T Tz(1+2h) -1 _3'333m

c. Tustin’s approximation

2z-1

= +1

hz+1 2(14+h/2) - (1 -h/2) z—0.778
Hr(@) =457 A m—a-h) %7706

- +2

hz+1

d. Tustin’s approximation with prewarping

a +1
z+1 2(1+1/a) - (1-1/a) 2—0.775
H =4 =4 =3596———
(@) =43 2(1+2/a) - (1-2/a) Z— 0596
a +2
z+1

where
w1

9= tan(wh/2)

Within two decimals this is the same as in (c).

~ 7.893

e. Zero order hold sampling gives

11-e2"  z-e2?h_(1-e2)/2  2-0.803
HZOH(Z):4_4D§z—e*2h_4 z—e2h T Tz -0.607

All five approximations have all the form

z+a

H(z) = Kz+b

The gain and the phase at w = 1.6 are obtained from

; el + g (e + a)(e~i®h +b)
H(E) =K Gy =K (eh + b)(e " + b)
1+ ab+ (a+ b)cos(wh) + i(b — a) sin(wh)
1+ b2 + 2b cos(wh)
(b — a) sin(wh)
1+ ab + (a + b) cos(wh)

' 1+ a2 + 2a cos(wh)
iwhy| — K
|H ()| \/1 + b2 + 2b cos(wh)

=K

arg H(e'") = arctan

The different approximations give at w = 1.6 rad/s.

|H(e')| arg H(e')

Euler 2.97 24°
Backward 2.92 16°
Tustin 2.96 19°
Tustin with prewarping 2.96 19°
Zero order hold 3.25 22°
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Figure 8.2 The Bode diagrams for the filter in Example 8.3 when 2 = 0.25 continuous
time filter (full); Euler’s method (dashed); backward difference (dotted); Tustin (dash-
dotted).
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—
o
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Frequency (rad/s)
Figure 8.3 The same as Fig. 8.2 but when 2 = 0.05.

=
(@]
S

Fig. 8.2 shows the Bode diagrams for the continuous time system and for the
Euler, backward and Tustin approximations. Fig. 8.3 is the same as Fig. 8.2 but
with A = 0.05. The shorter sampling period gives a better approximation.
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Problem 8.4

It is assumed that the sample and hold circuit can be approximated by a delay

of /2 seconds. Further we will allow a decrease of the phase margin of 5° — 15°.

This approximately corresponds to a decrease of the damping by 0.05 — 0.15. A

time delay of 2/2 seconds gives at the crossover frequency a decrease of
180°w.h w:h

Ap = w.h/2[rad] = 97 = 0035 " 5% —15°

This gives
w.h =017 - 0.52

or approximately
w.h ~0.15 - 0.5.

Problem 8.5

The transfer function of the integral part of the PID-controller (8.22) is

K

G[(S) = T_s

Using Euler’s approximation (8.4) gives

Kh

) =7y

which is the same integral part in (8.23). The derivative part of (8.22) has the
transfer function

KTdS
Go(s) = 17,6 /N
Using backward difference gives
KTd(Z - 1)
zh KTy(z-1)
H = =
p() L Tal=1) ~ 2(h+ Ta/N) =T/ N
zhN
_ KTd z—1
~ h+Ty/N T,
T Nh+T,

which is the same as the derivative part on page 308.
a. Approximation of the integral part with backward difference gives

Khz

M) =161

An error will then directly influence the computation of the integral part.
Euler’s approximation gives a delay of one sampling interval before an error
will influence the integral part. The sampling interval is, however, usually
short for digital PID-algorithms.

b. Euler’s approximation for the derivative part gives

_ KN(z-1)
Ha@) = — 9N,

A small value of T; can make H; unstable. Since the D-part of a PID-
controller sometimes is not used it is necessary that the regulator remains
stable when T; = 0.
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Problem 8.6

Using the bilinear transformation gives

HT(Z):K 1+ﬁ

iﬁz—l—l

:K(1+2iTi> (1+m>

This is of the same form as (8.24) with
h
K;s=K |1
¢ ( * 2Ti>
Tia=T;+h/2

h h 1
:K(1+2Ti+ﬁ>z—1>

Problem 8.7

The tank process in Problem 2.10 has the transfer function

G(s) = 0.000468
~ (s+0.0197)(s + 0.0129)

a. At the desired cross over frequency we have
|G(iw,)| = 0.525
arg G(iw,) = —115°
We will use a PI controller of the form
K(Ts+1)
Ts
and we want the gain 1/0.523 and the phase —15 degrees at w,. This gives

K =185
T =149

G,(s) =

b. The characteristic equation of the closed loop system is
s3 +0.0326s2 + 0.00112s + 0.00000581 = 0

The roots are sjo = —0.0135 +0.0281; and s3 = —0.006. The complex poles
have a damping { = 0.43. The zero of the closed loop system is —0.0062.

c. Tustin’s approximation with warping gives with a = w./ tan(w.h/2)

1.85 <az n 0.0067)
z+1
H.(z) =

z—1
a
z+1
_ 1.85(a + 0.0067) 0.0134
h a (a +0.0067)(z— 1)

Using the rule of thumb from Section 8.2 for choosing the sampling period
gives
h =~ 6 — 20 seconds

The choice h = 12 seems to be reasonable. This gives a = 0.165 and
0.077 8)

H,.(z) = 1.925 (1 +
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Output
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Time
Figure 8.4 Step response of the tank process when controlled with a continuous time

(solid) and a discrete time PI controller. The sampling interval is 6 (dash-dotted) and 12
seconds (dashed).

d. Fig. 8.4 shows simulations of the step response of the system controlled with

the continuous time and the approximate discrete time PI-controller when

h = 6 and 12 seconds.
Problem 8.9
a. The continuous time controller is

u(t) = Mu.(t) — Lx(2).
A discretization is obtained by sampling u. and x and letting u be constant
between the sampling period points i.e. we get
u(kh) = Mu.(kh) — Lx(kh)
b. Using (8.24) and (8.25) give
i 1-3h/2 —-2h
L=LI+(A-BL)h/2)=1]2 4
a+@a-sone - (2 4) (V07 )
= (2-n 4-4n)
M= (I-LBh/2)M =4(1-h)

c. Fig. 8.5 shows the stepresponse of the system when using the continuous con-
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troller and the controllers in a) and b) when 2 = 0.25. It is possible to calcu-
late backwards to find out the corresponding damping and natural frequency
for the controllers in a) and b). A discrete time state space representation of

the motor is given in (A.6). Using L = ( 01 Ly ] gives
© T [ e h—t1(1-eh) —la(1—e™h) ]
l—eh—ti(h—14+e") 1-tly(h—1+e7")
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Figure 8.5 Stepresponses for the motor in Problem 8.9 when a continuous time (solid),

a discretized (dash-dotted) and a modified discretized state (dashed) feedback controller
is used when 2 = 0.25.

For h=025and L = (2 4] we get

0.336 -0.885
®-TL=

0.164 0.885

and for h = 0.25 and L = [ 175 3 ] we get

0.392 -0.664
®-TL=

0.171 0914

These two matrices have the characteristic equations

22 —-1.2212+ 0442 =0

and
22 - 1.305z + 0471 = 0.

From the equations given in Example 2.16 we can calculate the corresponding
continuous time systems. For the discretized controller (L = (2 4] ) we
get
{ =071
wy =231

and for the modified controller (L = ( 2—-h 4-4h ] ) we get

{ =077
wo = 1.96

The change in the damping is smaller when the modified controller is used
and the change in the undamped natural frequency is also smaller.
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Problem 8.10

a. We first want to compute a state feedback such that A — BL has the charac-
teristic equation
s +8s+32=0.

Assume L = ( {1 Yy ] then
-3 1
A-BL= [—51 —2—52]
The characteristic equation of A — BL is
(s+38)(s+2446) + 61 =8>+ (54 La)s +6 +3lg + {1 =5+ 85 + 32.
This gives
L= (17 3)
b. Modifying L using (8.16) gives
L=L(I+(A-BL)h/2)

1-3h/2  h/2
- (17 3] [—17h/2 1—5h/2]

[17(1—3h) 3+h]

Fig. 8.6 shows the output when using the discrete time controller in a) for
different values of h. The response when using the modified discrete time
controller from b) is shown in Fig. 8.7.

Problem 8.12

a. Using (8.16) and (8.17) give

i,:L(I—I—(A—BL)%) =L [_;1/2 1h12h]

= (1 2) [_}1/2 1hf2h]:(1‘h 2_2};]:[0.8 17)

M = [I—LBh/z] M=2-2n=16

b. Using the backward difference approximation gives

1
1 A Ti(k) = (A - KC)(k) + Bu(k) + Ky(k)

(I — Ah + KCh)&(k) = g '&(k) + Bhu(k) + Khy(k)

Introduce
1 1 h
=I-A K P e —

®o = ( h+KCh) 1+h+h2[—h 1+h]

This gives

(k) = Doi(k — 1) + ®oBhu(k) + PoKhy(k)

= (ose oo ) =0+ (o30) 10+ (3] 4
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Figure 8.6 The response of the system in Problem 8.10 when the state feedback con-
troller in a) is used with 2 = 0.1 (dashed) , 0.2 (dash-dotted) and 0.3 (dotted). The
response for the continuous-time controller is also shown (solid).
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Figure 8.7 The response of the system in Problem 8.10 when the modified state feedback
controller in b) is used with A = 0.1 (dashed), 0.2 (dash-dotted) and 0.3 (dotted). The
response for the continuous-time controller is also shown (solid).
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Solutions to Chapter 10

Problem 10.1

a. Better sensors, for instance a tachometer with less noise.

b. Flow control with local feedback.
c. Temperature control in houses.

Problem 10.2
a. The time function y(¢) = sin(w¢) has the z-transform

zsinwh
22 —2zcoswh + 1

Y(z)=

See Table 2.1. Consider a system with

The impulse response of H; will thus be sin(khw). That this is the correct

answer is easily seen by making long division.

H;(z) = sin(hw)z~! + sin(2hw)z 2 + sin(3hw)z =3 + 0D

b. The time function ¢ (¢ has the z-transform

he "tz

YE) = ooy

This can be found by looking in a table of z-transforms. The desired system

thus has the z-transform

he~hz

H =

a(2) (z—eh)?
Long division gives

Hy(z) = he 271 4+ 2he 2"2z72 + I

Problem 10.3
Using the model of the disturbance gives

y(k+m)=—w(k+m).

Introduce the identity
q"C(q) = A(q)F(q) + G(q)
where degF =m — 1 and deg G = n — 1. Then

aG(a)
A(q)

y(k+m)=F(Quw(k+1)+
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If wk + 1)>p><w(k + m) are assumed to be zero then the best prediction of
y(k+m) is

9G(q)
k).
Clg) 2B

The operator ¢G(q)/C(q) is casual since deg C = deg G + 1.
Let A(q) =q¢ — 0.5, C(q) = q and m = 3 then

y(k+m)=

9>y = (¢ - 05)(¢°+ f19 + f2) + 2o
This gives the system of equations

0=-05+f
0=-05f1+fs
0=-05f+go

with solution
f1 =0.5 fg = 0.25 8o = 0.125

The predictor at £ + 3 given data up to and including % is thus

0.125
Ik +3lk) = —4

y(k) = 0.125y(k)

Let w(k) be zero except at £ = 0 and 5 when it is assumed to be one then

E o y(k)=05y(k—1)+w(k)  §(klk—3)
-1 0 0
0 1 0
1 0.5 0
2 0.25 0
3 0.125 0.125
4 0.063 0.063
5 1.031 0.031
6 0.516 0.016
7 0.258 0.008
8 0.129 0.129
9 0.064 0.064
10 0.032 0.032

Problem 10.4
Using (10.11) we find that the stationary variance of x fulfils (® stable)

P=0oPdT + R,

The stationary covariance exists since the system is stable. Since R; is symmetric
P is also symmetric. Introduce

p_ [pn P12 ]
D12 D22

then
[Pn D12 ] _ [ 04 O ] [Pn D12 ] [ 04 -0.6 ] N [ 10 ]
P12 P22 -06 02 P12 P22 0 0.2 0 2
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This gives
p11=0.16p11 +1
p12 = —0.24p;1; + 0.08p12
p22 = 0.36p11 — 0.24p12 + 0.04p2g + 2

The solution is

(119 -0.31
| -031 261

The stationary covariance function is
Ex(k+1)x(k)T = ®™P

It remains to compute ®7. The eigenvalues of ® are A; = 0.4 and A3 = 0.2. Using
the results on matrix functions in Appendix B we get

O =agl +a1P
where ao and a; are obtained from

A{ =Qag+ a1l
f=ap+ai1Aq

The solution is
_ —AiAs(AT -8 h

a
0 A1— Mg
_ AL —Ag
= A1 —Ag
and
047 0
T =
~3(0.47 —0.27) 0.27
Finally

re(T) =
+(7) [ -3570.47 +327M027 0.93[0.47 4+ 1.68[0.27

1.19[047 -0.31[047 ]

Problem 10.5

From the state space description we get the input-output description of the process
y(k)+a1y(k — 1) + OH an,y(k — n) = civ(k — 1) + OB+ cv(k — n)

where ;< i = 1l‘>>pen are the coefficients of the characteristic polynomial of
the matrix ®. Multiply the equation above by y(k — 7) and take the mathematical
expectation. y(k—7) is independent of all the terms on the right hand if 7 > n+1.
Thus

ry(T) + airy(r — 1) + OH a,ry(7 —n) = 0.

This is called the Yule-Walker equation.

Problem 10.6

There are two noise sources v; and vy that is used to generate y(%k). Using Theorem
10.2 we find that the spectral density of y is

¢y =H(z)p,H"(z7")

74



where z = e'?

H(z)=C(eI —®)7'T = [1 1] [zga zib]ll: (L L]

o2 0
(00 = 2
0 o;

_ 1 1 ol 0 2*11+a
¢’y—(m ﬂ] 0 o2 1

z71+b

and
Thus

o
(z+a)(zl4+a)  (z2+b)(z71+0)

0¥z +b)(z'+b)+0i(z+a)(z ' +a)
B (z+a)(z+b)(z1+a)(z"1+b)

Using the spectral factorization theorem (Theorem 10.3) we find that we can
generate the same spectral density by sending white noise through

z+c

H =A—

&) =10
this gives the spectral density

(z+c)(zt+e)
(z+a)(zl1+a)(z+b)(z71+0b)

=A%
Identification with @, gives the relationship

A2(14c%) =01+ b%) + 02(1 +a?)
A2c = U%b + O9a

Problem 10.7

The process is
x(k+1) =ax(k)+v(k)
y(k) = x(k) +e(k)

This is the same as in Example 10.3 with the exception that Ev(k)e(s) = r120(k —
s). The covariance function for x will thus be the same but the covariance of y will
contain an additional term due to the correlation between v and e. From Example

10.3 we know that -
1

1-a2

re(7) = !
The covariance of y is

ry(T)=E{y(k+71)y(k)} = E{[x(k+T7)+e(k+T1)][x(k)+e(k)]} =
=72(T) +70e(T) + 7ex(T) + 7e(T) = 12 (T) + 70 (T) + 1o (—T) +7¢(T)

where it has been used that r.,(7) = ry(—7) in stationarity.

re(T+1)=E{x(k+7+1)e(R)}=E{[ax(k+T17)+v(k+T)]e(k)} =
= arye(T) + rpe(T)
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The last term is zero except for 7 = 0, where it is r13. The first term is zero for
T < 0. It is natural that white noise in the future is uncorrelated with the present
value of x. This gives

0 rT<0
(1)={r r=1 rs0

r. = = =

e 12 1 aT717‘12 T>1
a’™ re 17>1

and

a T +0+a " +0 T<0

ry(fT) =9 22 +0+0+r T=0 =

a’ s +a"lre +0+0 T>0

_ alllsfs +alf=1ryy 7 #0
L 1 pg T=0

1-a?

The definition of spectral density gives

1 - —iwr
Py (w) = ﬁrgwry(r)e =
1 ri ri2 1—02 ri rie ri
_2ﬂ{[1—a2 al(e®-a)lew-a) 1-a2 a HEErTRELy

(1)

1 ria +r2(1 — a?) — ria(e’® — a)(e™% — a) + rea(e’” — a)(e™® — a)
2 a(e” —a)(e % — a)

where it has been used that

o0

Z alTle=iT — 1-a :
o= a)

T=—00

The spectral density for

is (see Theorem 10.2)

Az (eiw _ c)(e—iw_ C)

(/’y(w) = ﬁ(eiw — a)(e*iw— a) (2)

Identification of (1) with (2) gives the relation

1-a2 1+ a2 1+a?

r1+rig — iz +rea =2A%(1+c?)
a a

g —rea = —Azc
7‘2(1 + az) +r1 —2arygs = Az(l + 02)
re@ —rig = Azc

A more elegant solution The ouput can be written as

s = (#@ 1) (Y]
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where H(z) = ﬁ The spectral density of y is given by

om k(e 1) (7] (M)

21T rig r 1
1
= ﬁrlH(z)H(zfl) +ri2H(2) +rieH(z™Y) + 12

_ 1 ri T 1 4 T
- 2m(z—a)(z7l-a) \z=a "z 1-a ?

_ 1 2(riz—rea) + 1 —2ar1g +ra(1+ a?®) +z7Y(rig — rea)

21 (z—a)(z1—a)
which gives the same equations as in the previous method

{7‘2(1 +a2) +ry — 2(17‘12 = Az(l + 02)

ary — ris = A%

Problem 10.8

The process can be written as

where
x(k+1) =ax(k)+ (a —c)e(k)

Using Problem 10.7 we find that

rrg=a-—=«¢
7‘2—1
Thus ol
T
a 7‘1 ‘T‘ 1
ry(1) = T2 Ta T2

with ¢ = 0.7 and ¢ = 0.5 we get for 7 #0

004 02
ry(1) = (0.7)‘”1_70_49 + ﬁ(0.7)‘f‘ =0.36(0.7)"!
For7 =0 )2
r a—c¢
= = +1=1.
(0) =15 +tr="T—73+ 08

The variance can also be obtained from Theorem 10.4.

1+c? - 2ac
ry(O) :Il = 1_7‘12 =1.08

Further (10.17) gives

1 (z—c)(z’l—c))_ 1 125-cosw
2m(z—a)(z1—a)’ 2m149-1l4cosw

where z = e'%.
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Problem 10.9

The variance of the process

q* +0.2q bog? + b1q + by
k) = g o7 B = e o
q*—15q+0.7 aoq® + a1q +as

e(k)
can be determined using Theorem 10.4. The formula for Iy gives

Bo=1+(02)24+0=1.04
B; =2(02+0)=04
By =0
e = 1.7
and 104017+ 04015
L 0401.7 + 0.4 1. 1
(0 =5 = G 049117 - 15 (5(1-07) 33

The recursive scheme in Section 10.4 can also be used to get

1 -15 0.7 1 02 0
0.7 -15 1 a,=0.7 0.7 -15 1 B2=0
0.51 -0.45 1 0.2
-0.45 0.51 a, =-0.8824 -045 0.51 [1 = 0.3922
0.1129 1.1765
0.1129 Bo =10.4167
This gives

I, =1041671.1765 + 0.3922 [0.2 ~ 12.33

These calculations have been performed in high precision and thereafter round-ed.

Problem 10.10

The process is

This gives
ry(0) = E {(e(k) — 2e(k — 1) + 3e(k — 2) — 4e(k — 3))?}
= E {e(k)® + 4e(k — 1) + 9e(k — 2)® + 16e(6 — 3) + crossterms }
=14+4+9+16=30
The mean value of the crossterms are zero since
E{e(k+T1)e(k)}=0 T#0

In the same way

ry(1) = 10{-2) + (—2) (B + 3 [{—4) = —20
ry(2) =108+ (-2)0-4) =11

ry(3) = 10-4) = -4

r(4)=0 k=4
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Problem 10.11
1
®y = 1.36 4+ 1.2 cosw

Using Theorem 10.2 we get

L H(e @)

2m
+b? b2/2m

- (ei“’—a) (e*iw—a) - 1+a2—a@(%)

¢y(w) = H(e')gu(w) H (e ) = H(e)

b%/2m _ 1

“1+a®—2acosw _ 1+a? 2a
277'7 —27T_—l)2005(/.)

Identifying with the desired spectral density gives
2111+ a®) = b2 1.36
27(2a) = —1.2b>
Divide the two equations

1+a> 136 , 272
-2 g e r1=0
2 12 @ tggeT

1.36 13612
= O (222Y Z 1= 06
@ 12 ( 12 )

[ 2a

van

:z+0.6

The desired filter is
H(z)

2m 2m
b. Theorem 10.4 CCS Vary=1; = 106~ 064

Problem 10.12

x(k+1)= [ 0(')3 82 ] x(k) + [ 0 ] u(k)+uv(k)

The stationary covariance is given by

P=0oPdT + R,

[Pn P12] _ [0-3 0-2] [Pn P12] [0-3 0 ] N [1 0
P12 P22 0 0.5 P12 P22 0.2 0.5 0 05
p11 = 0.09p11 + 0.12p15 + 0.04pgoe + 1

p12 = 0.15p19 4+ 0.1pgo

P22 = 0.25p22 + 0.5

_ (11385 0.0784
0.0784 0.667



Problem 10.13
Example 10.4 shows that the filter

gives the spectral density

ry b2

T 27 1+a® - 2acosw

®(w)

In this case r; = 1. Identify with the desired spectral density gives

1 0 3 1 1
211 543 —-540cosw 27 1.81 —1.8cosw

This gives ¢ = 0.9 and b = 1.
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Solutions to Chapter 11

Problem 11.1

For the system we have

%d)(#kh) = —a®(t<kh).  O(khkh) =1

This differential equation has the solution
D (t<kh) = e kM)

and

2(1 _ efa(tfkh))

t
[ (t<kh) = / e =9y ds =
kh
The discrete time loss function is obtained from CCS (11.6)-(11.8), which gives

FAR (s 1 2ah
— —2a(s—kh) Jo — 120
Q1 /kh e s 2a( e ")

kh+h b b
le = / e*a(s*kh)_(l _ e*a(S*kh)) ds = _(1 _ efah)z
k

A a 2a?
kh+h b2 BAN2
Qs = /kh (ﬁ(l — e als=hh)) +p> ds

b2 b2 —ah —2ah
Notice that there will be a @12 term even if Q2. = 0.

Problem 11.2

Sample the system
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Sample the loss function @1. =1 Q2 =1 @12, =0. Using (11.6)-(11.8) we get

h h
1 0y (1 1 17
leo/[r 1] [0 1]dr:O/[T r2+1]dT:
h

h 9 2
o B L R KR B O EE P

0

(2 wiasn)

h

Q2=/<(T2/2 r] [T2T/2]+1> dr= /h<1+r )dr—h+};3+g
0

0

Problem 11.3
The Riccati equation(11.17) gives

By 22s(k—l—l)_ AT e
s(k)=a"s(k+1)+ bib2 ) 1 k=N -1.1
and (11.19) gives
L(k) = b~%ba = %
which gives the controller
ab a
u(k) = —L(k)x(k) = =5 x(k) = =3 x(k)

The minimum loss is given by
min J = x(0)%s(0) = x(0)?

and the closed loop system is
x(k+1)=0

The state is zero after one step and the resulting controller is thus a dead-beat
controller.

Problem 11.5

a. The loss function is Zy2 + pu, i.e.

T_lO
Q=CC [00]

The steady state value of the Riccati equation is obtained from

S=0TSP+ Q@ - dTST(Q+T"Sr)'r’'se

S [ s11  S12 ]
S12 S22
For the inventory model we get

2

S
s;1=sn1+1- _°12
P + S22
_ 5%
S12 = 811 —
P + S22
_ 5%
S22 = 811 —
P + S22
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Pole

0 1 1 1 1 1

10 107 10° 10' 10 10’ 10
Control weighting rho

Figure 11.1 The pole in Problem 11.5 as a function of the control weighting p.

The solution is
1+4/1+4+4p
S12 = Sg2 = B R

s11=1+s12

The feedback vector is
L=K(p) (1 1]

where

K(p)— S12 1++/1+4+4p

T ptsz 2p+1+/1+4dp

b. The dynamics of the closed loop system is

ori Ly o)

The poles are obtained from

(A -1)(A+K(p)+K(p) = A(A -1+ K(p)) = 0
There is one pole in the origin and one in 1- K (p). For p = 0then 1-K(p) =
0 and as p — oo then 1 — K(p) — 1. Fig 11.1 shows how the pole varies as
a function of p.

The poles of the closed loop system can also be determined from (11.40). For the
inventory system

and we get
p(z? =21 —2) + 1=r(z" + p1z + p2) (2 + p1z” ' +p2)
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Figure 11.2 The output (solid) and the control signal (dashed) for the system in Prob-
lem 11.5 when a) p =0,b) p=0.5,¢c) p =5 and d) p = 25.

or
0=rpg
—p =r(p1+pip2)
20 +1=r(1+p?+p3)
Since r = I'TST + @, # 0 then the first equation implies that po = 0 and we get

—P =Trp1
20 +1=r(1+p?)
which has the solution

202 _20+1+/1+4p

r =
20+1—-+/14+4p 2
20+1—-+/1+4+4p
pb1=—
2p
The poles of the closed loop system are thus one at the origin and one at
204+1—-+/1+4p

It is easily seen that this is the pole in 1 — K (p).
Problem 11.6

The system has the transfer function

0.030z + 0.026
H =
()= 216521068

Only the output and the control signals are penalized in the loss function. The
closed loop system has poles that are determined by the stable roots of

p+HR)H(EZYH=0

This gives
0.030z + 0.026 0.030z71 +0.026
22 -1.65z2+0.68 z2-1.652"1+0.68

0.030z + 0.026 _ 0.030z + 0.02622

22 -1652+068 1-—1.65z+0.6822
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Figure 11.3 The closed loop poles in Problem 11.6 when p is varying.

or
0.000782° + 0.00157622 + 0.00078z+

0(0.682* — 2.77202% 4 4.18492% — 2.77202 4 0.68) = 0

Fig. 11.3 shows the closed loop poles when p is varying.

Problem 11.9

Solving LQ-problem for system of higher order than one by hand causes much
work. With numerical packages, like Control toolbox for Matlab, the design is
significantly simplified for the control engineer. The following Matlab-macro il-
lustrates the solution of Problem 11.9, i.e. sampling of the system, sampling of
the loss function and solving the Riccati equation.

Y%Macro for Problem 11.9 CCS

alpha=0.001;
k=0.0005;
rho=0.08;
h=5;

A=[0 1; O -alphal;
B=[0; kI;

Qic=[1 0; 0 0];
Q12c=[0; 0];
Q2c=rho;

sTransform continuous-time LQG problem to the corresponding
hdiscrete-time LQG problem
[Phi,Gam,Q1,Q2,Q12,R1,Je] = lqgsamp(A,B,h,Q1lc,Q2c,Ql2c,zeros(2,2));
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10 T T

Gain margin
5]

0 5 10
Control weighting rho
Figure 11.4 The gain margin Bmin (dashed) and Bmax (solid) from (11.37).

#Linear quadratic regulator design for discrete-time system
(L,Lv,S] = 1lqrd(Phi,Gam,Q1,Q2,Q12);

L

The design gives
L =1[3.055 108.7

Problem 11.10

In Problem 11.5 we have determined r, then

P 2p

r 20+1+1+4p

Equation (11.37) may be used to get the exact values of the gain margin. With

Az) =22 -2
P(z) =2* + p12

we get
22+ B +prz-22+2) =20+ (Bp1+B-1))=0

Le., the system is stable if

“1<Bp1+B-1<1 O

4p
mn=0<f < ——=
A A -1+./1+4p

Buin and Bnax are also shown in Fig. 11.4.

= ﬂmax

Problem 11.11

The system is
x(k+1)=0.5x(k)+v(k)

y(k) = x(k) +e(k)
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0.5 T

Pole

O 1
0 5 10
State weighting rl
Figure 11.5 The pole of the Kalman filter in Problem 11.11 for different values of r;
when ro = 1.

Theorem 11.5 gives that the Kalman filter is defined by
x(k+1|k) = 0.5x(k|k — 1)+ K (k)(y(k) — x(klk—1))c %(0|-1)=0

0.5P(k)
KkR)= ——+—
( ) ro + P(k)
B 0.25P(k)* B
P(k+1)=025P(k)+r rot P(E) P(0)=ro
The dynamics of the filter is determined by
0.57‘2
®-KC=05-K(k)= ————
( ) ro + P(k)

The steady state variance is given from

P? +(0.75ry — r1)P = riry

Consider three cases r; > ry, r1 = r9 and r1 < ro. In the first case P ~ r; and
® - KC =~ 0. In the second case P = 1.13r; and ® — KC = 0.23. Finallyifr; <ry
then P ~ 1.33r; and ® — KC ~ 0.5. Fig. 11.5 shows ® — K C for different values

of r1 when ry = 1.

Additional problem

Suppose that the system in Problem 11.11 has a control signal u(%), i.e.
system is
x(k+1)=0.5x(k)+v(k)+u(k)

y(k) = x(k) + e(k)
Determine a steady-state LQG-controller when @1 = 1, @12 = 0 and @2 = p.
Solution to the additional problem

Equation (11.17) and (11.19) gives

2

S =0258+1- 2285

o+S
058
L=
p+S

the
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which has the solution

;- ~0T50+1+ V(0.75p —1)2 + 4p
250 +2+2,/(0.750 — 1)2 + 4p

Using the Kalman filter from Problem 11.11 and the LQ-controller gives

2(k + 1|k) = O&(k|k — 1) + Tu(k) + K (y(k) — C&(k|k — 1))
= ®&(k|k — 1) + T (L& (k|k — 1)) + K (y(k) — C&(k|E - 1))
= (®-TL-KC)i(klk— 1) + Ky(k)

and thus
U(q)=-L(qI -®+TL+KC) 'K Y(q)
or
B -LK
- ¢-05+K+ L

Hreg (Q)

Problem 11.12

a. Equation (11.47) gives

P(k+1)=®oP(k)®T + Ry — ®P(E)CT(Ry + CP(E)CT) 1CP(k) DT

with -
®= [0 1]
s (00
meerrr= (00)
c=(1 o]
we get
pu1(k+1) = p11(k) + 2p12(k) + p2a(k) — (pn(k;:(%z(k))

_ pui(k)paa(k) — p1a(k)*
pu(k)

_ p1z(k)(p11(k) + p12(k))

pi2(k + 1) = p12(k) + pa2(k) PO =pu(k+1)
pzz(k + 1) Zpgz(k) +1- pil(zk) =1 —I—pn(k + 1)
Further
(k1Y _ (pu(k) +pia(k) 1 (2
K(k) = [kz ] B [ piz(k) ] pu(k) [ 1 ] k>0

For £ =0 K(0) = [1 0]7 i.e. K is timevarying. The steady state value of P is

11
P =
(i 2)
The poles of the filter are found from det(Al — (® — KC)) = A2 = 0 The filter
has a dead beat response.
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plik)
Do

pl2(k)
Do

Time 4 —,—

p22(k)
Do

0

0 5
Time
Figure 11.6 The elements of the variance matrix in Problem 11.12.

b. The initial values of the filter are
T
#(0] - 1) = (1 1]

and assume that P(0) = 31. Fig. 11.5 shows the elements of the covariance
matrix as a function of time.

Problem 11.14

Introduce the notation

11 0 0.5
01 1 1

The state at time %2 + 3 can now be determined

x(k+3)=Dx(k+2)+Tw(k+2)+ Ty
= ®%(k+ 1)+ PTw(k+1)+Po+Tv(k+2) + Ty
= ®3x(k) + O v(k) + OMv(k 4 1) 4+ To(k 4 2)
+ O+ Oy + Ty

The best estimate of x(k) given y(k) is determined from (11.50). Since v(k),
v(k + 1) and v(k + 2) are independent of y(%) then the best estimate of x(% + 3)
is given by

A . 5 (1 8), 45
2(k + 3|k) = D3&(k|k) + (P2 + © + I)Iy = [O 1] 2(k|E) + [ 5 ]

The variance of the estimation error is

P(k + 3[k) = ®°P(k[k)(®?)" + 0.01(®M 1T (®%)" + O 0T 4+ 4]
1 3 1 0 5 3
= P(k|k 0.01
[0 1](')[3 1]+ [33]

If x(0) is known then P(0]0) = 0 and
7(3) = [1 3] x(0) + 4.5

and the variance of the prediction error is 0.05.
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Problem 11.15
x(k+1) =ax(k) +v(k) covu=1
y(k) = x(k) + e(k) cove=0
We use the exponential smoothing estimator

i(k|k) = ai(k - 1k —1)+ (1 - a)y(k)

[&(k|k>—x(k>]=(1q‘—“)qy<k>—x<k>

-a
_(1-a)g Lv e 1 v
- <q_a (k) + <k>>q_a (k)
__a@-1) (1-a)g,
B R R
Using Theorem 10.4 we get
202 1-a

var¥(kll) = G A a) i —aea) Ta11°

Minimize with respect to a, use Maple.

oga(l+a)+1-+/o(l+a)?2+1
ga’(l1+a)+a—-1

A min =

Kalman with direct term
x(k|R)=®Px(k -1k - 1)+ K(y(k) - CPx(k — 1|k — 1))
=I-KC)bx(k—1lk—1)+ Ky(k)
This will have the same form as the exponential smoothing estimator only when

a=1.

Kalman variance
a2P2
P+o

((1 —a?)P - 1) (P + a) = —a?P?

P=d’P+1-

This gives

_1-0(1-ad?

) 1
P —/1+20(1+ a? 2(1-a?)?
B +2\/+U(+a)+a( a?)

The gain in the Kalman filter is

aP
K:
P+o
P2 Po
P+o P+0 a

varx(k|k) = P

Numerical values: 0 = 1¢a = 0.5.

Exp. smoothing: a = 0.4222¢ vari(k|k) = 0.6181
Kalman: K =02650< varx(k|k)=0.5311
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Problem 11.16

The scalar state equations are

x(k+1) =ax(k) +u(k)+v(k) v(k) =v1(k)+my; Evi =0
y(k) = x(k) +e(k) e(k)=ei(k)+m, Ee; =0
Let
T
X = (x m, me ]
and
a 1 0 1
Xk+1)=|0 1 0| X(R)+ |0 u(k)+ | 0| vi(k)
0 01 0 0
y(k) = [1 0 1] X (k) +e1
The observability matrix is then
C 1 0 1
CA? a® a+1 1
with
rank W, = 2

This means that m, and m, are not both observable and no Kalman-filter can be
designed. It is, however, possible to design a second order observer with recon-
struction of a linear combination of m, and m,. Redefining the state vector X

(1)
where
X1 =x+m,
{m=(a—1)me+mv
gives
X(k+1) = [g 1] X (k) + [3] u(k) + [3] v1 (k)
1

v = [ o ) X+ eath

Reconstruction of x; and m is possible if these states are observable. The observ-

ability matrix is
(o) = (e 1)
WO = =
Co a 1

from which follows that rank W, = 2.

Problem 11.17

The constants a; and as are determined by the following two conditions

1. The correct mean value should be obtained.
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2. The variance should be minimized.
Condition 1 gives that
a1 t+as=1

The variance of the estimation error is

V = E(x(k) — (k) = E(x(k) — a1x(k) — a1e1(k) — agx(k) — azez(k))?
= +ai®=a2+(1-01)?®=10a2+9 - 18a;

Taking the derivative with respect to a; gives the condition

9
20a1-18=0 00O a1:1—0

The estimator is thus 9 1
£(k) = 75 71(k) + 75 32(k)
The minimum value of V is 9
10
Using only y; gives the variance 1 and only ys the variance 9. Thus, a combination

of the measurements gives a better result than using only the best measurement.
Assume that the a priori estimate of x is zero and the variance of x is p, i.e.

Vmin =

%(0]0) and P(0|0)=p

From (11.50) — (11.54) we get

P(1]0)=p
and 1 p
B T -1 _
K(1)=P(1/0)C" (Re + CP(10)C") = 10p + 9 ( o1 ]
This gives
R Ip p 9 X
_ - -1

If p is large then the weights for y; and yy will be those calculated above. In the
example R; = 0 the steady state gain will then be zero since the estimate will
approach the true value of x.

Problem 11.20
1 0 0

2k +1) = [1.45 —0.45] *(k) + [1

y(k) = (0.5 0.38] x(k)

0, - CTC [0.25 0.19 ]
1T ~ (019 0.1444

Qi12=0

Q:=0

The steady state solution is obtained from (11.17). Using Matlab we get the

solution
0.25 0.19
O S =
0.19 0.1444

L= (2.21 —0.45]
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An alternative solution is to use (11.40)

PA(2)A(z"Y) + B(2)B(z7!) = rP(2)P(z )

p=0 0O P@)= bizB (2) = 22(0.52 4+ 0.38) = 2(2 + 0.76)
1

Now we have to find L such that

(®—TL)= [—0.76 0]

1 0

where controllable canonical form have been used. This gives

L= (2.21 —0.45]

Problem 11.21

a. First assume that 7 = 0 and use linear quadratic design with

@1 =Q12=0
Q=p
Qo =1
N =2

Theorem 11.1 gives the Riccati equation

S(k)=05 (0.5 - L(k))S(k +1)

~05S8(k)
(k) = po+8S(k+1)
This gives
S(N) = S(2) = Q =1 0 L= 22
B ST T p+1
0.5%p 0.5°
S(l)_p+1 H L(O)_p+1+0.52

The control law is u(k) = —L(k)x(k) = —Ly(k). For different values of p we
get

1.0 0.1 0

L(0)  0.056 0.093 0.1
L(1) 0250 0455 05

b. In this case 7 =1 and x(%) is reconstructed using a Kalman filter
&(k+1) = 05&(k) + u(k) + K (k) (y(k) - &(k))
with
Ri=Ri2=0
Ro=n=1
Ro= E(xz(O)) =1
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Theorem 11.5 gives

0.5P(k)

1+ P(k)
P(k+1)=0.25P(k)— 0.5P(k)K (k)

K (h) =

with P(0) = Ry = 1. This gives

01 0.25
1 0.125 0.056

The control law is u(k) = —L(u)x (k).

Problem 11.22
x(k+1)=x(k)+v(k)

(k) = [1] #(B)+e(k)  Ry=001<Ry— [‘? ;)22]

i(k+ 1|k) = (1 - K [ 1 ] )&(klk — 1)+ Ky(k)

b. (11.47) O

p:p+0.01—p2(1 1]([00% 0022]+[1]p(1 1]>1[1]

o? + !
P (1 1) [ e ] [ ]:0.01
p  03tp 1

2 2
2 gy +0,

=0.01

p
o703 + (0} +03)p
0' 0'
-0.01 001 172 __—9
P’ P 0?4 07
g710.
p=0.005i\/00052+0011722
0'1 +0’2
4
= 0.005 + 1/0.0052 + 0.01 = 0.09458
C.
o2+p p - (022 U%]
K=p (1 1] 9 =35> 2, 2P
p g; +p o705 +p(o7 +035)

B 0.09458

— (4 ]—:(_4 .211]
( 415009458 (00846 0.0
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Solutions to Chapter 12

Problem 12.1
The m-step ahead predictor is given by

3(k + mlk) =

where G is obtained from the identity (12.17) and the variance of the prediction
error is given by (12.19). For m = 1 we get

q* —14q+05=q" - 12q+ 0.4 + gog + &1

which gives
G(q) =809 +81=-02¢+0.1

The predictor is then given by

-02¢%+0.1¢

YR+ = 715105 %)

and the variance of the prediction error

Ej(k+1]k) =02 =4

Form =2
q(q> — 149 +05) = (¢> - 129+ 04)(q+ 1) + goq + &1
This gives
G(q) = —0.14q + 0.08
and

E(k+2|k) = 0%(1+ f2) =4.16

For m = 3 we get

q*(q> — 149 +05) = (¢* — 1.2¢ + 0.4)(¢* + frg + f2) + g + &1
which gives
F(q)=q%*-02q—-0.14
G(q) = —0.088q + 0.056
Ef(k+3k) =01+ f2+ f2) =424

Using Theorem 10.4 we can compute the variance of y to

var(y) =

o2 (1HL.4%40.5%) (140.4)+2(-1.4-1.40.5) 1.24-200.5(1.2-0 4(1+0.4)) _
(1-042)(1404) + (-1.2+1.2[0.4) (1.2 -

=4.28

This implies that the prediction variance is almost the same as the variance of y
when m > 3.
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Problem 12.2
The identity (12.17) is
" Hg+e)=(g+a)@™ '+ f1q" P+ .+ fmo1) + &0

This gives
c=a+f1

0=afi+12

Ozafmf2+fm—1

0=afm-1+80
The solution is

fi=c-a

fo=(-a)(c-a)

fs = (-a)*(c —a)

fn-1=(-a)"*(c - a)
go=(-a)" }(c - a)
The m-step ahead predictor is

(-a)" (e —a)q
q+c

y(k+mlk) = y(k)

and the variance of the prediction error is

Ej(k+m|k) = 0%(1+ (c — a)® + d®(c — a)? + OIH a®™ V(¢ — a)?)

1— a2(m—1)
2 2
= 1 —a)?2
o ( +(c—a) o2 )

Problem 12.3

a. The C-polynomial has a zero outside the unit circle. Example 12.1 shows how
the C-polynomial should be changed. It is replaced by

CHz)=5z4+1=5(z+0.2)
The equivalent process is thus
y(k) —09y(k—1) =5(e(k) + 0.2¢(k — 1))
b. The two-step-ahead predictor is obtained from

q(q+0.2)=(g—-09)(q+ f1) + go

This gives
F(g)=q+11
G(g) =0.99
This predictor is
N 0.99¢q
2 =
ke +20k) = =52 ¥ (k)

and
E5*(k + 2|k) = 25(1+ 1.1%) = 55.25
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Problem 12.4

Using the data given up to time & = 7 it is possible to calculate y(%) and z4(k) =
z(k) — y(k). z4 is the deterministic part of z.

ko z(k) y(k) za(k)

320 10 310
320 0 320
326 -5 330
330 -10 340
350 0 350
370 10 360
7 375 5 370

DO WN =

The prediction of the demand for August through November is
2(8]7) = z4(8) + 3(8]7)

2(11]7) = z4(11) + $(11]7)

We thus need the 1, 2, 3 and 4 step ahead predictors of y. Those are given by
solving the identity (12.17) and give

m  F(q) G(g)

11 0.7¢ + 0.1

2 q+0.7 0.59q + 0.07
3 ¢2+0.79+ 059 0.48q + 0.06
4 ¢®>+0.7g> +0.59g +0.48 0.40qg + 0.05

The prediction is

3k + ml) = "(;G(ff)) ¥(k) = goy (k) + giy(k — 1)

which gives the predicted values and their standard deviation o.

m y(T+m|7) z4(T+m) 2(T+m|7) O
1 45 380 384.5 5
2 3.7 390 393.7 6.1
3 3.0 400 403.0 6.8
4 25 410 402.6 7.2

Problem 12.5

The polynomials are
A=q%-¢*>+05q
B =q9+05
C =¢° +0.8¢% + 0.25¢

It is easily seen that C is a stable polynomial, e.g. by the stability triangle. This
is a necessary condition for the minimum variance design method.
The pole excess is

d=degA —degB =2

The Diophantine equation is

q“ 1 C(q) =A(q) F(q) + G(q)
q(q® +0.8¢> +0.25q) = (¢° — ¢* + 0.59)(q + f1) + (80q> + g1q + &2)
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Identifying coefficients of powers of g gives

08=-1+11
025=05- 11+ g0
0=051+g1
0=g
Solving these equations
f1i=18
g0o=-025+f; =155
g1=-09
g2=0

The minimum variance regulator is obtained from (12.27)

B _ —1.55¢%+0.9¢
= Br@ W Gros)gr18)

y(k)

The loss function is
Ey* =05%(1+1.8%) = 1.06

Problem 12.6

The noise sequence has a non zero mean value. Introduce

e(k)
u(k) =

£(k)

2
@+ a(k)

+
+

I

where £(k) is zero mean white noise. The process is now

y(k) = 05y(k—1) =T+ it(k — 2) + 2 + &(k) — 0.7(2 + &(k — 1))
=k —2)+e(k) —0.7e(k —1) +T+ 0.6

Choose u = —0.6 and the problem is reduced to the standard problem. The identity
gives

and

Problem 12.7

a. The identity gives
F(@g)=q+c—a
G(g) =a(a—c)q
and the minimum variance controller is

__ala—c)g
(k) = 22 5w

b. The expression above gives the optimal controller u(k) = 0 if a = 0. The
process is then a moving average process of first order. This implies that
u(k — 2) cannot be used to decrease the variance of y(k).
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Figure 12.1 The output of the open loop system in Problem 12.8.

Problem 12.8

a. The identity gives for d =1

and for d = 2

G(q) = 5.64q% — 2.24q

The minimum variance controller is

and the minimum variance in the two cases are

d=1: Ey’ =1
d=2: Ey? =1+322=1124

b. Fig. 12.1 shows the output of the open loop system for one realization of the
noise sequence. The output is drifting since the A-polynomial contains an
integrator. Fig. 12.2 and Fig. 12.3 shows the output and the control signal

for the same noise realization when the minimum variance controller is used
with d =1 and d = 2.

Problem 12.9

a. Assume that 1

zZ+a

H(z)=4

Sending white noise e(k) through this filter gives the spectral density (see
Theorem 10.2)

v 1
21+ a? +2acosw

p(w)
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Figure 12.2 The output and the control signal when d = 1 and the minimum variance
controller is used for the process in Problem 12.8.
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Output
o

0 50 100 150 200

20 1

Input
o

0 50 100 150 200
Time
Figure 12.3 Same as Fig. 12.2 but when d = 2.

This implies that A = 1 and a = 0.6 gives the desired spectral density. The
process is now described by

yk) = 1= 01.5q*1 (q +10.6 e(k) + é”(k)>

or

(¢ +0.1g - 0.3) y(k) = (g + 0.6) u(k) + g e(k)

b. Use the controller
u(k) = -Ky(k)
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d.

This gives
(g2 +0.1g - 0.3)y(k) = —(q¢ +0.6) K y(k) + qe(k)

q
y(k) = q%2+ (0.1 + K)g+ (0.6K —0.3) e(k)

The system is stable if
-05<K<15

Theorem 10.4 gives an expression for the variance of a second order process.
0.7+ 0.6K
(1.3-0.6K)((0.7+0.6K)2 - (0.1+ K)?)
For K =1 we get I, = 3.87.
The minimum value of Iy is obtained from
dl.
d—; =0
This gives the third order equation

I,(K) =

72K% +12K%2-266K +1=0

which has the roots K ~ —2.009, 1.839 and 0.004. Only the root K = 0.004
gives a stable closed loop system. The value of the variance is

1,(0.004) = 1.12

The minimum variance is Ey? = 1 since d = 1.

Problem 12.10

a.

With the proportional controller
u(k) = -Ky(k)
we get the closed loop system

2
_ q°+ 0.5q
Yk) = ek —025)g 105 <)

Using the results in Theorem 10.4 gives

By=1+052=1.25
B;=2(1M05+050) =1
By =0
e = 1.5
and
125015 — (K — 0.25)
(1-0.25)01.5 - (K — 0.25)%(1 — 0.5)
2125 - K
T 05(175-K)(1.25+ K)

Taking the derivative of Is and putting the derivative equal to zero leads to
the equation

L(K) =

K? - 425K +325=0
with the solutions K =1 and K = 3.25. K = 1 gives the variance

This is minimal variance for the present control law. With minimum variance
control we would get E y% = 1.
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b. From Example 3.2 we find that the closed loop system is stable if

05>-14+K-025
05>-1-K+025

or
-125 < K <1.75

Both K = 3.25 (the second root in a.) and K = 2.125 give an unstable closed
loop system and the calculation of I3 is no longer valid.
Problem 12.11
y(k)—15y(k—1)+0.7y(k —2) =u(k — 2) — 0.5u(k — 3) + v(k)
gives
A(q) =q® - 15¢> +0.7q
B(q)=q-05

Note that the process zero (0.5) is stable and well damped. This means that the
process zero can be cancelled without problem. The degree conditions gives

deg A,, —degB,, = degA —degB =2
degA, > 2degA —degA,, —degB" -1

a. v(k) = 0; Deadbeat Control

The polynomials R; and S are obtained from the Diophantine equation
A(2)R1(2) + B~ (2)S(2) = A (2)Ao(2)
Recalling the condition deg S = deg A — 1 the equation becomes
(23 — 1522 +0.72) (2 + 1) + 502% + 512 + 59 = 2*

with solution
rn=15
S0 = 1.57‘1 —-0.7=1.55
S1 = —0.77‘1 =-1.05
S9 = 0

This gives the regulator

where
R(q) =R1(q)B*(q) = (¢ +15)(g - 05)

T(q) = BnA, = g’
Assuming that u.(k) = 0 gives

1552 — 1.05¢
q+15)(q—05)

u(k) = ~ s (k) = —
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v(k) = e(k) — 0.2e(k — 1); Minimum variance The polynomial C is given by
C(q) =¢° - 0.2¢>

The minimum variance control law can be written as

where the polynomials F and G are obtained from
q"'C(q) = A(@)F(q)+ G(q)c degF=d-1=1 degG =2
which in this case is
a(q® - 0.2¢%) = (¢° ~ 1.5¢> +0.79)(q¢ + f1) + 0q® + 819 + &2

which yields the equations

fi-15=-02

07-15f1+g0=0

0.7f1 +g1=0

g2=0
with solution

fi=13

8o = 1.25

81 = -0.91

g2=0

The minimum variance controller is thus given by

1.25¢2 — 0.91q
(q—05)(qg+ 13)

u(k) = - y(k)

The output is in the deadbeat case given by

y(h) = (k) = (k)
=g C@)Ri(@)e(h) = C(a Ra elh)

=(1-02¢ 1)1+ 159 Ye(k)=(1+1.3¢7 - 03¢ )e(k)

which is a moving average (MA) process. The variance of the output is then
simply calculated as

E(y*) = (1+1.3%+0.3%)0% = 2.780?
In the minimum variance case the output is
y(k) = q " VF (q)e(k) = FYq )e(k) = (1 +1.3¢ ")e(k)
which also is an MA process. The output variance is

E(y?) = (1+1.3%)0? = 2.690>
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Figure 12.4 The output and the sum of the square of the output for the two regulators
in Problem 12.11. The deadbeat controller is used in the upper diagram and the minimum
variance controller in the middle diagram. The accumulated loss functions are shown in
the lower diagram, deeadbeat (dashed) and minimum variance (solid).

d. Fig. 12.5 shows the output and the sum of the square of the output for the
regulators in a and b.

Problem 12.12

Introduce the polynomials
Ai(q) = A(q)D(q)
Bi(q) = B(q)D(q)
Ci(q) = A(q)C(q)

and the noise e; = Ae. The system can then be written as
y(k) = —u(k)+A——ei(k) (12.1)

Since A, C and D are monic, A; = AD and C; = AC will also bo monic. Let
dy =degA; —deg B; = deg A —deg B = d. The minimum-variance controller for
the rewritten system (12.1) is then calculated as

Gi(q)

“(B) = B mig) * W (122)

where
g™ 'C1(q) = A1(q)Fi(q) + Ga(q) (12.3)
Equation (12.3) is equivalent to
9" 'A(q)C(q) = A(q)D(q)Fi(q) + Gi(q)

which implies that A must divide Gy, i.e. Gi(q) = A(q)G(q). Putting F = F;
gives the minimum-variance control law
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where F' and G satisfy the equation

q*'C(q) = D(q)F(q)+ G(q)

with deg F = d — 1 and deg G = deg D — 1. We see that if A = D the controller
reduces to the normal minimum variance controller.

Problem 12.13

In this case

Alg)=q+a
B(q)=1b
Clg)=q+c
D(q)=gq
d=1

The identity in Problem 12.12 gives
g+c=qll+go

U go=c

The minimum variance controller is thus

clg+a c ac
(k) = =S 5 ) = Sy (h) - (- 1)
Problem 12.15
We have
B 1 1-05q!
(k) = 1= 0.7¢-1 w(k = 1)+ 1= 0.7¢-1 (k)
q71
y2(k) = Tragd y1(k)
1 BD [}
= (AD (k- 2)+ ek 1))
_ -1
_ L w(k—2)+ 1- 059 e(k—1)

(1+ag 1)(1-0.7971) (1+aq1)(1-0.7¢71)

To normalize the notations it is convenient to introduce a new noise €(k) = e(k—1).

a. Assume that y; can be measured. The minimum variance controller for y; is
then
u(k) = -0.2y1(k)

b. The variances of y; and y, are
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¢. The minimum variance controller for y, when ys is measurable is obtained
by using the identity

1-05¢ '=(1+aqg )(1-07¢ )1+ fig ") +q (g0 + 8197 ")
This gives
F g ) =1+q"
GYq™') =0.94 - 0.56q !

and the controller

094 - 0.56q !
u(k) = _Tq*l y2(k)
This gives
y2(k) = (1+q He(k) =€k —1)+e(k—2)
and

yi(k)=1+q¢g N1 +aqgVe(k+1)
The variances of the two signals are

Eyi=1+(a+1)?+a?=168
Eyi=1+1=2

d. In this case both y; and yy are measurable and y; (%) will contain more recent
information about the noise process than ys(%). It is now only necessary to
predict one step ahead. Introduce the identity

CY=A"AP+ ¢ 'GY

This gives
CD BD
Gy BT
—e(k+2)+me(k+1)+ mu(k)
But A BO
£k +1) = Fryi(k) - Goulk - 1)
This gives

GD / AD BO BO
yvo(k+2)=¢e(k+2)+ ADZD (C_D yi(k) — ot u(k — 1)) + ——u(k)
1

Go BC
anae?1 (W) + Zgnee

=ek+2)+ CLD (g—g y1(k) + B%(k))

=¢(k+2)+ (CP— Gig™) u(k)

The variance is thus minimized when

GY

(k) =~ N (1)

which is an admissible control law. For the specific system we get

1-056q1

u(k) = _T&Z’l y1(k)
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With this control law we get
ya(k) = (k) = e(k - 1)
and
yi(k) = (1+agq Hyz(k+1) = (1+ag ek +1) = (1 +ag He(k)
The variances of the two output signals are
Ey!=1+a%=164
and
Ey;=1
We can thus conclude that the extra measurement will greatly improve the
control of the output of the system.

Problem 12.16

The same arguments can be used in this case as when deriving the normal min-
imum variance controller. Assume that the system has a stable inverse. Also
assume that deg A = deg B = deg D i.e. that the process can be written as

AYq ) y(k) = BYq Mu(k - d) + CYg Ve(k) + DYg o (k - d)
The identity (12.17) can be used here also and gives
y(k+d) = Z—Se(k—l—d) + i—Su(k)—l- g—SU(k)
=Fe(k+d)+ i—s e(k) + i—s u(k) + z—s v(k)
=Fe(k+d) + i_s (g—zy(k) - g—zu(k -d) - g—zv(k —d))
BU DU

+ E u(k) + E U(k)

O BC
:FDe(k+d)+g—Dy(k)+—
]
T (CD—q*dGD) v(k)

1
:1~“De(k+d)+c—D

+

(G (k) + BUFDu(k) + DUF u(k))

The minimum variance controller is thus

wlh) = 2 () - 2 oe)

Problem 12.17
A(q)y(k) = B(q)u(k) + C(q)e(k)
A(g)=q—-09 B(q)=q< C(q)=q-05

LQG-Control: Minimize E(y* + pu?). Let P(z) be the closed loop system char-
acteristic equation (12.45)

rP(z)P(z7Y) = pA(2)A(z"") + B(2)B(zY)
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P(z) contains stable zeros of the right hand expression (Lemma 12.1)

rz+p1)(z +p1) =p(2-09)(z71-09)+ 101
r(1+p?)+rpiz+rpiz ' =181p+1-09pz ' —0.9pz

This gives the system of equations

rp1 = —-0.9p
r(1+p?)=1+181p

which has two solutions, one of which gives a stable P(z)

_ 2 _
PL=""7% 18p

14181 1+1.81
B P \/ : p
Determine the LQG-regulator by means of pole placement:

A, =P()=z+p1
A, =C(z)=2z-05

Control law:

where S(0) = 0. See computational procedure in Section 12.5.
The Diophantine equation to be solved is

PC =AR+BS

or
(z4+p1)(z=05)=(2-09)(z+r1) + zs0
This gives
p1—05=-094r1+so
—0.5p1 =-09r;
The solution is given by
5
ry = §p1
4
So = 04 + §p1
which results in the controller
Soq
(1) = =2 y(h)

or

CR CR
) = 2z s “W) = pe o

Theorem 10.4 gives

k) = %e(k) _ 2t gy

1+ r% - 2rip1

Vary = 1= p?
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The input u is

Theorem 10.4 gives
So
1-p}
In the following table the calculations are summarized for p = 0.1<1 and 10.

Varu =

P p1 Vary Varu

0.1 -0.077 1.0012 0.135
1 -036 1.030 0.0658
10 -0.70 1.197 0.0148

Problem 12.24

From Example 12.16 we get a polynomial description of the process

A(q)y(k) = B(q)u(k)+ C(q)e(k)

where
A(g) =q-1
B(q)=h
Clg)=q+c

The minimum variance regulator is given by the Diophantine
PC =AR + BS
where
P(q)=q"'B(q)=h

The solution is
ro = h

so=c+1

and the minimum variance regulator is

In L@ — design we use a state-space description of the process (see Example
12.16)

x(kh + h) = x(kh) + hu(kh) + v(kh + ) — v(kh)
y(kh) = x(kh) + £(kh)

To obtain the LQ-controller we have to sample the loss function.
From (11.6) - (11.8) we get

h
le/ 1Hs=nh
0
h 2
Q12=/Sm82h—
0 2
h 3
ng/szﬂis:h—
0 3
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The Riccati equation is

S=0TSP+ @ - LT (@ +TTSIN)L
L=(Q+TTSMN 1 (r’So + Q12)

and the solution is

_ _h
{ =75
_ 13+v3
L_h2+\/§
The closed loop system has a pole in —p;
13+V3
p1=®-TL=1-h= =V3-2
P1 h2+\/§
and
P(z) =z+p1

To get the regulator we solve the Diophantine (see p. 481)
PC =AR + BS S(0)=0
(g +p1)(g+c)=(q-1)(g+r1)+ hsog

which has the solution
ro = —pic

1
S = E(p1+0+1+p10)
and thus

1
zp1+c+1+pic
q — pic

y(&)

Problem 12.29

The process is described by
A(z) =22 - 142+ 065
B(z)=2-02
C(z) =22+ 04z

a. To get the minimum variance controller we use the identity

A(2)F(2) + G(2) =291 C(2)
2?2 — 142+ 065+ g0z + g1 = 2> + 0.4z
This gives
G(z) =1.8z2-0.65
The control law is
G 1.8¢ — 0.65
u — —— y = -
BF qg—02
b. The dead-beat controller is obtained from the identity
A(z)F(2) + G(2) = 2
which gives
G(z) =14z-0.65

149 -065
qg—02
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¢. Minimum variance control
var(y) = 1% =4

Dead-beat control
var(y) = (1+0.4%)0? = 4.64

Problem 12.30

a. Assume that C = 0 and use the identity

C =AF +G
This gives
F=1
G=-a
and the controller
“="BFY=

The closed loop system becomes
y(k) =e(k)+ ce(k—1)

and the variance
var(y) = 1+ c?

b. Assume that C(z) = z+ ¢. The minimum variance controller for this model

is given by
F=1
G=¢—-a
The closed loop system is now
q+c
k) = _e(k
y() = Lz elt)

which has the variance, see Theorem 6.4

(1+c?) —2cé

var(y) =

It is better to use a guessed value ¢ if

Problem 12.31

The C polynomial has a pole outside the unit circle. Replace C by a new polyno-
mial obtained from spectral factorization

C(2)C(z7Y) =(2-125)(z71 - 1.25) = 1.25%(2 — 0.8) (21 - 0.8)
The new process is

2
_ q°-08q
YR = Z 115108 %)

where € has the standard deviation 1.25.
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a. The 2-step ahead predictor is given by

2" 1C(2) = A(2)F(2) + G(2)
2(22-0.82) = (22 — 1.1+ 0.3)(z + f1) + g0z + &1

which gives

F(z)=2+0.3
G(z) = 0.03z — 0.09
and
3k+ 218 = T8 k) = S vy

b. The prediction error variance is

Ej = 1.25%(1+0.3%) = 1.70

Problem 12.32

a. d = 2. This gives the identity
zC(z) = A(2)F(2)+ G(2)
where degF =1 and deg G = 2, i.e.,
22(z-01)= (2> - 1.7224 082 = 0.1) (2 + f1) + go2% + g1z + &2

The solution is
F(z)=z+16
G(2) = 19222 — 1.182 4 0.16

and the controller is

G  1.92¢% - 1.18¢ +0.16

“b)=—gr ™ = "5 09 g+ 16) "

b. The output variance when using the minimum variance controller in a. is
given by
var(y) =1+ ff =1+ 1.6% = 3.56

c. Since B(z) has a root outside the unit circle we use the procedure in Theorem
12.3. Factor B(z) as

B(z) =B*(z) B (2)

with B~(q) monic, so

The Diophantine to solve is

q“'C(q)B Hq) =A(q)F(q¢)+ B (2)G(q)
¢*(g = 0.1)(g - 0.9) =(¢° - 1.7¢° + 0.8¢ — 0.1)(fog® + f1g + f2)
+(—0.9¢ + 1)(g0q” + 819 + &2)
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This gives the system of equations

1="o
-1=-17f/+ 11
0.09 =0.8f, — 1.7f1 + f> + 1.8g¢
0= —-0.1fy+0.8f1 — 1.7f2 — 280 + 1.8g1
0=-0.1f1+0.8f; —2g1 + 1.8g
0=-0.1f —2g

which has the solution

fo =1.000
f1=0.700
fo=2721
go =2.490
g1 = —-1.862
g2 = 0272

Equation (12.31) gives

G(q) _ —1.245¢® 4+ 0.931g — 0.136
uk) =~ grr’ ¥ = a®+0.7q +2.721

y(k)
The closed loop system is

Ay(k) = Bu(k)+ Ce(k) =B (—%y(k)) + Ce(k)

GB-
= (k) + Ce(k)

or
CF CF F

Y = gFrae W = oot = et h)
2
g2 +0.7q + 2.721
= e(k
q(q—0.9) (*)

Theorem 10.4 gives the output variance

Vary =94.7

Problem 12.33

_ 09g+1
Y = " D)g -0

Determine the controller from

q(q—0.7) .
“tB)+ = Dig -0 ‘™

AR + BS =q%IC
(¢ — 1)(g— 0.7)(g +r1) + (0.9¢ + 1)(s0g + 1) = ¢*(g ~ 0.7)
This gives the system of equations

-1.7+r1+09sy = -0.7
0.7—1.7r1+09s1 +s0=0
0.7r14+s1=0
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with the solution

r1 = 0526
s0=0.526
s1= —0.368

CR _CR

y(k) = AR+ BS e(k) = C = (14 0.526q e (k)

vary(k) = (1+ 0.526%)0? = 1.270>
Compare to Example 12.9 p. 468

20
vary(k) = 1—902 = 1.05302
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